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Abstract

The k-restricted edge connectivity is an important index to measure the reliability of

networks. For a connected network G = (V,E), an edge set S ⊆ E is a k-restricted edge

cut if G− S is disconnected and every component of G− S has at least k vertices. The

k-restricted edge connectivity of G, denoted by λk(G), is defined as the cardinality of

a minimum k-restricted edge cut. Let ξk(G) = min{|[X,Y ]| : |X| = k, G[X] is connected},
where Y = V \X. A connected network G is maximally k-restricted edge connected if

λk(G) = ξk(G). In this paper, some sufficient conditions are presented for networks to

be maximally 3-restricted edge connected.
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k��>ëÏÝ´Ýþ�ä��5��ëê"�G = (V,E)´��ëÏ�ä"¡��>8

ÜS ⊆ E ´��k��>�§XJG − S�z�ëÏ©|��kk�º:"¡G�¤kk��>

�¥¤¹>ê���>��Äê�G�k��>ëÏÝ§P�λk(G)"½Âξk(G) = min{[X,Y ]:

|X| = k§G[X]ëÏ§Y = V (G)\X}"¡�äG´4�k��>ëÏ�§XJλk(G) = ξk(G)"�Ñ
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1. Úó

�©¤�Ä�ãÑ´Ã�{üã"�©¥Ñy�½Â�VgÚPÒë�© [1]"�G =

(V (G), E(G))´��ëÏã"ee = uv´G�^>§K¡u�v��"�S�G¥���>8§é

uG¥?¿�:u§^N(u)L«3G¥�u���:�8Ü§^d(u)L«3G¥�u ���:�ê

8"b�U´V (G)�����f8"±U�º:8§±G¥ü�à:þ3U¥�¤k�>�8Ü

�>8¤|¤�fã¡�G�dU�Ñ�fã§P�G[U ]¶ù�§�¡G[U ]�G��Ñfã"�

ÑfãG[V (G)\U ]P�G − U¶§´lG¥í�U ¥�º:±9�U¥�º:�'é�>¤��
�fã"ãG¥��^´´���k���S�W = v0e1v1e2v2 · · · ekvk§§���O/�º:
Ú>§¦�é1 ≤ i ≤ k, ei = vi−1vi§Ù¥v0, v1, v2, · · · , vk−1, vkpØ�Ó"¡W´lv0 �vk��
^´§d�§ev0 = vk§K¡W�G¥��"W¥>�ê8¡�W��"��k�´(½�)¡�k-

´(½k-�)"G���g(G)´�G¥�á���"e3G¥º:uÚv´ëÏ�§KuÚv�m�å

ld(u, v)´G¥�á(u, v)-´��"V1, V2´V (G)���f8§V1, V2�m�ål½Â�d(V1, V2) =

min{d(u, v) : u ∈ V1, v ∈ V2}"¡÷vd(V1, V2) = k�:8éV1, V2´k-ål4��§XJØ�
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Ü[

3º:f8V ′1 , V
′
2÷vV1 ⊂ V ′1 , V2 ⊂ V ′2§¦�d(V ′1 , V

′
2) = k"éG�ü���º:f8X�Y ,

^[X,Y ]L«G¥�à:3X¥,�à:3Y¥�¤k>|¤�8Ü§X´V (G)���f8§G�

>�´�/�[X,Y ]�E(G)�f8§Ù¥Y = V (G)\X"

õ?nÅ�pë�äÿÀ~±ã�êÆ�.§^ã�º:(=!:) �L?nÅ§^>5�L

?nÅ�m���Ï&éX§Ïd�äÿÀ�5U�±ÏLã�5UÚëê5ïþ"�XÚ�O

½öÀJ�äÿÀ�§��Ä���Ä´XÚ���5§§éAã�ëÏ5"�´^>ëÏÝ5

ïÄXÚ���5Ø
°("3d�µe§1996cFàbregaÚFoil3© [2] ¥JÑ
k��>ëÏÝ

�Vg"

½Â1.1 �G´��ëÏã§S ⊆ E(G)´G���>�. XJG− S �z�ëÏ©|��kk�
º:§@o¡S´G���k��>�"

¡G�¤kk��>�¥¤¹>ê���>��G�λk-�§λk-�¤¹�>ê¡�G�k��>

ëÏÝ§P�λk(G)"�k = 2�§Ï~¡k��>ëÏÝ���>ëÏÝ§P�λ′(G). AT�Ñ,

Ø´¤kãÑ�3k��>�"eG�3k��>�§K¡G�λk-ëÏã"Cc5§éu�����

êk, k ��>ëÏÝ��
2��ïÄ§�© [3–8]"l8c�ïÄ(J5w§éuëÏãG§<

��&λk(G)��§G¤éA��ä���5Ò�Ð [9–15]§Ïd<�F"ãG�k��>ëÏÝ¦

�U/�"w,ùI�λk(G)���þ."é��êk§½Âξk(G) = min{[X,X]: |X| = k, G[X]ë

Ï§X = V (G)\X}"eλk(G) = ξk(G)§K¡G´4�k��>ëÏ�"

2017c§ÜIû [16]�Ñ
��g > 3�4���>ëÏã�¿©^�"

Ún2.1 [16]�G´����g > 3�ëÏã"Kλ3(G) ≤ ξ3(G)"eéuG¥?¿�3-ål4�

:8éX,Y , 3G[X ∪ Y ]¥Ñk�^�á>, KG´4���>ëÏ�"

�©ò�Ñ4�3��>ëÏã���Ú4-ål4�:8é�'X"

2. Ì�(Ø

3y²�©�Ì�(Ø�c§Äk�Ñ�
ò�^��(Ø"

Ún2.1 [17]�G´λ3-ëÏã"Kλ3(G) ≤ ξ3(G)"

Ún2.2 [18]-G´��÷vλk(G) ≤ ξk(G) �λk-ëÏã�[X,Y ]´G���λk-�"eG[X]¥

�3��k�ëÏfãH÷v∑
v∈X\V (H)

|N(v) ∩ V (H)| ≤
∑

v∈X\V (H)

|N(v) ∩ Y |,

KG´4�k��>ëÏ�"

e¡·��Ñ��g > 5�4�3��>ëÏã�¿©^�"
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Ü[

½n2.1�G´����g > 5�λ3-ëÏã"eéuG¥?¿�3-ål4�:8éS, T§3G[S∪
T ]¥Ñk��3�ëÏ©|§KG´4�3��>ëÏ�"

y² ^�y{"dÚn2.1�§λ3(G) ≤ ξ3(G)"b�GØ´4�3��>ëÏ�.Kλ3(G) <

ξ3(G)"�[X,Y ]´G�λ3-�"e|X| = 3½|Y | = 3, Kkξ3(G) ≤ |[X,Y ]| = λ3(G)§gñ"�|X| ≥
4�|Y | ≥ 4"�X1 ⊆ X,Y1 ⊆ Y´�[X,Y ]¥���^>�'é�:8"-X0 = X\X1,Y0 =

Y \Y1"

äó X0 6= ∅�Y0 6= ∅"

b�X0 = ∅, KX1 = X, =é?¿�u ∈ Xk|N(u) ∩ Y | ≥ 1"du|X| ≥ 4Úg > 5, Ïd

3G[X]¥�3��3�ëÏfãH÷v∑
u∈X\V (H)

|N(u) ∩ V (H)| ≤ |X\V (H)| ≤
∑

u∈X\V (H)

|N(u) ∩ Y |.

dÚn2.2�§G´4�3��>ëÏ�§gñ"

Ón��Y0 6= ∅"äóy²�¤"

dud(X0, Y0) ≥ 3§ÏdG¥�3��3-ål4�:8éS, T§¦�X0 ⊆ S�Y0 ⊆ T"dK�

�§3G[S ∪ T ]¥�3��3�ëÏ©|P"duG���g > 5§KP��^2-´§P�P = uvw§

�éu?¿�u ∈ V (G)\V (P )k

|N(u) ∩ V (P )| ≤ 1. (1)

dX,Y�é¡5§e¡�Ä|V (P ) ∩X| ≥ |V (P ) ∩ Y |��/"

�/1 |V (P ) ∩X| = 3"

5¿�X0 ⊆ S"Ï�P = uvw´G[S ∪ T ]¥�ëÏ©|§¤±éuX0\V (P )¥?¿�:x§Ñ

k

|N(x) ∩ V (P )| = 0 = |N(x) ∩ Y |”

(Ü(1)ª§·�k ∑
x∈X\V (P )

|N(x) ∩ V (P )| ≤ |X\V (P )| ≤
∑

x∈X\V (P )

|N(x) ∩ Y |.

dÚn2.2�§G´4�3��>ëÏ�§gñ"

�/2 |V (P ) ∩X| = 2"

Ï�P = uvw´G[S ∪ T ]¥�ëÏ©|§¤±éu(X0 ∪ Y0)\V (P )¥?¿�:x§Ñk|N(x) ∩
V (P )| = 0"d�§éu?¿�u′ ∈ V (P )§kN(u′)\V (P ) ⊆ X1 ∪ Y1"

�/2.1 |{u,w} ∩X| = 1"

Ø��u ∈ X, w ∈ Y"Ï�|V (P ) ∩ X| = 2§¤±v ∈ X"N´��§v ∈ X1"duG�
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Ü[

��g > 5§Ïd(N(u) ∪ N(v)) ∩ X1¥�:�N(w) ∩ Y1¥�:Ø��§�kN(u) ∩ N(v) = ∅,
N(u) ∩N(w) = ∅, N(v) ∩N(w) = ∅"�

ξ3(G) ≤ d(u) + d(v) + d(w)− 4

= |N(u) ∩ (X1 ∪ Y1)\{v}|+ |N(v) ∩ (X1 ∪ Y1)\{u,w}|+ |N(w) ∩ (X1 ∪ Y1)\{v}|

≤
∑

x∈(N(u)∩X1)\{v}

|N(x) ∩ Y1|+ |N(u) ∩ Y1|+
∑

x∈(N(v)∩X1)\{u}

|N(x) ∩ Y1|+ |(N(v) ∩ Y1)\{w}|

+
∑

x∈N(w)∩Y1

|N(x) ∩X1|+ |(N(w) ∩X1)\{v}|

< λ3(G) < ξ3(G),

gñ"

�/2.2 |{u,w} ∩X| = 2"

Ï�|V (P )∩X| = 2§¤±v ∈ Y"d�§u,w ∈ X1"Ï�G���g > 5§¤±N(u)∩N(w)∩
X1 = ∅ �(N(u) ∪N(w)) ∩X1¥�:�N(v) ∩ Y1¥�:Ø��"Ïd§

ξ3(G) ≤ d(u) + d(v) + d(w)− 4

= |N(u) ∩ (X1 ∪ Y1)\{v}|+ |N(v) ∩ (X1 ∪ Y1)\{u,w}|+ |N(w) ∩ (X1 ∪ Y1)\{v}|

≤
∑

x∈N(u)∩X1

|N(x) ∩ Y1|+ |(N(u) ∩ Y1)\{v}|+
∑

x∈N(v)∩Y1

|N(x) ∩X1|+ |(N(v) ∩X1)\{u,w}|

+
∑

x∈N(w)∩X1

|N(x) ∩ Y1|+ |(N(w) ∩ Y1)\{v}|

< λ3(G) < ξ3(G),

gñ" �

�G´��λ3-ëÏã§S = [X,Y ]´G���λ3-�"�X1 ⊆ X,Y1 ⊆ Y´�[X,Y ]¥���

^>�'é�:8"-X0 = X\X1,Y0 = Y \Y1"XJG¥�3��4-ål4�:8éS, T§¦

�X0 ⊆ S�Y0 ⊆ T§·���e¡(Ø"

½n2.2 �G´����g > 4�λ3-ëÏã§S = [X,Y ]´G���λ3-�"eG¥�3��4-å

l4�:8éS, T§¦�X0 ⊆ S�Y0 ⊆ T§�3G[S ∪ T ]¥�3��3�ëÏ©|§KG´4�3�

�>ëÏ�"

y² ^�y{"dÚn2.1�§λ3(G) ≤ ξ3(G)"b�GØ´4�3��>ëÏ�.Kλ3(G) <

ξ3(G)"e|X| = 3½|Y | = 3, Kkξk(G) ≤ |[X,Y ]| = λ3(G)§gñ"�|X| ≥ 4�|Y | ≥ 4"

�P�G[S ∪ T ]¥��3�ëÏ©|"du��g > 4§ÏdP��^2´§P�P = uvw"

5¿�X0 ⊆ S�Y0 ⊆ T"Ï�P�G[S ∪ T ]¥�ëÏ©|§¤±éu?¿�x ∈ (X0 ∪
Y0)\V (P )Ñk|N(x) ∩ V (P )| = 0"d�§éu?¿�u′ ∈ V (P )§kN(u′)\V (P ) ⊆ X1 ∪ Y1"�

âX,Y�é¡5§e¡�Ä|V (P ) ∩X| ≥ |V (P ) ∩ Y |��/"
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Ü[

�/1 |V (P ) ∩X| = 3"

Ï�G���g > 4§¤±éu?¿x ∈ (X1 ∪ Y1)\V (P )k|N(x)∩ V (P )| ≤ 1"5¿�éu?¿

�u′ ∈ V (P )§kN(u′)\V (P ) ⊆ X1 ∪ Y1"Ïd·�k∑
x∈X\V (P )

|N(x) ∩ V (P )| =
∑

x∈X1\V (P )

|N(x) ∩ V (P )| ≤ |X1\V (P )| ≤
∑

x∈X\V (P )

|N(x) ∩ Y |.

dÚn2.2�§G´4�3��>ëÏ�§gñ"

�/2 |V (P ) ∩X| = 2"

N´��§|{u,w} ∩X| = 1½|{u,w} ∩X| = 2"

�/2.1 |{u,w} ∩X| = 1"

d�§v ∈ X"Ø��u ∈ X, w ∈ Y"Ï�S, T�4-ål4�:8é§¤±V (P ) ⊆ S½V (P ) ⊆
T"XJV (P ) ⊆ S, @od(V (P ), T ) ≥ 4"�d({w}, Y0) ≥ 4"qÏ�G[Y ]ëÏÚ��g > 4§

¤±3G[Y ]¥�3�^2-´P1 = ww1w2¦�V (P1) ⊆ Y1"dud({w}, Y0) ≥ 4§Ïdéu?¿

�x ∈ Y0Ñk|N(x) ∩ V (P1)| = 0"Ï�g > 4§¤±é?¿�u ∈ Y1\V (P1)k|N(u) ∩ V (P1)| ≤ 1"

Ïd ∑
u∈Y \V (P1)

|N(u) ∩ V (P1)| ≤
∑

u∈Y \V (P1)

|N(u) ∩X|.

dÚn2.2�§G´4�3��>ëÏ�§gñ"

XJV (P ) ⊆ T , @od(V (P ), S) ≥ 4"�d({u}, X0) ≥ 4"Ï�G[X]ëÏÚ��g > 4§¤±

3G[X]¥�3�^2-´P2 = zuv¦�V (P2) ⊆ X1"N´��§éu?¿�x ∈ X0Ñk|N(x) ∩
V (P2)| = 0"Ï�g > 4§¤±é?¿�u ∈ X1\V (P2)k|N(u) ∩ V (P2)| ≤ 1"Ïd∑

u∈X\V (P2)

|N(u) ∩ V (P2)| ≤
∑

u∈X\V (P2)

|N(u) ∩ Y |.

dÚn2.2�§G´4�3��>ëÏ�§gñ"

�/2.2 |{u,w} ∩X| = 2"

d�, v ∈ Y"Ï�G���g > 4§¤±N(u) ∩ N(w) = ∅ �(N(u) ∪ N(w)) ∩ X1¥�:

�N(v)∩Y1¥�:Ø��"5¿�éu?¿�x ∈ (X0 ∪Y0)\V (P )Ñk|N(x)∩V (P )| = 0"Ïd§

ξ3(G) ≤ d(u) + d(v) + d(w)− 4

= |N(u) ∩ (X1 ∪ Y1)\{v}|+ |N(v) ∩ (X1 ∪ Y1)\{u,w}|+ |N(w) ∩ (X1 ∪ Y1)\{v}|

≤
∑

x∈N(u)∩X1

|N(x) ∩ Y1|+ |(N(u) ∩ Y1)\{v}|+
∑

x∈N(v)∩Y1

|N(x) ∩X1|+ |(N(v) ∩X1)\{u,w}|

+
∑

x∈N(w)∩X1

|N(x) ∩ Y1|+ |(N(w) ∩ Y1)\{v}|

< λ3(G) < ξ3(G),

gñ" �
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