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Abstract

In this paper, we mainly study the algebraic properties of H-toeplitz operators on

Bergman Spaces. In Chapter 1, we introduce the related research background, basic
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concepts and some main results. In Chapter 2, the proof of the main results of this

paper is given, and the complex symmetry of quasi homogeneous signed H-toeplitz

operators is proved.
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1. 0�

P D �E²¡ C S�ü m�� dA(z) = 1
π
rdrdθ � D þ5�z� Lebesgue ¡ÈÿÝ. P

H(D) � D þ¤k)Û¼ê, P Bergman �m L2
a(D) � D þ¤kV��²��È)Û¼ê¤¤

� Hilbert �m, ÙSÈ½Â�

〈f, g〉 =

∫
D

f(z)g(z)dA(z), f, g ∈ L2(D).

�m L2
a(D) ´ Hilbert �m L2(D, dA) �4f�m. éu�K�ê n, � en(z) =

√
n+ 1zn. é¤

k z ∈ D. 8Ü {en}n≥0 �¤ L2(D) ��|IO��Ä [1]. éu z, w ∈ D, Bergman �m¥�2

)Ø¡� Bergman Ø, ½Â�

Kz(w) = K(z, w) =
1

(1− zw)2
.

P PL2
a

: L2(D, dA) −→ L2
a(D), L«�m L2(D, dA) ��m L2

a(D) ���ÝK, ¡� Bergman Ý

K. é¤k f ∈ L2(D, dA), d2)Ø5�µ

PL2
a
(f)(z) = 〈PL2

a
f,Kz〉 = 〈f,Kz〉 =

∫
D

f(w)

(1− zw)2
dA(w).

� [2].é φ ∈ L∞(D), ¦{�f Mφ ½Â� Mφ(f) = φf . ÎÒ� φ ∈ L∞(D) � Toeplitz �

f Tφ : L2
a(D) −→ L2

a(D) deª½Â

Tφ(f) = PL2
a
(φf) =

∫
D

φ(z)f(w)

(1− z̄w)2
dA(w), f ∈ L2(D).
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é φ ∈ L∞(D), Hankel �f Hφ : L2
a(D) −→ L2

a(D) ½Â�

Hφ(f) = PL2
a
MφJ(f),∀f ∈ L2

a(D),

Ù¥�f J : L2
a(D) −→ L2

a(D) d J(en(z)) = en+1(z) �Ñ, Ù¥ n ��K�ê. Tφ Ú Hφ ´

L2
a(D) þ�k.�5�f.

Ún 1.1 3 Bergman �m L2
a(D) ¥éu�K�ê s Ú t, ±e¤á,� [3]:

〈zs, zt〉 =


1
s+1

, s=t;

0, s 6= t.

PL2
a
(ztzs) =


s−t+1
s+1

zs−t, s ≥ t;

0, s < t.

�
½Â L2
a(D) þ� H-Toeplitz �f�Vg, Äk½Â�5�f K: L2

a(D) −→ L2
harm(D),

K(e2n) = en, K(e2n+1) = en+1, n = 0, 1, 2, · · · .

´��f K 3 L2
a(D) þk.. d	, ‖K‖ = 1 . �f K ���deª�Ñ: é ∀n ≥ 0,

K∗(en) = e2n, K∗(en+1) = e2n+1.

é φ ∈ L∞(D), H-Toeplitz �f½Â� Bφ : L2
a(D) −→ L2

a(D),

Bφ(f) = PL2
a
MφK(f), f ∈ L2

a(D),

éuz��K�ê n, ·�k

Bφ(e2n) = PL2
a
MφK(e2n) = PL2

a
Mφ(en) = Tφ(en)

Ú

Bφ(e2n+1) = PL2
a
MφK(e2n+1) = PL2

a
Mφ(en+1) = PL2

a
MφJ(en) = Hφ(en).

� H-Toeplitz �f� Toeplitz �f� Hankel �f���'.� [4] [5].

2. Ì�(J9y²

'u L2
a(D) �IO��Ä {en}n≥0, Tφ Ý
� (m,n)th, deª�Ñ:
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〈Tφ(en), em〉 = 〈PL2
a
(φen, em〉

=
√
n+ 1

√
m+ 1〈(

∞∑
i=0

aiz
i +

∞∑
j=1

bjz
j)zn, zm〉

=
√
n+ 1

√
m+ 1(

∞∑
i=0

ai〈zi+n, zm〉+
∞∑
j=1

〈bjzn, zm+j〉).

©±eü«�/:

�/(1): XJ m ≥ n, ·�k:

〈Tφ(en), em〉 =
√
n+ 1

√
m+ 1

∞∑
i=0

ai〈zi+n, zm〉

=
√
n+ 1

√
m+ 1

1

m+ 1
am−n

=

√
n+ 1

m+ 1
am−n.

�/(2): XJ m < n, ·�k:

〈Tφ(en), em〉 =
√
n+ 1

√
m+ 1

∞∑
j=1

〈bjzn, zm+j〉

=
√
n+ 1

√
m+ 1

1

n+ 1
bn−m

=

√
m+ 1

n+ 1
bn−m.

Ïd§·��±��:

〈Tφ(en), em〉 =


√

n+1
m+1

am−n, m ≥ n;√
m+1
n+1

bn−m, m ≤ n.

Ù¥ m Ú n ´�K�ê, Hφ �Ý
 (m,n)th �éu L2
a(D) �IO��Ä {en}n≥0 deª�Ñ:

〈Hφ(en), em〉 = 〈PL2
a
MφJ(en), em〉

=
√
n+ 2

√
m+ 1〈(

∞∑
i=0

aiz
i +

∞∑
j=1

bjz
j)zn+1, zm〉

=
√
n+ 2

√
m+ 1(

∞∑
i=0

ai〈zi, zm+n+1〉+

∞∑
j=1

bj〈zj , zm+n+1〉)

=

√
m+ 1

√
n+ 2

m+ n+ 2
am+n+1.
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Ón,éu�K�ê m Ú n ,k

〈Bφ(e2n), em〉 = 〈Tφ(en), em〉


√

n+1
m+1

am−n, m ≥ n;√
m+1
n+1

bn−m, m ≤ n.

Ú

〈Bφ(e2n+1), em〉 = 〈Hφ(en), em〉 =

√
m+ 1

√
n+ 2

m+ n+ 2
am+n+1,

Ù¥ m Ú n ´�K�ê, Ïd, Bφ 'uL
2
a(D) �IO��Ä {en}n≥0 �Ý
L«deª�Ñ:

Bφ =



a0
1√
2
a1

1√
2
b1

1√
3
a2

1√
3
b2

1
2
a3

1
2
b3 · · ·

1√
2
a1

1√
3
a2 a0

√
6
4
a3

√
2
3
b1

2
√
2

5
a4

1√
2
b2 · · ·

1√
3
a2

√
6
4
a3

√
2
3
a1

3
5
a4 a0

1√
3
a5

√
3
2
b1 · · ·

1
2
a3

2
√
2

5
a4

1√
2
a2

1√
3
a5 3

√
3
2
a1

4
7
a6 a0 · · ·

...
...

...
...

...
...

...
...


.

§���Ý
Xe:

B∗φ =



a0
1√
2
a1

1√
3
a2

1
2
a3 · · ·

1√
2
a1

2
3
a2

√
6
4
a3

2
√
2√
5
a4 · · ·

1√
2
b1 a0

√
3
2
a1

1√
2
a2 · · ·

] 1√
3
a2

√
6
4
a3

3
5
a4

1√
3
a5 · · ·

1√
3
b2

√
3
2
b1 a0

√
3
2
a1 · · ·

1
2
a3

2
√
2√
5
a4

1√
3
a5

4
7
a6 · · ·

...
...

...
...

...



.

�m L2(D, dA) þ�E�Ý�f C : L2(D) −→ L2(D), éu f, g ∈ L2(D, dA), ÷v C2 = I

Ú〈Cf,Cg〉 = 〈g, f〉 Ñ¤á. [6] y²
 L2(D, dA) �3����Ä {en}∞n=0, ¦� Cei = ei,

i = 0, 1, · · · . e L2(D, dA) þ���k.�5�f T , XJ�3E�Ý C, ¦� CT = T ∗C, K¡ T

´Eé¡�.� [7].

½n 2.1 - φ ∈ L∞(D) �NÚÎÒ. @o H-Toeplitz �f Bφ 3 L2(D, dA) þ'u C �E

é¡�f��=� φ = 0.

y². � φ(z) =
∑∞

i=0 aiz
i +

∑∞
j=0 bjz

j ∈ L∞(D) � D þ�NÚ¼ê, ¿� Bφ ´Eé¡�f. ù
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¿�X CBφC = B∗φ. éuz��K�ê n, ÏLÚn1.1 ·��±O�Ñ:

〈CBφCe2n, em〉 = 〈Cem, BφCe2n〉

= 〈em, Bφe2n〉 = 〈em, PL2
a
MφK(e2n)〉

= 〈em, PL2
a
Mφ(en)〉 = 〈em,Mφ(en)〉

= 〈
√
m+ 1zm, (

∞∑
i=0

aiz
i +

∞∑
j=0

bjz
j)
√
n+ 1zn〉

=
√
m+ 1

√
n+ 1〈zm,

∞∑
i=0

aiz
izn〉+

√
m+ 1

√
n+ 1〈zm,

∞∑
j=0

bjz
jzn〉.

Ïd, Ñy
±eü«�/:

�/(1): XJ m ≥ n, @o

〈CBφCe2n, em〉 = 〈
√
m+ 1

√
n+ 1zm,

∞∑
i=0

aiz
izn〉

=
√
m+ 1

√
n+ 1

∞∑
i=0

ai〈zm, zi+n〉

=
√
m+ 1

√
n+ 1

1

m+ 1
am−n

=

√
n+ 1

m+ 1
am−n.

�/(2): XJ m < n, @o

〈CBφCe2n, em〉 =
√
m+ 1

√
n+ 1〈zm,

∞∑
j=0

bjz
jzn〉

=
√
m+ 1

√
n+ 1

∞∑
j=0

bj〈zm+j , zn〉

=
√
m+ 1

√
n+ 1

1

n+ 1
bn−m

=

√
m+ 1

n+ 1
bn−m.
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〈CBφCe2n+1, em〉 = 〈Cem, BφCe2n+1〉

= 〈em, Bφe2n+1〉 = 〈em, PL2
a
MφK(e2n+1)〉

= 〈em, PL2
a
Mφen+1〉 = 〈em,Mφen+1〉 = 〈em, φen+1〉

= 〈
√
m+ 1zm, (

∞∑
i=0

aiz
i +

∞∑
j=0

bjz
j)
√
n+ 2zn+1〉

=
√
m+ 1

√
n+ 1〈zm,

∞∑
i=0

aiz
izn+1〉+ 〈zm,

∞∑
j=0

bjz
j z̄n+1〉

=
√
m+ 1

√
n+ 1

∞∑
i=0

ai〈zm, zizn+1〉

=

√
m+ 1

√
n+ 2

n+m+ 2
am+n+1.

Ù¥ m Ú n ´�K�ê. Ïd, ��� CBφC �Ý
/ªXe:

CBφC =



a0
1√
2
a1

1√
2
b1

1√
3
a2

1√
3
b2

1
2
a3

1
2
b3 · · ·

1√
2
a1

2
3
a2 a0

√
6
4
a3

1√
2
b1

2
√
2√
5
a4

1√
2
b2 · · ·

1√
3
a2

√
6
4
a3

√
2
3
a1

3
5
a4 a0

1√
3
a5

√
3
2
b1 · · ·

1
2
a3

2
√
2√
5
a4

1√
2
a2

1√
3
a5

√
3
2
a1

4
7
a6 a0 · · ·

...
...

...
...

...
...

...


.

B∗φ =



a0
1√
2
a1

1√
3
a2

1
2
a3 · · ·

1√
2
a1

2
3
a2

√
6
4
a3

2
√
2√
5
a4 · · ·

1√
2
b1 a0

√
3
2
a1

1√
2
a2 · · ·

1√
3
a2

√
6
4
a3

3
5
a0

√
3
2
a1 · · ·

1
2
a3

2
√
2√
5
a4

1√
3
a5

4
7
a6 · · ·

...
...

...
...

...


.

¤±, XJ CBφC = B∗φ, @o

a0
1√
2
a1

1√
2
b1

1√
3
a2 · · ·

1√
2
a1

2
3
a2 a0

√
6
4
a3 · · ·

1√
3
a2

√
6
4
a3

√
2
3
a1

3
5
a4 · · ·

1
2
ā3

2
√
2√
5
a4

1√
2
a2

1√
3
a5 · · ·

...
...

...
...


=



a0
1√
2
a1

1√
3
a2

1
2
a3 · · ·

1√
2
a1

2
3
a2

√
6
4
a3

2
√
2√
5
a4 · · ·

1√
2
b1 a0

√
3
2
a1

1√
2
a2 · · ·

1√
3
a2

√
6
4
a3

3
5
a4

1√
3
a5 · · ·

...
...

...
...


.
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� n > m �,

√
m+ 1

n+ 1
an−m =

√
m+ 1

n+ 1
bn−m;√

m+ 1

n+ 1
an−m =

√
m+ 1

√
m+ 2

m+ n+ 2
am+n+1;√

m+ 1

n+ 1
bn−m =

√
m+ 1

√
n+ 2

m+ n+ 2
am+n+1.

� n ≤ m �,

√
n+ 1

m+ 1
am−n =

√
n+ 1

m+ 1
bm−n;√

n+ 1

m+ 1
am−n =

√
m+ 1

√
n+ 2

n+m+ 2
am+n+1;√

n+ 1

m+ 1
bm−n =

√
m+ 1

√
n+ 2

n+m+ 2
am+n+1.

�é¤k�K�ê m Ú n, ÷v a1 = a2 = a3 = · · · = an−m = am+n+1 → ∞. a1 = b1 =

a2 = b2 = a3 = b3 = · · · = an−m = bn−m = am+n+1 → ∞, � m,n → ∞. Ý
¥�z���Ñ�

¹, qÏ�3 L2(D) ¥Ý
÷v sup
∑∞

i=0 | ai |2< ∞, sup
∑∞

j=0 | bj |2< ∞, ¤±� m,n → ∞,

lim
i→∞

∑∞
i=0 | ai |2= 0, lim

j→∞

∑∞
j=0 | bj |2= 0, ù¿�Xéu¤k i Ú j , ai = 0 � bj = 0. Ïd·�

��
Ï"�(J φ = 0.
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