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Abstract

This paper studies a class of compound optimization problems in optimization prob-

lems. For convex nonsmooth objective functions, a new random Newton algorithm
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based on variance reduction (SNVR) is proposed by introducing the method of vari-

ance reduction on the basis of proximal Newton algorithm, and the convergence is

analyzed. Compared with the methods of ProxSGD, ProxGD, proxSVRG , SNVR

has better robustness and scalability, and has faster convergence speed.
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1. Úó

EÜ`z¯K´`z¯K¥�a��¯K, Cc5, �XÅìÆS�,å, �5�5�Æöm

©'5da¯K. 3ÅìÆS¥, kéõ¯K�±=z���`z¯K, 'X£8�., duêâþ

�, ùa¯K�±=z�EÜ`z¯K. �©ïÄ�¯KXe:

min
w∈Rd

Φ (w) = F (w) + Ω (w) =
1

N

N∑
i=1

fi (w) +Ω (w) , (1.1)

Ù¥, F : Rd → R, dN�1wà¼êfi(w) (i = 1, 2, · · ·, N)|¤, Ω Ï~��1wà¼ê. da¯

K¡�²�ºx4�z¯K½öæ�²þ4�z¯K. ù�¯KÏ~´J±¦)�, ��¡´Ï�

��N'�õ(Ïd¼ê�!FÝO��d'�p), ,��¡´Ï�`z¯K��1�¤3�m�

êd'��.

éuT¯K�¦), �Ð��{´�FÝeü{(GD), =zgS�L§¥^¤kêâ:5O�

FÝ. duÅìÆS¥  êâþ���êp, ¤±�FÝeü{¿Ø~^, �5, Bottou [1]�J

Ñ�ÅFÝeü{, T�{3zgS�L§¥�ÅÀ���:, ^d:?�FÝ�O�FÝ, d�

{U
4��ü$O�þ, �´��FÝ{�'Ú\
����, ü$
Âñ�Ý. 3dÄ:þ, q

kÆöJÑ�1þ�ÅFÝ{. 3�5�ïÄ¥, Byra�[2]JÑ�«�Å[Úî�{; Lee �[3]J

Ñ
�«�CÚî.�{, |^Úî{Âñ�¯�A5Jp
Âñ�Ý; Xiao�[4]JÑ
�«Äu

�� ~��C�ÅFÝ{(ProxSV RG); Moritz�[5]JÑ�«��.[Úî{��{(LBFGS);

Defazio �[6]�Äz�Ú�S��FÝ, JÑ
,�«~�����{(SAGA); Jin�[7]JÑ�«

Äu�Ý�{�FÝeü{.
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éu¯K(1.1), �©´3�C�ÅÚî{�Ä:�þ, Ú\
�� ~�Eâ, JÑ
�«#�

�ÅFÝ�{))Äu�� ~��ÅÚî�{(SNV R).

2. Äu�� ~��C�ÅÚî�{

3�ÅFÝeü{(SGD)¥, z�ÚS�==¦^
�c:��ÅFÝ, S�O��{¤

FÝK��¿ïØ2¦^. ,�S���CÂñ�, þ�Ú��ÅFÝÓ��´�cS�:

?FÝ���éÐ��O, �k�� ~��Å²þFÝ{(SAGA)Ò´Äuù��{�E. 3

zgS�, (SAGA)�{P¹¤k�cO�L��ÅFÝ, 2��c#O���ÅFÝ¦²þ,

�ª��e�Ú�FÝ�O, äN5`, (SAGA) �{3S�¥m8
�;N��ÅFÝ��

m[∇F1(w),∇F2(w), · · ·,∇FN (w)], ©O^uP¹Ú1i����'��#��ÅFÝ. 31kÚ�#

�, eÄ����:eI�sk, KO��ÅFÝ�ò∇Fsk(wk)���#��c��ÅFÝ�, Ù

¦�Ä���eIéA�∇Fj(wk)�±ØC. zg(SAGA) �{�#¦^�FÝ��´

vk = ∇Fsk(wk)−∇Fsk(wk−1) +∇F (wk−1),

Ù¥, sk ∈ {1, 2, · · ·, N}´�ÅÀ����êâ:.

5¿��½s1, s2, · · ·, sk−1 �, wk, wk−1þ�½�, dvk�L�ª��

E[vk|s1, s2, · · ·, sk−1]

= E[∇Fsk(wk)|sk]− E[∇Fsk(wk−1)−∇F (wk−1)|s1, s2, · · ·, sk−1]

= ∇F (wk)− 0

= ∇F (wk),

=vk3^�Ï"¿Âe´∇F (xk)���Ã �O.

éu�1w�8I¼ê, Ã{��¦FÝ, ·�Ú^�C�f, Ù½ÂXe:

proxHg,α (v) = arg min
w∈Rd

{g(w) +
1

2α
||w − v||2H},

Ù¥, α > 0, H ��½Ý
, ‖w − v‖2H = (w − v)TH(w − v), P�‖w‖2= ||w||2Id = wT Idw = wTw,

Ù¥, Id �d �ü 
.

¯K(1.1)��CÚî.�{[3]���/ª�:

wk+1 = proxHk

Φ,αk

(
wk − αkH−1

k ∇F (wk)
)
, (2.1)

Ù¥, H−1
k ´¼êF���Ý
�_(∇2F (wk))

−1
, ∇F (wk)´N�êâ:�FÝ.

3ÅìÆS�.ÔöL§¥, êâþ  '��, �Ý�ép, O�þ¬é�, 3zgS��

L§¥, XJÀ�¤kêâ:O�FÝ, �Ñþ¬é�; XJ�ÅÀ���êâ:O�FÝ, ÅÄ

5¬é�, ¤±æ^1þFÝ��{, =zgS��ÅÀ��1þ�êâ:. PSk ⊆ {1, 2, · · ·, N},
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∇FSk
L�ª�

∇FSk
=

∑
i∈Sk
∇fi (wk)

bk
,

Ù¥, bk = |Sk|, L«8ÜSk¥����ê.

�
ü$D(�K�, �©2æ^�� ~Eâ, =

vk = ∇FSk
(wk)−∇FSk

(wk−1) +∇F (wk−1),

^vkO�∇F (wk), (2.1)ªÒC¤
Xe/ª:

wk+1 = proxHk

Φ,αk

(
wk − αkH−1

k vk
)
. (2.2)

ÏL(2.2)ªS�, �©ïáÄu�� ~��ÅÚî�{(SNV R), Xe:

Ú1: À�Ð©:w0, �½ b, eps ��, k = 0;

Ú2: O�¿�;FÝ[∇F1(wk),∇F2(wk), · · ·,∇FN (wk)], ¦w0?Hessian Ý
H, ¦_, w1 =

proxHΩ,α(w0 − αH−1
0 ∇F (w0)), k = 1;

Ú3: l8Ü{1, 2, · · ·, N}¥�ÅÀ���f8Sk, Ù¥����ê�b, O�∇Fi(wk), Ù¥i ∈ Sk, O
�vk = ∇FSk

(wk)−∇FSk
(wk−1) +∇F (wk−1);

Ú4: O�wk?HessianÝ
H, ¿¦_, dH−1O�wk+1 = proxHΩ,αk
(wk − αk−1H

−1vk−1)

Ú5: �#FÝ, ^∇Fi(wk)O�þ�Ú�A ��FÝ§Ù{FÝ�±ØC;

Ú6µe|Φ(wk+1)− Φ(wk)| < eps, K�{Ê�, ÄK, =Ú3.

3±þ�{L§¥,Ú4¥αk´Ú�,æ^~^�Ú�|¢�{=�;Ú3´¦ÑS���,Ú4´

¦Ñe��S�:, Ú5´�#FÝ.

3. Âñ5©Û

b�3.1 ©þ¼êfi´uirà�, ¿�§�FÝ¼ê÷vLi − lipschitzëY, =é?¿

�w, v ∈ Rd, k

ui
2
‖v − w‖2 ≤ fi(v)− fi(w)− (v − w)T∇fi(w) ≤ Li

2
‖v − w‖2.

�d�, uiId � ∇2fi (w) � LiId. KF (w) = 1
N

∑N
i=1 fi (w)´rà�, ¿�§�FÝ÷vL −

lipschitzëY, d?,

min (ui) = u ≤ 1

N

N∑
i

ui, max (Li) = L ≥ 1

N

N∑
i

Li.

3b�3.1Ú¼êΩà��¹e, �±�Ñ¯K(1.1)¥8I¼êΦ´u−rà�.

b�3.2 é?¿���f8S ⊆ {1, 2, · · ·, N}, kuId � ∇2FS (w) � LId.
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Äub�3.2, �3~ê0 < λ1 < λ2 , ¦�wk?�HessianÝ
Hk ÷v:

λ1I � H−1
k � λ2I.

�p = proxHΩ (u),q = proxHΩ (ū), Ï�Ω�à¼ê, ¤±

||p− q|| ≤ λ1/λ2||u− ū||. (3.1)

Ún3.1 �w∗´¼êF������, �±��

E‖vk − F (wk)‖2 6 4L[Φ(wk)− Φ(w∗) + Φ(wk−1)− Φ(w∗)]. (3.2)

y² éu?¿�½��1þSk, �Ä±e¼ê

hSk
(w) = FSk

(w)− FSk
(w∗)−∇FSk

(w∗)
T (w − w∗),

Ï�∇hSk
(w∗) = 0, ¤±hSk

(w∗) = minw hSk
(w), K

0 = hSk
(w∗) ≤ min

α
hSk

(w − α∇hSk
(w))

≤ min
α

(hSk
(w)− α‖∇hSk

(w)‖2 +
1

2
Lα2‖∇hSk

(w)‖2)

= hSk
(w)− 1

2L
‖∇hSk

(w)‖2,

��

‖∇FSk
(w)−∇FSk

(w∗)‖2 ≤ 2L[FSk
(w)− FSk

(w∗)−∇FSk
(w∗)

T (w − w∗)].

ÏLén����ÅÀ���1þSk¦Ú, �d∇F (w∗) = 0, ��

(
N

b

)−1 ∑
|Sk|=b

‖∇FSk
(w)−∇FSk

(w∗)‖2 ≤ 2L[F (w)− F (w∗)].

�Äwk, wk−1, éuSk¦Ï", ��

E‖vk −∇F (wk)‖2 ≤ E‖vk‖2

= E‖∇FSk
(wk)−∇FSk

(w∗) +∇FSk
(w∗)−∇FSk

(wk−1) +∇F (wk−1)‖2

≤ 2E‖∇FSk
(wk)−∇FSk

(w∗)‖2 + 2E‖∇FSk
(w∗)−∇FSk

(wk−1) +∇F (wk−1)‖2

≤ 2E‖∇FSk
(wk)−∇FSk

(w∗)‖2 + 2E‖∇FSk
(w∗)−∇FSk

(wk−1)‖2,

1��Ø�ªÚ1��Ø�ª^
E‖ξ − Eξ‖2 ≤ E‖ξ‖2, dþª, ��

E‖vk − F (wk)‖2 6 4L[Φ(wk)− Φ(w∗) + Φ(wk−1)− Φ(w∗)],
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�y.

Ún3.2 [4] eΦ (w) = F (w) + Ω (w), �∇F (w)÷vL − lipschitzëY, F (w)ÚΩ (w) ©

O÷vuFÚuΩrà, Ké?¿�w, v ∈ Rd, -w+ = proxHΩ,α (w − αH−1v) , g =
(w − w+)

α
,∆ =

v −∇F (w), Ù¥, α�Ú�, �÷v0 < α ≤ 1/L, k

Φ (u) ≥ Φ (w+) + gTHT (u− w) + ∆T (w+ − u) +
α

2
‖g‖2H . (3.3)

Äuþ¡�ü�b�ÚÚn3.1, ��±eÂñ5©Û.

½n3.1 �w∗ = argminΦ (w) , 0 < α <
λ2

1

16Lλ2

, 3b�1Ú2�Ä:þ, k

E[Φ(wk+1)− Φ(w∗)] 6 ρk(Φ(w0)− Φ(w∗)). (3.4)

Ù¥, ρ = (
1

uα
+

8Lαλ2

λ1
2 )1/2 < 1.

y² �w = wk, w+ = wk+1, v = vk, g = gk, u = w∗, H = H−1
k ,∆k = vk − ∇F (wk), dÚ

n3.1, ��

Φ (w∗) ≥ Φ (wk+1) + gTk (H−1
k )T (w∗ − wk) + ∆T

k (wk+1 − w∗) +
α

2
‖gk‖2Hk

.

�e5©Û3zgS�¥wk+1��`�w∗�m�ål'X,

||wk+1 − w∗||2H−1
k

= ||wk − αgk − w∗||2H−1
k

= ||wk − w∗||2H−1
k

− 2αgTk (H−1
k )T (wk − w∗) + α2||gk||2H−1

k

≤ ||wk − w∗||2H−1
k

− 2α[Φ(wk+1)− Φ(w∗)]− 2α∆T
k (wk+1 − w∗),

(3.5)

,�, Ïé−2α∆T
k (wk+1 − w∗)���þ.. ½Â�C�FÝ���:

w̃k+1 = prox
H−1

k

Ω,α

(
wk − αH−1

k ∇F (wk)
)
,

Kk

− 2α∆T
k (wk+1 − w∗)

= −2α∆T
k (wk+1 − w̃k+1)− 2α∆T

k (w̃k+1 − w∗)

≤ 2α‖∆k‖‖wk+1 − w̃k+1‖ − 2α∆T
k (w̃k+1 − w∗)

≤ 2αλ2

λ1

‖∆k‖‖(wk − αH−1
k vk)− (wk − αH−1

k ∇(wk))‖ − 2α∆T
k (w̃k+1 − w∗)

=
2α2λ2

λ1

‖∆k‖‖H−1
k ∆k‖ − 2α∆T

k (w̃k+1 − w∗)

≤ 2α2λ2

λ2
1

‖∆k‖2 − 2α∆T
k (w̃k+1 − w∗),
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1���Ò$^
�ÜØ�ª, 1��Ø�ª$^(3.1)ª. 2(Ü(3.5)ª, ��

‖wk+1 − w∗‖2H−1
k

≤ ‖wk − w∗‖2H−1
k

−2α[Φ(wk+1)− Φ(w∗)] +
2α2λ2

λ2
1

‖∆k‖2 − 2α∆T
k (w̃k+1 − w∗),

5¿�, wk+1Úw∗'u�ÅCþSk´�pÕá�, �E∆k = 0, ¤±

E[∆
T
k (w̃k+1 − w∗)] = 0.

d	, d(3.2)ª�±��E‖∆k‖2�þ., ��

E‖wk+1 − w∗‖2H−1
k

≤ ‖wk − w∗‖2H−1
k

− 2α[EΦ(wk+1)− Φ(w∗)] +
8Lα2λ2

λ1
2 [Φ(wk)− Φ(w∗) + Φ(wk−1)− Φ(w∗)],

£�¿�n, ��

E‖wk+1 − w∗‖2H−1
k

+ 2α[EΦ(wk+1)− Φ(w∗)]

≤ ‖wk − w∗‖2H−1
k

+
8Lα2λ2

λ1
2 [Φ(wk)− Φ(w∗) + Φ(wk−1)− Φ(w∗)]

≤ |wk − w∗‖2H−1
k

+
16Lα2λ2

λ1
2 [Φ(wk−1)− Φ(w∗)].

d8I¼êΦrà5�±�Ñ

‖wk − w∗‖2H−1
k
≤ 2[Φ (wk)− Φ (w∗)]/u,

¤±

2α[EΦ(wk+1)− EΦ(w∗)]

≤ 2

u
[Φ (wk)− Φ (w∗)] +

16Lα2λ2

λ1
2 [Φ(wk−1)− Φ(w∗)]

≤ (
2

u
+

16Lα2λ2

λ1
2 )[Φ(wk−1)− Φ(w∗)],

��

EΦ(wk+1)− EΦ(w∗)

≤ (
1

uα
+

8Lαλ2

λ1
2 )[Φ(wk−1)− Φ(w∗)]

≤ (
1

uα
+

8Lαλ2

λ1
2 )

k

2 [Φ(w0)− Φ(w∗)],
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-

ρ = (
1

uα
+

8Lαλ2

λ1
2 )

1

2 ,

�0 < α < λ2
1/(16λ2L), kρ < 1, ¤±

E[Φ(wk+1)− Φ(w∗)] 6 ρkE((Φ(w0)− Φ(w∗))),

½n�y.

4. ê��~

c©�Ñ�{SNV R�Âñ5©Û, y²
Âñ5. �Äe¡�¯K, éu�½�êâ

8{(a1, b1), · · ·, (aN , bN )}, Ù¥, ai ∈ Rd, bi ∈ {−1, 1}, ¦e�`z¯K:

min
w∈Rd

1

N

N∑
i=1

(wTai − yi)2 + λ1‖w‖1,

Ù¥, λ1 ��Kzëê.�©¤^�êâ8�heart, dêâ8¥N = 600, d = 13. �λ1 = 10−5,M =

20, b = 20, eps = 10−6, ^matlab2020b ?§, 3�{L§¥, qV\��S�gê, �O�(JXã

1¤«:

Figure 1. Variation of iteration steps and function values

ã 1. S�ÚêÚ¼ê��Cz

ÏLþã�±wÑ, SNV R�{�Ñ�8I¼ê�Øäeü, 3S�5g�����`, d��

`�0.1919.
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Table 1. Variation of iteration number and function value

L 1. S�gê�8I��Cz

S�gê 8I¼ê�

ProxGD 20 0.2148

proxSGD 20 0.1940

ProxSVRG 14 0.1919

SNVR 5 0.1919

ÏLã 1ÚL 1�±wÑ, �ProxSGD,ProxGD,ProxSV RG �', SNV R�{�äkÂñ5

UÐ, ¿�Âñ�Ý�¯�`:.

5. o(

�©éuÅìÆS¥�aEÜ`z¯K, 38I¼ê�à�1w�^�e, JÑ
�«#��

ÅFÝ�{))Äu�� ~��ÅCqÚî{(SNV R). SNV R�{3�ÅFÝ�{�Ä:þ,

(Ü
�� ~��{, T�{äkO�þ�!$��Ý¯�A:. �©k�Ñ
SNV R�{�

S�Ú½, ,�?1
Âñ5©Û. ��q?1¢~�y, ÏL(J©Û�±wÑ8I¼ê�Åì

eü, �ªÂñu�?. �ProxGD, SProxGD, ProxSV RG��{�
é', ÏLé'�±wÑ,

SNV R�{U
�¯�Âñ��`�.
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