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Abstract

In this paper, the existence, uniqueness of measure pseudo type solutions in the α-form

for partial functional differential equations with infinite delay are investigated. Here

we assume that the linear part generates a compact analytic semigroup on a Banach

space X, the delayed part is assumed to be continuous with respect to the fractional

power of the generator. Finally, an example of biomathematical model is presented to

illustrate the main findings.
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1. Úó

3©z [1]¥, ïÄ
XeäkÃ¡�¢� �¼�©�§({P�PFDEs)V±Ï)��35,
d

dt
u(t) = −Au(t) + L(ut) + f(t), t ≥ σ,

uσ = ϕ ∈ B.
(1.1)

Ù¥−A ÷vHille-Yosida ^�§¼êut ∈ B ½Â�ut(θ) = u(t + θ), θ ∈ (−∞, 0], B �l(−∞, 0]

N��X �¼ê�¤�Banach �m, �÷v�©ò�0���
ún5^�. L �lB N��X
�k.�5�f, f �V±Ï¼ê. d	, ?�ÚXJ−A 3X þ)¤)Û�+(T (t))t≥0, K�â©

ê��fnØ, ©z [2] ïÄ
�©�§�A�gÅ5.

ÏäkÃ¡�¢�PFDEs 3)Ô!zÆÚÔn�+�Ñk2�A^, 8c®²¤�ÄåXÚ

����ïÄ+�. 'uÃ¡�¢�PFDEs �©z�~õ, ~X3 [3] ¥ïÄ
±Ï5, 3 [4–6]

¥ïÄ
V±Ï5, [7, 8] ?Ø
A�gÅ5, [9, 10] ïÄ
�§�ÿÝ�V±Ï5ÚÿÝ�A�g

Å5, )��K5Ú½5K©O3 [11–13] Ú [12, 14, 15]¥k¤&?. 3ÄåÆ5��ïÄ¥§
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±Ï5§V±Ï5§A�gÅ5§�V±Ï5§�A�gÅ5�´�É'5�ïÄé�§�é�

k©zéù
5�?1Ú�/ïÄ",��¡§3± �©z¥§�Ü©©z−A )¤�´ëY�
+§é)¤)Û�+�ïÄ¿Øõ�"�©3c¡©z�Ä:þ§|^©ê��fnØÚ�f�

+��{§ïÄ
�.(1.1) ÿÝ�.)��35Ú��5, Ù¥−A )¤)Û�+. �éuk��

¢, Ã¡�¢w,´�E,, Ï�)�äN5����mB �ÀJ���'§3�©¥§·���
��mB ÷vHale ÚKato �Ñ�Ä�ún5^� [16].

2. ý��£

P(X, | · |) ���EBanach �m, N, R, R+ ÚC ©OL«g,ê8, ¢ê8, �K¢ê8ÚE

ê8. A ´½Â3X þ��5�f, D(A) Úσ(A) L«A �½Â�ÚÌ.

½Â2.1. ¡f ∈ C(R, X) ��±Ï¼ê(½±Ï¼ê), e�3ω ∈ R− {0} ¦�éu¤k�t ∈ R ÷
vf(t+ ω) = −f(t) (½f(t+ ω) = f(t)). òùa¼ê�8ÜP�Pωap(R, X) (½Pω(R, X)).

52.1. ef ∈ Pωap(R, X), Kkf ∈ P2ω(R, X).

½Â2.2. [17] éu�½�ω, k ∈ R, ¡f ∈ C(R, X) �(ω, k)-±Ï¼ê(½Bloch-±Ï¼ê),eéu

¤k�t ∈ R ÷vf(t+ ω) = eikωf(t). òùa¼ê�8ÜP�Pω,k(R, X).

52.2. ¡k �f �Floquet �ê. ef ´(ω, k)-±Ï¼ê�ωk = 2π, Kf ´ω-±Ï¼ê; eωk = π,

Kf ´ω-�±Ï¼ê.

½Â2.3. [18] éu�½�ρ ∈ C(R, X), ¡f ∈ C(R, X) �\�±Ï¼ê, eéu¤k�t ∈ R ÷
vf(t+ ω) = ρ(t)f(t). òùa\�±Ï¼ê�8ÜP�Pω,ρ(t)(R, X).

½Â2.4. [19] ¡f ∈ C(R, X) �V±Ï¼ê, eéu?¿ε > 0, �3l(ε) > 0, ¦�3z��Ý

�l(ε) �«mI þ���3��τ ¦Ù÷v‖f(t+ τ)− f(t)‖ < ε é��t ∈ R ¤á. ùaV±Ï¼

ê�8ÜP�AP (R, X).

½Â2.5. [20]¡f ∈ C(R, X)�A�gÅ¼ê,eéuz�¢ê�(s
′

n)n∈N§�3��fê�(sn)n∈N

¦�g(t) := lim
n→∞

f(t+ sn) éu?¿t ∈ R Ñk½Â, � lim
n→∞

g(t− sn) = f(t) é?¿t ∈ R ¤á. ù

a¼ê�8ÜP�AA(R, X).

e¡, ·�|^ÿÝnØ��{§ÏLH{�m�Vg§Ú\ÿÝ�.¼ê�Vg, =ÿÝ�

�±Ï¼ê, ÿÝ�±Ï¼ê, ÿÝ�Bloch-±Ï¼ê, ÿÝ�\�±Ï¼ê, ÿÝ�V±Ï¼êÚ

ÿÝ�A�gÅ¼ê.

L L«R þ�Lebesgue σ �, M L«3L þ¤k÷vXe^��ÿÝµ �8Üµéu¤k
�a, b ∈ R (a ≤ b), �µ(R) =∞ Úµ([a, b]) <∞ .

½Â2.6. �µ, ν ∈M. e÷v

lim
T→+∞

1

µ([−T, T ])

∫
[−T,T ]

|f(t)|dν(t) = 0,

K¡¼êf ∈ C(R, X) �(µ, ν)-H{�. ùa¼ê�8ÜP�E(R, X, µ, ν).

½Â2.7. �µ, ν ∈ M. ¡f ∈ C(R, X) �ÿÝ��±Ï¼ê(½ÿÝ�±Ï¼ê, ÿÝ�Bloch-±

Ï¼ê, ÿÝ�\�±Ï¼ê, ÿÝ�V±Ï¼êÚÿÝ�A�gÅ¼ê), e¼ê�©)�f =

g + ϕ, Ù¥g ∈ Pωap(R, X) (½Pω(R, X), Pω,k(R, X), Pω,ρ(t)(R, X), AP (R, X), AA(R, X)) �ϕ ∈
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E(R, X, µ, ν). ùa¼ê�8ÜP�MPPωap(R, X, µ, ν) (½MPPω(R, X, µ, ν), MPPω,k(R, X, µ, ν),

MPPω,ρ(t)(R, X, µ, ν), MPAP (R, X, µ, ν), MPAA(R, X, µ, ν)).

52.3. dþ¡�½Â§ØJwÑXe�¹'X¤áµ

(i) MPPωap(R, X, µ, ν) ⊂MPPω(R, X, µ, ν) ⊂MPPω,k(R, X, µ, ν) ⊂MPPω,ρ(t)(R, X, µ, ν).

(ii) MPPωap(R, X, µ, ν) ⊂MPAP (R, X, µ, ν) ⊂MPAA(R, X, µ, ν).

(iii) MPPω(R, X, µ, ν) ⊂MPAP (R, X, µ, ν), MPPω(R, X, µ, ν) ⊂MPAA(R, X, µ, ν).

©O½ÂXe8Üµ

A(R, X) = {Pωap(R, X), Pω(R, X), Pω,k(R, X), Pω,ρ(t)(R, X), AP (R, X), AA(R, X)},

P(R, X, µ, ν) = {MPPωap(R, X, µ, ν),MPPω(R, X, µ, ν),MPPω,k(R, X, µ, ν),MPPω,ρ(t)(R, X, µ, ν),

MPAP (R, X, µ, ν),MPAA(R, X, µ, ν)},

Kf ∈ P(R, X, µ, ν) ��=�÷vf �±©)�f = g + ϕ, Ù¥g ∈ A(R, X), ϕ ∈ E(R, X, µ, ν). ·

��Ú�¡P(R, X, µ, ν)p¡�¼ê�ÿÝ�.¼ê.

�e5�ÑP(R, X, µ, ν) ��
5�, Äk�Xeb�:

(M1) éu¤k�τ ∈ R, �3β > 0 Úk.«mI ¦�

e A ∈ L� A ∩ I = ∅, Kk µ({a+ τ, a ∈ A}) ≤ βµ(A) .

(M2) µ, ν ∈M �lim sup
T→∞

µ([−T,T ])
ν([−T,T ])

<∞

� [21] �y²aq, ·��±��

Ún2.1. �µ, ν ∈M ÷v(M1), KE(R, X, µ, ν) ÚP(R, X, µ, ν) ´²£ØC�, �ÿÝ�.¼ê�

©)´���.

Ún2.2. �µ, ν ∈M ÷v(M1) Ú(M2), KP(R, X, µ, ν) 3þ(.�ê| · |∞ e´Banach �m.

Ún2.3. �µ, ν ∈ M �÷v(M1), (M2), ef ∈ E(R, X, µ, ν), G ∈ L1(R, B(X)), KE(R, X, µ, ν)

þòÈf ∗G

(f ∗G)(t) =

∫ +∞

−∞
G(s)f(t− s)ds ∈ E(R, X, µ, ν), t ∈ R.

y². dÚn2.1 ØJwÑ, éu¤k�s ∈ R kf(· − s) ∈ E(R, X, µ, ν), �âFubini ½n, k

1

ν([−T, T ])

∫
[−T,T ]

|(f ∗G)(t)|dµ(t)

≤ 1

ν([−T, T ])

∫
[−T,T ]

∫ +∞

−∞
|G(s)||f(t− s)|dsdµ(t)

≤
∫ +∞

−∞

|G(s)|
ν([−T, T ])

∫
[−T,T ]

|f(t− s)|dµ(t)ds.
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2�âG ∈ L1(R, B(X)) ±9

0 ≤ |G(s)|
ν([−T, T ])

∫
[−T,T ]

|f(t− s)|dµ(t) ≤ sup
T→∞

µ([−T, T ])

ν([−T, T ])
· |G(s)| · |f | s ∈ R,

dLebesgue ��Âñ½nÚf(· − s) ∈ E(R, X, µ, ν), ��

lim
T→+∞

∫ ∞
−∞

|G(s)|
ν([−T, T ])

∫
[−T,T ]

|f(t− s)|dµ(t)ds = 0.

¤±f ∗G ∈ E(R, X, µ, ν).

3. Ì�(Ø

ù�Ü©, ·�òïÄäkÃ¡�¢PFDEs �P(R, X, µ, ν) )��35Ú��5¯K:


d

dt
u(t) = −Au(t) + L(ut) + f(t), t ≥ σ,

uσ = ϕ ∈ B.
(3.1)

Ù¥f �[σ,+∞) N��X�ëY¼ê§−A 3X þ)¤)Û�+(T (t))t≥0§éu0 < α < 1, Aα

L«A �©ê��f. L �½Â3f�mBα ��3X ¥�k.�5�f, Ù¥Bα ½Â�

Bα = {ϕ ∈ B : ϕ(θ) ∈ D(Aα), θ ≤ 0 � Aαϕ ∈ B},

éuϕ ∈ Bα ½Â�ê‖ϕ‖α = ‖Aαϕ‖, Aαϕ ½Â�

(Aαϕ)(θ) = Aα(ϕ(θ)), θ ≤ 0.

¼êut ∈ Bα ½Â�ut(θ) = u(t+ θ), Ù¥θ ≤ 0.

�
ïÄ(3.1), ÄkÚ\Xeb�:

(H1) −A : D(A)→ X ´Banach �mX þ)Û�+(T (t))t≥0 �Ã¡�)��, ¦�

|T (t)x| ≤Meωt|x|, t ≥ 0, x ∈ X,

Ù¥M ≥ 1 �ω ∈ R. Ø���5�, ·��±b�0 ∈ ρ(A), ÄK, �ò−A + δI O��−A
¦�0 ∈ ρ(−A+ δI).

(H2) éϕ ∈ B kA−αϕ ∈ B, Ù¥A−αϕ ½Â�(A−αϕ)(θ) = A−α(ϕ(θ)), é¤kθ ≤ 0 ¤á.

(H3) T (t) 3X þ´;�, é¤kt > 0 ¤á.
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w,, �÷vb�(H1) �0 < α < 1 �, ·��±½ÂX þ�5�fA−α,

A−α =
1

Γ(α)

∫ ∞
0

tα−1T (t)dt,

Ù¥Γ L«Gamma ¼ê

Γ(α) =

∫ ∞
0

tα−1e−αtdt.

éu©ê��fAα ÚÙ_�fA−α§Ù¥0 < α < 1, ·�kXe5�µ

Ún3.1. [22] �0 < α < 1 �(H1) ¤á, K

(i) 3�ê|x|α = |Aαx|, x ∈ D(Aα) e§D(Aα) �Banach �m. e©¥, ·�^Xα L«Banach

�m(D(Aα), | · |α).

(ii) T (t) : X → D(Aα) é¤k�t > 0 ¤á.

(iii) é¤k�x ∈ D(Aα) �t ≥ 0, kT (t)Aαx = AαT (t)x.

(iv) é¤k�t > 0, AαT (t) 3X þk., �

|AαT (t)| ≤Mαt
−αeωt, x ∈ X, t > 0, (3.2)

Ù¥Mα > 0 ´�~ê, ω ∈ R �d(H1) �Ñ.

(v) A−α ´X þk.�5�f, �D(Aα)=Im(A−α).

�e5, ·�0� [16] ¥ÄgÚ\���mB �únz½Â. b�B ´¼êl(−∞, 0] N��X

�D��m�÷vXeÄ�ún:

(A) �3�~êN , [0,+∞) þÛÜk.¼êM(·) ±93[0,+∞) þëY¼êK(·), ¦�x :

(−∞, a]→ X 3[σ, a] ëY�xσ ∈ B, σ < a ¤á, Kéu¤k�t ∈ [σ, a], k:

(i) xt ∈ B,

(ii) 3«m[σ, a] þ, t→ xt 'u‖ · ‖ ëY,

(iii) N |x| ≤ ‖xt‖ ≤ K(t− σ) sup
σ≤s≤t

|x(s)|+M(t− σ)‖xσ‖.

(B) B ´Banach �m.

l·��±��

Ún3.2. [23] �C00 ´äk;| �òëY¼êl(−∞, 0] N��X ��m, �Ca00 �[−a, 0] ¥

äk¼ê| �f�m��±�êÿÀ��§KkCa00 ↪→ B.

·K3.1. [2] b�(H1), (H2) ¤á, eB ÷vún(A)-(B), KBα ÷vXeún(Ã)-(B̃):

(Ã) ex : (−∞, a]→ Xα 3[σ, a] þëY�xσ ∈ Bα, σ < a, Kéu¤k�t ∈ [σ, a], k:

(i) xt ∈ Bα,

(ii) 3«m[σ, a] þ, t→ xt 'u‖ · ‖α ëY,
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(iii) N |x|α ≤ ‖xt‖α ≤ K(t− σ) sup
σ≤s≤t

|x(s)|α +M(t− σ)‖xσ‖α.

(B̃) Bα ´Banach �m.

½Â3.1. [2] ¡¼êu : (−∞, a]→ Xα �(3.1) �), eÙ÷v

(i) u 3[σ, a] þëY.

(ii) u(t) = T (t− σ)ϕ(0) +
∫ t
σ
T (t− s)[L(us) + f(s)]ds ét ∈ [σ, a] ¤á.

(iii) uσ = ϕ.

½n3.1. [15] b�(H1), (H2) ¤á, Kéuϕ ∈ Bα, 3t ≥ 0 �, (3.1) �3���).

éut ≥ 0, ·�3Bα þ½Â�fU(t):

U(t)(ϕ) = ut(·, σ, ϕ, 0),

Ù¥u(·, σ, ϕ, 0) ´(3.1) ¥f = 0, σ = 0 ��).

·K3.2. [15] (U(t))t≥0 x´Bα þ�rëY�f�+, ÙÃ¡�)��P�AU .

éuφ ∈ B, t ≥ 0 �θ ≤ 0, ·�½Â�5�fW (t):

[W (t)φ](θ) =

φ(0), XJ t+ θ ≥ 0,

φ(t+ θ) XJ t+ θ < 0,

KW (t) ´÷veª�)�+ 
d

dt
u(t) = 0,

u0 = ϕ.

�W0(t) = W (t)|B̃, Ù¥B̃ := {φ ∈ B : φ(0) = 0}, 2b�B ÷vún:

(C) e(ϕn)n≥0 ´B S�Cauchy �¿�3(−∞, 0] þ;Âñ�ϕ, Kϕ ∈ B �‖ϕn − ϕ‖ → 0.

½Â3.2. eB ÷vún(A), (B), (C) ��t→ +∞ �‖W0(t)‖ → 0, K¡Ù�P~PÁ�m.

½Â3.3. eσ(AU) ∩ iR = ∅, K¡�+(U(t))t≥0 ´V�.

½n3.2. [2] b�(H1)-(H3) ¤á. 2b�B �P~PÁ�m��+(U(t))t≥0 ´V�, K�mBα
�±�©)�ü�U-ØC4f�mS ÚU ��Ú, ¦�3U þ����+´��+��3�~

êN0, % ÷v

‖U(t)ϕ‖α ≤ N0e
−%t‖ϕ‖α, t ≥ 0, ϕ ∈ S,

‖U(t)ϕ‖α ≤ N0e
%t‖ϕ‖α, t ≤ 0, ϕ ∈ U,

Ù¥S ÚU ©O�¡�´½�mÚØ½�m.
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éun > ω, x ∈ X, ½ÂXedX N��B ��5�fΘn,

(Θnx)(θ) =


n(nθ + 1)R(n,A)x, − 1

n
≤ θ ≤ 0,

0, θ < − 1

n
,

Ù¥R(n,−A) = (nI + A)−1. éux ∈ X, ¼êΘnx ∈ C00((−∞, 0], Xα) 3[−1, 0] Sk| ,

KΘnx ∈ Bα. d	, éux ∈ X, k

‖Θnx‖α ≤
n

(n− ω)1−α
K(1)MαΓ(1− α)|x|. (3.3)

äNy²�ë�©z [2].

dV5�^�, ·���Xe½nµ

½n3.3. [2] b�(H1)-(H3) ¤á. 2b�B �P~PÁ�m��+(U(t))t≥0 ´V�. ef 3R
þk., K(3.1) 3R þk���k.)u, ¿kXeL�ª:

ut = lim
n→+∞

∫ t

−∞
Us(t− s)Πs(Θnf(s))ds− lim

n→+∞

∫ +∞

t

Uu(t− s)Πu(Θnf(s))ds t ∈ R, (3.4)

Ù¥Us(t), Uu(t) ©O�U(t) 3S ÚU þ���, Πs, Πu ©O�Bα �S ÚU þ�ÝK.

½n3.4. b�(M1), (M2), (H1)-(H3) ¤á¿�f ∈ P(R, X, µ, ν). 2b�B �P~PÁ�m��
+(U(t))t≥0 ´V�. K(3.1) k���)u ∈ P(R, Xα, µ, ν), �d(3.4) ª�Ñ.

y². �â½n3.3, (3.1) k��k.)�u �L�ªd(3.4) �Ñ�, �

ut = (Γsf)(t)− (Γuf)(t),

Ù¥

(Γsf)(t) = lim
n→+∞

∫ t

−∞
Us(t− s)Πs(Θnf(s))ds,

(Γuf)(t) = lim
n→+∞

∫ +∞

t

Uu(t− s)Πu(Θnf(s))ds.

Ï�f ∈ P(R, X, µ, ν), l��f = g + ϕ, Ù¥g ∈ A(R, X), ϕ ∈ E(R, X, µ, ν), K(Γsf)(t) =

F1(t) + F2(t), Ù¥

F1(t) = lim
n→+∞

∫ t

−∞
Us(t− s)Πs(Θng(s))ds,

F2(t) = lim
n→+∞

∫ t

−∞
Us(t− s)Πs(Θnϕ(s))ds.

(i) F1 ∈ A(R,Bα).
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éug ∈ Pω,ρ(t)(R, X), ØJy²

F1(t+ ω) = lim
n→+∞

∫ t

−∞
Us(t− s)Πs(Θng(s+ ω))ds = ρ(t)F1(t),

KF1 ∈ Pω,ρ(t)(R,Bα). aq�, eg ∈ Pωap(R, X), g ∈ Pω(R, X), g ∈ Pω,k(R, X), ©O�±�

�F1 ∈ Pωap(R,Bα), F1 ∈ Pω(R,Bα), F1 ∈ Pω,k(R,Bα).

éug ∈ AP (R, X), �â½n3.2, �3~êM̃ > 0 ÷v

‖F1(t+ τ)−F1(τ)‖α ≤ lim
n→+∞

∫ t

−∞
N0e

−%(t−s)‖Πs(Θn(g(s+ τ)− g(s)))‖αds ≤ M̃ε,

KF1 ∈ AP (R,Bα). aq�(ØéuAA(R, X) �¤á.

Ïd, eg ∈ A((R, X), ��F1 ∈ A(R,Bα).

(ii) F2 ∈ E(R,Bα, µ, ν).

d(H1) Ú(3.3) ��, �3~êK̃ > 0 ÷v

‖F2(t)‖α ≤ K̃
∫ t

−∞
e−%(t−s)|ϕ(s)|ds. (3.5)

½Â©ã¼êG : �t ≥ 0 �G(t) = e−%t, �t < 0 �G(t) = 0, ¤±∫ t

−∞
e−%(t−s)|ϕ(s)|ds =

∫ +∞

0

e−%s|ϕ(t− s)|ds =

∫ +∞

−∞
G(s)|ϕ(t− s)|ds.

dut→ |ϕ(t)| ∈ E(R,R, µ, ν), �âÚn2.3��t→
∫ t
−∞ e

−%(t−s)|ϕ(s)|ds ∈ E(R,R, µ, ν),�â(3.5)

��F2 ∈ E(R,Bα, µ, ν), ÏdΓsf ∈ P(R,Bα, µ, ν). aq/, ·�kΓuf ∈ P(R,Bα, µ, ν). ½n�y.

4. ~f

�Ä�a2�ïÄ�)ÔêÆ�. [2, 3, 10]§=XeäkÃ¡�¢� �©�§:

∂

∂t
u(t, x) =

n∑
i,j=1

∂

∂xi

(
aij(x)

∂

∂xj
u(t, x)

)
− a0u(t, x) + ε

n∑
i=1

∂

∂xi
u(t− r, x)

+
∫ 0

−∞ β(θ)u(t+ θ, x)dθ + Θ(t, x) t ≥ σ, x ∈ Ω,

u(t, x) = 0 t ≥ σ, x ∈ ∂Ω,

u(σ + θ, x) = ϕ0(θ, x) −∞ < θ ≤ 0, x ∈ Ω,

(4.1)

Ù¥σ ∈ R, a0, r Úε ��~ê, Ω �Rn Sk.m8�äk1w>.∂Ω, β : (−∞, 0] → R ��
¼ê, Θ : [σ,+∞) × Ω → R �ëY¼ê, aij ∈ L∞(Ω) ´é¡���3η > 0 éx ∈ Ω, ξ ∈ Rn

DOI: 10.12677/aam.2023.125250 2488 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.125250


��

k
n∑

i,j=1

aijξiξj ≥ η|ξ|2.

�X = L2(Ω), 2½Â�5�fA : D(A) ⊂ X → X:
D(A) = H2(Ω) ∩H1

0 (Ω)

A = −
n∑

i,j=1

∂

∂xi

(
aij(x)

∂

∂xj

)
.

Ún4.1. [22] −A ´X þ;)Û�+(T (t))≥0 �Ã¡�)¤�. d	, Ìσ(−A) ´lÑÌ

�σ(−A) = {λn : n ∈ N}, Ù¥· · · < λn+1 < λn < · · · < λ0 < 0.

Ún4.2. [24] |∇| Ú‖ · ‖ 1
2
3D(A

1
2 ) þ�d. d	, ·�k

√
η|∇ψ| ≤ ‖ψ‖ 1

2
≤
√
n max

1≤i,j≤n
|aij |L∞ |∇ψ|,

Ù¥∇ L«FÝ�þ.

éuγ > 0, ½Â

B = Cγ = {ϕ ∈ C((−∞, 0], X) : lim
θ→−∞

eγθϕ(θ) 3 X þ�3}

éuϕ ∈ Cγ , ½Â�ê|ϕ| = sup
θ≤0

eγθϕ(θ).

Ún4.3. [23] B ÷v(A), (B), (C) ��P~PÁ�m.

½Â�5�fL : B 1
2
→ X:

L(φ) = −a0φ(0) + ε

n∑
i=1

∂

∂xi
φ(−r) +

∫ 0

−∞
β(θ)φ(θ)dθ,

3B 1
2
þ½Â�ê‖ϕ‖ 1

2
= sup

θ≤0
eγθ|A 1

2ϕ(θ)|.

e¡·�b�:

(A1) e
−2γβ ∈ L2(R−).

(A2)
∫ 0

−∞ |β(θ)|dθ < a0.

Ún4.4. [2] �(A1) ¤á, KL ´dB 1
2
N��X �k.�5�f.

½Âf : R→ X �f(t)(x) = Θ(t, x), Ù¥t ∈ R, x ∈ Ω �
u(t)(x) = u(t, x) t ≥ σ, x ∈ Ω,

ϕ(θ)(x) = ϕ0(θ, x) θ ≤ 0, x ∈ Ω,
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��

K(4.1) �#L��XeÄ��©�§�/ªµ
d

dt
u(t) = −Au(t) + L(ut) + f(t), t ≥ 0,

u0 = ϕ.

(4.2)

�ϕ ∈ B 1
2
, �â½n3.1, K(4.2) 3(−∞,+∞) þ�3���)u.

�(U(t))t≥0 ´(4.2) 3B 1
2
þ�)�+, �AU ´ÙÃ¡�)¤�. �â(U(t))t≥0 V5, ·�

�±��

Ún4.5. [2] e(A1), (A2) ¤á, Kéuε < 1
nM 1

2

√
−λ0η
π

, kσ(AU) ⊂ {λ ∈ C : Re(λ) < 0}.

�µ = ν ¿b�ÙRadon-Nikodym �ê�

ρ(t) =

et, t ≤ 0,

1, t > 0.

d [25] ��, µ, ν ∈M ÷v(M1) Ú(M2), 2�â½n3.4, �±��

½n4.1. 3±þb�e, �ef ∈ P(R, X, µ, ν), K(4.1) k���k.)u ∈ P(R, X 1
2
, µ, ν).

54.1. �©|^©ê��fnØÚ�f�+nØy²
PFDEs ÿÝ�.)��3��5§ÏLÚ

\ÿÝ§½Â
�aÿÝ�.¼ê§y²
Ù�¤��mäk��5§é�±Ï§±Ï§V±Ï§

A�gÅ§�V±Ï§�A�gÅ�ÄåÆ5�?1
Ú�/ïÄ§l/ªÚ(Ø�\{'"Ó

�,	��¡§·��5¿�§3^�(H3) ¥, �¦)Û�+T (t) 3X þ´;�, ù´��'�

r�^�§äNA^¥�ØBu�y§XÛ�K½ö~f^�(H3) ´��&?���¯K§�´

·�8��ïÄ��"
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