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Abstract

Weak degeneracy of graphs is a new definition proposed by Bernshteyn and Lee. It

is the variation of the degeneracy of graphs. By definition, every d-degenerate graph

is also weakly d-degenerate. On the other hand, if G is weakly d-degenerate, then

χ(G) ≤ χl(G) ≤ χDP (G) ≤ d + 1. So studying weak degeneracy of some special graph

classes is beneficial for us to better understand the properties and features of graphs.

Graphs with crossings are a class of graphs with a larger scope than planar graphs.

In 2011, Dvořák et al. proved that every graph with at most two crossings is 5-

choosable. In 2018, Jianzhang Hu proved that every graph with at most one crossing

is 5-paintable. In 2021, Xu’er Li and Xuding Zhu proved that every graph with at

most two crossings are DP-5-colorable. In this paper, we prove that every graph with

at most two crossings is weakly 4-degenerate.
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1. Úó

��©Ù¥¤k�ãÑ´{üã, =vk��vk­>�ã. ·�^V (G)L«ãG�º:

8, E(G)L«ãG�>8. eòãGi\²¡, ü^>3Ø´º:?��, K¡�Ti\ã����

�. ãG ���ê´�òãGi\²¡¥, Ñy�����ê, P�cr(G).

Erdős ÚRubin [1]0�
�L/Ú�Vg±9�'(Ø. G ´��ã�C ´��ôÚ8Ü.

·�¡¼êL : V (G) → 2C´ãG þ����L��. AO/, �L÷véuz��º:v ∈ V (G),

|L(v)| = k, ·�¡L´ãGþ���k-�L��. e�3��/Úφ : V (G) → C, ¦�éuz��

º:v ∈ V (G), φ(v) ∈ L(v)�éuz�^>uv ∈ E(G), φ(v) 6= φ(u), K¡φ ´ãG���Ð��

L/Ú�ãG´L-�/�. �k´���ê, éu?¿G��L��L, Ù¥, L÷véuz��º
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:v ∈ V (G), |L(v)| ≥ k, eãG o´L-�/�, ·�¡ãG´k-�À�½k-�L�/�. ãG��L

Úê½ÀJê�½Â�����êk, ¦�G´k-�À�, ^χl(G)L«.

DP-/Ú´�L/Ú�?�Úí2, 32015 c, �
y²Ø¹4 �8��²¡ã´3-�À�,

Dvořák ÚPostle [2] Ú\
DP-/Ú�Vg. 32018 c, Bernshteyn ÚKostochka [3] JÑ
DP-/

Ú.

-L´ãG����L��. éuz�^>uv ∈ E(G), -ML,uv �:8{u} × L(u)Ú{v} ×
L(v)�m���. -ML = {ML,uv : uv ∈ E(G)}. eãHL÷v±e^�, ·�¡ãHL�G��

�ML-CX:

• HL�º:8�
⋃

u∈V (G)({u} × L(u));

• éuz�º:v ∈ V (G), {v} × L(v)�ÑHL¥�����fã;

• euv ∈ E(G), {u} × L(u)Ú{v} × L(v)�m�>�ML,uv�>;

• euv /∈ E(G), {u} × L(u) Ú{v} × L(v) �mvk>.

eG���ML-CX¥�Õá8I ÷v|I| = |V (G)|, K¡I´G���ML-/Ú. eéu¤

kãGþ�k-�L��L±9Lþ�?¿ML-CX, o�3��ML-/Ú, K¡G´DP-k-�/�.

ãG�DPÚê�½Â�����êk, ¦�G´DP-k-�/�, ^χDP (G)L«.

3ù�©Ù¥, ·�ïÄ
ã/Ú��8�{. Ä���8�{´zg��ÄG���º:,

�·��Ä:u�, lL(u)¥�§©���?¿�ôÚ, 'Xα. d�, �
(�/Ú´�~�, ·�

7Llu��Ø�^�ôÚ�L¥£Øα. Ïd, u �z��Ø��L���U¬~�1, 
Ù§¤k

�L�±ØC. XJ3��L§¥vk��:��L��~��0(=z��/Ú�º:o´��k

�«�^�ôÚ), @o·�Ò��
G����~/Ú. ù��{ÚÑ
òzÝ�Vg.

½Â1.1 �G´��ã±9¼êf : V (G) → N, éu:u ∈ V (G), ·�½Â�«�^

3(G, f)þ�ö�/íØ(G, f, u)0±9Ùö�(J(G′, f ′), Ù¥, G′ := G− u, ¼êf ′ : V (G′)→ Z
�

f ′(v) :=

f(v)− 1, euv ∈ E(G);

f(v), Ù§.

XJ�ª���¼êf ′´�K�, =é?¿v ∈ V (G′), Ñkf ′(v) ≥ 0, @o·�¡T/íØ0ö�

´k��. XJ·��±ÏL�X�kS�k��/íØ0ö��KG ¥¤kº:, @o·�¡

ãG´f -òz�. ef ´~�¼êd, K¡ãG´d- òz�. ãG�òzÝ�½Â�����êd, ¦

�G´d-òz�, ^d(G) L«.

ã�DP-/ÚÚ�L/Ú��«O´: 3�L/Ú¥, XJn´óê, @oχl(Cn) = 2, XJn

´Ûê, @oχl(Cn) = 3. �3DP-/Ú¥, éu¤k�n ≥ 3, ÑkχDP (Cn) = 3. Ïd, ·��Ä´

Ä�±ÏLN��8/ÚL§��
[!5/��0�
ôÚ, l
��χDP (G)����Ð�.

�. ù´ék��, Ïd, ·�ïÄ�«{ü�%ér���{.

�Ä:u ∈ V (G), �w´§��Ø. ��5`, XJ·��u/�«ôÚc, @ow�U¬��ô

Úc. �´, b�|L(u)| > |L(w)|, =î�5`u ��^ôÚ'w õ. 3ù«�¹e, L(u)¥�½k�
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�ôÚØÑy3L(w)¥, ¿��·�òù�ôÚ©��u¿Ø¬K�L(w)(�,, u�Ù§�Ø�U

E,¬���«ôÚ). ÏLù«�ª, ·��w/��0
���	�ôÚ. Bernshteyn ÚLee [4]

JÑ
±e½Â:

½Â1.2 �G´��ã±9¼êf : V (G) → N, éu�^>uw ∈ E(G), Ô¬, ·�½Â�

«�^3(G, f) þ�ö�/íØ��(G, f, u, w)0±9Ùö�(J(G′, f ′), Ù¥, G′ := G − u, ¼

êf ′ : V (G′)→ Z�

f ′(v) :=

f(v)− 1, euv ∈ E(G)�v 6= w;

f(v), Ù§.

XJf(u) > f(w)��ª���¼êf ′´�K�, @o·�¡T/íØ��0ö�´k��.

XJ·��±ÏL�X�kS�k��/íØ09/íØ��0ö��KG¥¤k�:, @o·�

¡ãG ´f -fòz�. ef´~�¼êd, K¡ãG´d-fòz�. ãG �fòzÝ�½Â�����

êd, ¦�G´d-fòz�, ^wd(G)L«.

�½��8ÜS ⊆ V (G), XJl(G, f)m©, ¦�S¥�:=ÏLk��/íØ0ö��

K§
Ù§:�±ÏL�X�kS�k��/íØ09/íØ��0ö��K, @o·�¡G´

/�S-f -fòz�0. AO/, G ´/�V (G)-f -fòz�0��=�G ´f -òz�.

Bernshteyn ÚLee [4] y²
±e·Kµ

·K1.3 [4] é?¿ãG, Ñ÷v

χ(G) ≤ χl(G) ≤ χDP (G) ≤ χDPP (G) ≤ wd(G) + 1 ≤ ∆(G) + 1.

ùpχDP (G)L«G�DP-Úê, χDPP (G)LG�DP-3�Úê.

3 [4]¥, �öy²
Brooks½n�fòz��: XJG´����Ý∆ ≥ 3�ëÏã, @

oG´(∆ − 1)-fòz�½öG ∼= K∆+1. GDPä´��÷vz��¬´��ã½ö����ëÏ

ã. 3 [4]¥, �öy²
e�ü^·K´�d�:

• G´(d− 1)-fòz�;

• GØ´GDPä.

�ö�y²
e��ãG�fòzÝ���d ≥ 3, @oG�¹��(d+ 1)-ì½ö

mad(G) ≥ d+
d− 2

d2 + 2d− 2
.

¯¢y², ¦^/íØ0Ú/íØ��0ö���{�±y²A��²��þ.. 1994 c,

Thomassen [5] y²
¤k�²¡ã´5-�À�; 2015 c, Dvořák ÚPostle [2] y²
¤k�²¡ã

´DP-5-�/�; 2021c, Bernshteyn ÚLee [4] JÑ
fòzÝ�Vg, 2grù�(J?1\r,

¦�y²
¤k�²¡ã´4-fòz�. 2022 c, ¶�� [6]3Bernshteyn ÚLee �(JÄ:�þ,

?�Úy²
Ø¹K5-fª�ã´4-fòz�, Ó��y²
4-��5-�Ø���²¡ã´3-fòz

�. 2023 c, �7 [7]y²
Ø¹4-��6-��²¡ã´2-fòz�. 2023 c, ¸µ�< [8]y²
�
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��5�²¡ã´2-fòz��ÛÜ²¡ã´4-fòz�.

2011 c, Dvořák �< [9]y²
¹k�õü����ã´5-�À�. 2018 c§�ïÙ [10]y

²
¹k�õ�����ã´5-3��À�. 2021 c§oR`ÚÁX» [11]y²
¹k�õü��

��ã´DP-5-�/�"·�\r
þã(J§y²Xe½n:

½n1.4 ��ê�õ�2�ã´4-fòz�.

2. �õ¹k2����ã´4-fòz�

½n2.1 [4] ½Â�an�é(G,F, xy): G ´��²¡ã, F´G���¡, xy´F þ��^

>. éuz��n�é(G,F, xy), ½ÂfG,F,xy : V (G) \ {x, y} → Z�

fG,F,xy(v) :=

2− |NG(v) ∩ {x, y}|, v ∈ V (F ) \ {x, y};

4− |NG(v) ∩ {x, y}|, Ù§.

@oG− x− y´/�(V (F ) \ {x, y})-fG,F,xy-fòz�0.

íØ2.2 �G´��ëÏã, f ∈ NG´½Â3V (G)þ�¼ê. e�3n�é(G∗, F ∗, xy)±

9�X�kS�k���^3(G, f)þ�/íØ09/íØ��0ö�, ¦�ù�X�ö��(

J(G′, f ′)÷vG′ = G∗ − x− y9f ′ ≥ fG∗,F∗,xy, @oG´f - fòz�.

�
�y²½n1.4, ·�y²���r�½n.

½n2.3 �ãG÷v:

• cr(G) ≤ 2, or

• cr(G) ≤ 1�G�¹��ý�Øn�/T = t1t2t3.

�¼êf ∈ NG−V (T )÷v: éu?¿º:v ∈ V (G− V (T )), f(v) = 4− |NG(v) ∩ V (T )|(eý�Øn
�/T Ø�3, V (T )) = ∅). @oG− V (T ) ´f -fòz�.

y² e½n2.3Ø¤á. ·��ÄÄk��ê��,Ùg:ê��, ��>ê����

~(G, f). 5¿�, G´éÏ��éu?¿º:v ∈ V (G− V (T )), dG(v) ≥ 5.

Ún2.3.1 cr(G) ≥ 1.

y² b�G´��²¡ã. d½n2.3�b�^���, G�¹��ý�Øn�/T =

t1t2t3. Ø��T´G �	¡. -G∗ = G − t1, F ∗´G∗�	¡. AO/, t2t3 3¡F
∗þ. 5¿�,

(G− V (T ), f)÷vG− V (T ) = G∗ − t2 − t3±9f ≥ fG∗,F∗,t2t3 . díØ2.2��, G− V (T )´f -fò

z�.

Ún2.3.2 ��¹�����ã´4-fòz�.

y² b�cr(G) = 1, �ÄãG�k����C = {x1y1, x2y2}�²¡i\. ·�Ø�b�4-

�x1x2y1y2x1�G�	¡�G− C�SÜ´��n�¿©. -G∗ = G− x1 − x2, F ∗´G∗�	¡. A
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O/, y1y23¡F
∗þ. �(G′, f ′)�3(G, f)þ�g¦^/íØ0ö��Kx1, y1, x2, y2 ��(J. 5

¿�, (G′, f ′) ÷vG′ = G∗ − y1 − y2±9f
′ ≥ fG∗,F∗,y1y2

. díØ2.2��, G´4-fòz�.

ò��Úý�Øn�/TÚ¡�/�x�.0. dÚn2.3.2��, �±b�ãG¥�3ü�

/�x�.0: �ocr(G) = 2, �ocr(G) = 1 �ãG �¹��ý�Øn�/T . �½��¦�

ãG��ê���²¡i\x{.

Ún2.3.3 eý�Øn�/T�3, @oE(T )¥Ø�¹��>.

y² -T = uvw. b�>uvÚ>xy��. -G1´T 9ÙSÜº:3G¥��Ñfã.

-G2 = G\(V (G1\V (T ))). dé¡5,Ø��x 6= w�x ∈ V (G1). du|V (G)| > |V (G2)|,·��±
ÏL�X��^3(G−V (T ), f)kS�k��/íØ0±9/íØ��0ö��KV (G2)−V (T )¥

�¤k:. -(G′, f ′) �þã�X�ö��(J. -G∗ = G1 − u, F ∗ ´G∗ �	¡. AO/, vw3

¡F ∗þ. ducr(G) ≥ 1, x ∈ V (F ∗). 5¿�, (G′, f ′) ÷vG′ = G∗ − v − w±9f ≥ fG∗,F∗,vw. d

íØ2.2 ��, G− V (T ) ´f - fòz�.

b�C´G¥����. -G1�C¥±9ÙSÜ�º:3G��Ñfã, G2 �C¥±9Ù	Ü

�º:3G��Ñfã, G1 ∩G2 = C. eCþØ�3���V (G1) 6= V (C) 6= V (G1), K¡C�G�

��©l�, ¡G1ÚG2�C-©|.

Ún2.3.4 GØ�¹©ln�/.

y² b�G¥�3©ln�/C = x1x2x3, -G1ÚG2�G�C-©|. eü�/�x�.0

Ñ3Ó��C-©|, �âé¡5, Ø��TC- ©|�G1, du|V (G)| > |V (G1)|, ·��±Äk
é(G1 − V (T ), f)?1�X�kS�k��/íØ0±9/íØ��0ö�5�KG1 − V (T )¥�

¤k:, ?
UY?1�X�kS�k��/íØ0±9/íØ��0ö�5�KG2 − V (C) ¥

�¤k:, Ù¥C �±w�´G2¥�ý�Øn�/. eü�/�x�.0Ø3Ó��C-©|, Ø�

�T ⊆ G1(eý�Øn�/T�3). du|V (G)| > |V (G1)|, ·��±Äké(G − V (T ), f) ?1�

X�kS�k��/íØ0±9/íØ��0ö�5�KG1 − V (T )¥�¤k:, ?
UY?1�

X�kS�k��/íØ0±9/íØ��0ö�5�KG2 − V (C)¥�¤k:, Ù¥C�±w�

´G2¥�ý�Øn�/.

Ón, �y�eãÚn.

Ún2.3.5 G´2-ëÏ��e{u, v}´G���:�8, @ouv´��>.

d	, ·���±éãG¥�©l4-���
��.

Ún2.3.6 GØ�¹ü�/�x�.03Óý�©l4-�C.

y² b�G¥�3ü�/�x�.03Óý�©l4-�C, -G1ÚG2©O��G�SÜÚ	

ÜC- ©|. �âé¡5, Ø��ü�/�x�.03G2¥. dÚn2.3.4��, C ´G1¥��Ñ�.

�âG�4�5,·��±Äké(G−V (T ), f)?1�X�kS�k��/íØ0±9/íØ��0

ö�5�KG2 − V (T )¥�¤k:, -þãö��(J�(G′, f ′). -G∗ = G1 − x1 − x2, F ∗´G∗�

	¡. AO/, x3x4 3¡F
∗ þ. 5¿�, (G′, f ′) ÷vG′ = G∗ − x3 − x4±9f

′ ≥ fG∗,F∗,x3x4
. dí

Ø2.2 ��, G− V (T )´f -fòz�.
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Ún2.3.7 Ø�3¹ü����>.

y² b�>e = uv�>e1 = w1z1, e2 = w2z2��, d�Ø�3ý�Øn�/T . ·��â�

>e1, e2þ���º:�ê5�Ä±eü«�¹.

e�3:w�>e1, e2þ��, =w1 = w2. ·��±é(G, f)�g?1k��/íØ0ö�5

�K:w, v, z1, z2¿���A�ö�(J(G′, f ′). -G∗ = G − w − v, F ∗´G∗ �¡�Ø´G �¡.

AO/, z1z2 3¡F
∗þ. 5¿�, (G′, f ′)÷vG′ = G∗ − z1 − z2±9f

′ ≥ fG∗,F∗,z1z2 . díØ2.2 �

�, G− V (T )´f -fòz�.

eØ�3:�>e1, e2þ��. duG´>ê���4��~,·��±b�C = uw1w2vz2z1´

���Ý�6���ü���þ u�C�SÜ. dÚn2.3.5 ��, 3�C �SÜØ�3º:.

-S = {u,w1, w2}, B �d¤kS¥º:��Ó�Ø|¤�º:8Ü. Ï�z�C þ�º:Ýê��

�5, dÚn2.3.4, Ún2.3.5±9Ún2.3.6��, B ∩ V (C) = ∅. e�3:x ∈ B, �âÚn2.3.4,

n�/uw1x, xw1w2 /¤ü�¡�>., ùL²dG(w) = 4, �ãG ���Ý���5gñ. Ïd,

B = ∅. ·��±é(G, f)�g?1k��/íØ0ö�5�K:u,w1, w2, z1, z2¿���A�ö�

(J(G′, f ′). -G∗ = G− u− w1 − w2, F ∗´G∗�¡�Ø´G�¡. AO/, z1z23¡F
∗þ. 5¿�,

(G′, f ′) ÷vG′ = G∗ − z1 − z2±9f
′ ≥ fG∗,F∗,z1z2 . díØ2.2 ��, G ´f -fòz�.

Ún2.3.8 cr(G) = 1.

y² b�cr(G) = 2, >e = xx0 Ú>f = yy0�p��. -X = {x, x0, y, y0}. 3ãG− e− f
¥V\��#:v¿�¦�:v�X¥¤k:��, ¤���#ãP�G0. 5¿�, cr(G) = 1�d

uG´>ê���4��~, x, y��. �T0 = xyv�G0 �ý�Øn�/±9¼êf0 ∈ NG0−V (T0)

÷v: éu?¿º:v ∈ V (G0 − V (T0)), f(v) = 4 − |NG0
(v) ∩ V (T0)|. dcr(G) > cr(G0)��,

G0 − V (T0) ´f0- fòz�. 5¿�, ·��±3(G, f)þ�g?1k��/íØ0ö�5�

K:x, y¿¼��A(J(G′, f ′). duG′ = G0 − V (T0) ±9f ′ = f0, G′ ´f ′-fòz�. Ïd,

G´f -fòz�.

nþ¤ã, �e5�Iy²T�3��¹. -X = {v1, v2, v3, v4}, Ù¥, >e = v1v3Ú>f =

v2v4p���. duãG´��>ê�õ��~, ÏdeãÚn¤á.

Ún2.3.9 G[X]´����ã.

dÚn2.3.9��, v1v2v3v4´��o��v1, v2, v3, v43To�þU^����IP.-t1, t2, t3�Tþ

U^����IP�n�º:.

Ún2.3.10 -h = uv�>e½>f . e��º:wÓ���u, v, Kw ∈ X.

y² b�w /∈ X, K-{x, y} = X \ {u, v}. du�wuxv,wuyv �é¡5, ¤±Ø�b�ü

�/�x�.0ÑÑy3wuxv¤�¤�4«�¥, dÚn2.3.6��, �wuxvØ´©l�. Ïd, º

:x�Ýê�õ´4, ù�ãG���Ý��´5gñ.

Ún2.3.11 ãGØ¹©l4-�C, ¦�|V (C) ∩X| ≥ 2.

y² b�ãG¥�3©l4-�C, ¦�|V (C) ∩ X| ≥ 2. duC´©l�, CØ�3�

�. -G1ÚG2�G�C- ©|, Ù¥X ⊆ V (G2), -u, v�V (C) ∩ X ¥�ü�º:. Ún2.3.6L
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Figure 1. The configurations of Lemma 2.3.12 and Lemma 2.3.13

ã 1. Ún2.3.12ÚÚn2.3.13¥�(�

²G1ÚG2 ¥þ�¹��/�x�.0. dÚn2.3.9 ��, u, v3G2¥��. Ún2.3.6L²uvØ

´��>. (ÜÚn2.3.4��, uv´C þ��^>�C´G2����Ñ�. -X = {u, v, w, x}. Ø
���5, ·�b�X 3C�SÜ�T3C�	Ü. �âG�4�5, ·��±Äké(G − V (T ), f)

?1�X�kS�k��/íØ0±9/íØ��0ö�5�KG1 − V (T ) ¥�¤k:¿���

A�ö�(J(G′, f ′). -G∗ = G − u − v, F ∗´G∗�¡. AO/, wx3¡F ∗þ. 5¿�, (G′, f ′)÷

vG′ = G∗ − x− w±9f ′ ≥ fG∗,F∗,xw. díØ2.2��, G− V (T )´f -fòz�.

Ún2.3.12 V (T )ÚXØ�.

y² b�u ∈ V (T ) ∩ X, v ∈ X�uv ´�^���>§�ã1(a). ·��±Äké(G −
V (T ), f) ?1k��/íØ0ö�5�K:u¿���A�ö�(J(G′, f ′). -G∗ = G − u − v,

F ∗ ´G∗�¡�Ø´G�¡. AO/, t2t3 3¡F
∗þ. 5¿�, (G′, f ′) ÷vG′ = G∗ − t2 − t3±

9f ′ ≥ fG∗,F∗,t2t3 . díØ2.2 ��, G− V (T )´f -fòz�.

Ún2.3.13 Ø�3>tv, ¦�t ∈ V (T ) �v ∈ X.

y² Ø���5, b�t1v1´�^>. -S = {t1, v1, v2}§�ã1(b). duv2, v4�é¡5±9

Ún2.3.10, ·�Ø�b�t1v4 /∈ E(G). ��:y ∈ V (G) \ V (T )e�S¥¤kº:��, K¡:y´

��/�Ï:0. Ï�t1v4 /∈ E(G), ¤±v4Ø´/�Ï:0. ?�Ú/, et1v3 /∈ E(G), @odÚ

n2.3.6 ��v2, v4 ¥��k��:�ÝêØ�L4, gñ. Ïd, v3�Ø´/�Ï:0.

b�Ø�3/�Ï:0. ·��±3(G − V (T ), f)þ�g?1k��/íØ0ö�5�

K:v1, v2¿¼��A(J(G′, f ′). -G∗ = G − t1 − v1 − v2, F ∗ ´G∗�¡�Ø´G�¡. AO

/, t2t33¡F
∗ þ. 5¿�, (G′, f ′) ÷vG′ = G∗ − t2 − t3 ±9f ′ ≥ fG∗,F∗,t2t3 . díØ2.2��,

G− V (T )´f -fòz�.

b��3/�Ï:0y ∈ V (G)\(X∪V (T )). �âÚn2.3.4, t1v1y, v1v2yÑ´¡(Ïd,Ø
yv

kÙ¦/�Ï:0)�t1v2 /∈ E(G). Ún2.3.11 L²v2 QØ�t2���Ø�t3��. Äk, ·��±

3(G− V (T ), f)þk��/íØ0ö�5�K:v1¿¼��A(J(G− V (T )− v1, f1). �e5, d

uf1(v2) = 3 > 2− |NG(v) ∩ {t1, t2}| = f1(y), ·��±?1/íØ��(G− V (T )− v1, f1, v2, y)0

5�Kv2¿¼��A(J(G′, f ′). 5¿�, (G′, f ′) ÷vG′ = G∗ − t2 − t3±9f ′ ≥ fG∗,F∗,t2t3 . dí

Ø2.2 ��, G− V (T )´f -fòz�.
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-P = p1p2 . . . pk´�^´, Ù¥p1 ∈ V (T ), p2, . . . , pk ∈ V (G), pk−1, pk ∈ X�PþØ�3�
�, �ã2. -ù^´����2k − b, Ù¥

b =

1, pk−2pk ∈ E(G);

0, Ù§.

-P ⊆ G��^��4��´. dÚn2.3.13��, k ≥ 4. -P̄ = p1p2 . . . pk−1, �ã2. P̄ ´�^

�Ñ´, ÄKP¬�¹�^�����f´. Ø���5, b�p1 = t1. duP ��^��4��´,

´�eãn^Ún:

Figure 2. P and P̄

ã 2. PÚP̄

Ún2.3.14 epi, pj ∈ V (P̄ ) þ�:v ∈ V (G) \ V (P )��Ø, K|i− j| ≥ 2.

Ún2.3.15 z�:v ∈ V (G) \ V (P )�õ�V (P )¥�n�:��.

Ún2.3.16 e:v ∈ V (G) \ V (P ) TÐ�V (P )¥�n�:��, Kv /∈ V (T ) ∪X.

ev ∈ V (G) \ V (P )�V (P )¥�n�:��, K½ÂgP (v) = pi, Ù¥pi´:v 3Pþ�n��

Ø¥�Ii���:. ev ∈ V (G) \ V (P )�õ�V (P ) ¥�ü�:��, K½ÂgP (v) = v. e¤?Ø

�´P´²(�, K�±ògP (v){P�g(v).

Ún2.3.17 eu, v´V (G) \ V (P ) ¥ü�ØÓ�:, Kg(u) 6= g(v).

y² b��3V (G) \ V (P )¥ü�ØÓ�:u, v÷vg(u) = g(v) = pg. eg 6= k, @o�â

Ún2.3.14��, u, v�Ó��pg−2, pg−1, pg. ,
, ù�Ún2.3.4½Ún2.3.6 gñ, Ïdg = k.

duP�ÀJ5, ¤ku, v��ØÑ5gu{pk−3, pk−2, pk−1, pk}. dÚn2.3.4��, u, v ØUÓ�

�pk−1 ��, Ø�b�u��pk−3, pk−2, pk. �âÚn2.3.6 ±9Ún2.3.11, �pk−2pk−1pku Ø´©

l�, Ïd, dÚn2.3.4��vØ�pk−1 ��, Kv�pk−2��, �pk−2pk−1pkv´©l�, gñ.

·�y3}ÁÏLé(G − V (T ), f)?1�X�kS�k���:ö�¦�Ùö�(

J(G′, f ′)÷víØ2.2�b�^�. ·�ò�gÏLk���:ö��KPþ�¤k:.

Äk, ·�?1��k���:ö�/íØ(G− V (T ), f, p2)0¿��Ùö�(J(G3, f3). 5

¿�, 3PØ¬kp2�	�:�V (T ) ¥�:��.

3�:L§¥, b�·�®²ÏL�
k���:ö��K
p2, . . . , pj−1, ·�-(Gj , fj)�

þã@
�:ö��(J. �e5, ·�£ãpj3,�
�¹eXÛ��K. eØ�3:y ÷

vg(y) = pj , @odufj(pj) ≥ 1, ·��±UY|^k��/íØ0ö��Kpj . ÄK, �3:y÷
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vg(y) = pj . efj(pj) = 3, dufj(pj) = 3 > 2 − |NG(y) ∩ {t2, t3}| = fj(y), ·��±UY|^

k���:ö�/íØ��(Gi, fi, pi, y)0�Kpj . efj(pj) = 2, Kpjkü��Øpi, pj ∈ V (P ), Ù

¥i < l < j. duP̄´�^�Ñ´, fj(pj) = 2 ��U3j = k�pk−2��pk��¹eÑy. dÚ

n2.3.4 �, pk−1�yØ��. duy 3Pþk�=kn��Ø, Ky�pk−3, pk−2, pk��. y3·��

Ä,	�^´P ′ = p1 . . . pk−2pkpk−1. 5¿�, P ′�P����Ó, Ïd, ·�Ø�b���3��

:y′¦�y′�pk−1, pk−2, pk−3��. dÚn2.3.4�, ypk−3pk−2, ypkpk−2, y
′pk−3pk−2, y

′pk−2pk−1 ´o

�¡, �ã3.

Figure 3. Positions of T,X, y and y′

ã 3. T,X, y±9y′� �

·��½�X��g�Kp2, . . . , pk−2�k���:ö�¿��Tö�(J(Gk−1, fk−1). 5¿

�, (Gk−1, fk−1) ÷v

fk−1(y) = 2− |NG(y) ∩ {t2, t3}|,

fk−1(y′) = 2− |NG(y′) ∩ {t2, t3}|,

fk−1(pk−1) = 3.

Ïd, ·��±UY3(Gk−1, fk−1)þ?1k���:ö�/íØ��(Gk−1, fk−1, pk−1, y
′)0¿��

Tö�(J(Gk, fk). 5¿�, (Gk, fk)÷v

fk(y) = 2− |NG(y) ∩ {t2, t3}|,

fk(y′) = 2− |NG(y′) ∩ {t2, t3}|,

fk(pk) = 2.

-X \ {pk−1, pk} = {z, z′}, Ù¥z�pkÏL�^���>���. �âã�²¡5, z′Ø

�pk−2��, Ïdfk(z′) = 3 > 2 = fk(pk). -Q = p1 . . . pk−1z
′. eØ�3w′ /∈ {y, y′, pk}¦

�gQ(w′) = z′, @o·��±é(Gk, fk) ?1k���:ö�/íØ��(Gk, fk, z
′, pk)05�K

:z′¿���Aö��(J(G′, f ′). -G∗ = G − u − V (Q), F ∗ ´G∗ �¡�Ø´G�¡. AO

/, t2t3 3¡F
∗þ. 5¿�, (G′, f ′)÷vG′ = G∗ − t2 − t3±9f ′ ≥ fG∗,F∗,t2t3 . díØ2.2 ��,

G− V (T )´f -fòz�, gñ. Ïd, �3w′ /∈ {y, y′, pk}¦�gQ(w′) = z′�w′�pk−3, pk−1, z
′��.

Ó�/, �âã�é¡5, ·����Ä´Q′ = p1 . . . pk−2pkz. aquþãéQ �

�	��, �3w /∈ {y, y′, pk−1}¦�gQ′(w) = z�w�pk−3, pk, z ��. ,
, �âã�²¡
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5, o�pk−3pk−2pk−1w
′, pk−3pk−2pkw¥7k��¬�Ún2.3.6 �)gñ.ã4Ð«
T�éo

�pk−3pk−2pk−1w
′, pk−3pk−2pkw�¤k�U5.

Figure 4. Positions of T,w and w′

ã 4. T,w±9w′� �

3. o(�Ð"

3ù�Ø©¥, Ì�ÏL�y{�y²
�õ¹k2����ã´4-fòz�. 3y²L§

¥§�åu�Ïé�
�±¦�:L§¦�U!��fã(�, ÏL4��~�5��ò��ã�

:k�/�K, l
íÑgñ5y²�©(Ø.

fòzÝ´£ãã�/Ú5����#�½Â. 3y�ã, Nõãa�fòzÝÑ´���.

Ïd, fòzÝù�¡�ïÄ��3XNõ�x. fòzÝ´äk�½ïÄd��, ïÄ�
AÏã

a�fòzÝk|u���/
)ã�5�ÚA�, X²¡ã±9�
Ø¹Kn-fª�ã.
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