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Abstract

This article first gives the definition of generalized Orlicz-MorreyMΦ,ϕ(G) on stratified

Lie group G; second proves that the fractional maximal operator Mα is bounded from

spaces MΦ,ϕ(G) into spaces MΨ,η(G) by means of Hölder inequality and the method

of function decomposition. Furthermore, the boundedness of the commutator Mb,α

generated by b ∈ BMO(G) from spaces MΦ,ϕ(G) into spaces MΨ,η(G) is also obtained.
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1. Úó9Ì�(J

¯¤±�, Orlicz�m�½Â�±ïá3 [1, 2]²; Lebesgue�m�*Ð�þ,§3NÚ©ÛÚ

 �©�§¥åX'��^ (ë� [3–7]).gd,Nõ©ÙÑ8¥?Ø Orlicz�m�5�±93ù


�mþ�È©�f�k.5.~X,3 2012c, KawasumiÚ Nakai3©z [8]¥��
 Orlicz�m

þòÈ�f�Fá�C���
5�,�õ'u Orlicz�m�ïÄ��©z [9–12].

;�X,3 2004c, NakaiÄg¼�
 Orlicz-Morrey�m�½Â (�©z [13]).d�, Orlicz-

Morrey�mþ�È©�f�k.5É�2�'5.~X,3©z [14]¥�öïÄ
 Orlicz4��f,

Orlicz©êg4��fÚ©êgÈ©�f3 Morrey�mÚ Orlicz-Morrey�mþ�k.5.�C,

YamaguchiÚ Nakai3©z [15]¥��
 Orlicz-Morrey�mþ��f [b, T ]Ú [b, Iρ];5�¿�

^�.3©z [16]¥, Sawano�<�O
3Orlicz-Morrey�mþ�2Â©êÈ©�fÚ2Â©ê4

��f�k.5.d	, Hasanov3©z [17]¥ÄgJÑ
2Â Orlicz-Morrey�m�½Â,¿��


ù
�mþ Φ�#N�g�5ÛÉ�f�k.5.'uÈ©�f32Â Orlicz-Morrey�mþ�

�«5��ë�©z ( [18–24]).

Éþã(JÚ©z [25]�éu,3�©¥,�öÌ��Ä
©ê4��f9Ù��f3?¿©

�o+þ�2Â Orlicz-Morrey�mþ�k.5.
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·�Äk£��
'u©� Lie+�ÐÚïÄ (ë\©z [17,26–28]).b�G´� G�'� Lie

+,Ù¥ G´k��,��ê�"�©� Lie�ê,Kù��êN�´l G�G��Û�©Ó�N�.

Ïd, x = (xij) ∈ RN , 1 ≤ i ≤ Kj , 1 ≤ j ≤ m, N =
∑
j=1

Kj ,é?¿� g ∈ G,k g = exp(
∑
xijXij).

Gþ�àg�ê¼ê | · |ÏL |g| = (
∑
|xij |2·m!/j)Ú Q =

∑
j=1

jkj 5½Â,¡� G�àg�. Gþ�

*Ü ξr(r > 0)�½Â�:

ξr(g) = exp(
∑

rjxijXij), g = exp(
∑

xijXij).

Ù¥ d(ξrx) = rQdx.

2022c,©z [25]¥Äg?Ø
©ê4��f9Ù��f3?¿©� Lie+þ�Orlicz-Morrey

�mþ�5�.Ó�,��)
éõ'u©� Lie+þ�2Â Orlicz-Morrey�mþ��'5�ïÄ.

Gþ�àg�ê´l G� [0,∞)½Â3 G \ {0}þ� C∞ ëY¼ê,�3 x → ρ(x),¦�÷v

e�^�:

(1) ρ(x−1) = ρ(x),

(2) é?¿� r > 0,k ρ(ξrx) = rρ(x),

(3) é?¿� x, y ∈ G,k ρ(xy) ≤ c0(ρ(x) + ρ(y)).

�âþã�ê,·�ÏL B(x, r) = {y ∈ G : ρ(y−1x) < r}½Â± x�¥%, r ��»�¥,^

B(x, r)c = G\B(x, r)L« B(x, r)�Ö8,Ù¥ c = c(G),

|B(x, r)| = crQ, x ∈ G, r > 0.

©êg4��fk.5nØ3C�I¼ê�mþ®²?1
2��ïÄ,�ë�©z( [29–32]).

©êg4��f� (� [25])½Â�:

Mαf(x) = sup
x>0,r>0

|B(x, r)|−1+ α
Q

∫
B(x,r)

|f(y)|dy, (1.1)

Ù¥ |B(x, r)|L« B(x, r)þ� HaarÿÝ.

e¡·�£Á�e'u Young¼ê��
PÒ.

½Â1.1 [25] XJ¼ê Φ : [0,∞) → [0,∞) ´à�, ëY�, = lim
r→+0

Φ(r) = Φ(0) = 0 �

lim
r→∞

Φ(r) =∞,@o¡ Φ� Young¼ê.

dYoung¼ê�à5ÚΦ(0) = 0�±wÑ:?¿�Young¼êÑ�O¼ê.XJ�3 s ∈ (0,∞)

¦� Φ(r) =∞,k r ≥ s.

- Γ�¤k Young¼ê Φ�8Ü,¦�

0 < Φ(r) <∞, 0 < r <∞.

XJ Φ ∈ Γ,K Φ3 [0,∞)¥�z�4«mþýéëY,¿�l [0,∞)�Ùg��V�.
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�� Young¼ê ΦXJ÷v Φ(2r) ≤ cΦ(r) , r > 0.Ù¥ C > 1,@o¡ Φ÷v42-^�,P�

Φ ∈ 42.XJ Φ ∈ 42,@o Φ ∈ Γ.�� Young¼ê Φe÷v Φ(2r) ≤ 1
2c

Φ(cr), r ≥ 0,Ù¥ c > 1,

K¡ Φ÷v∇2-^�,P� Φ ∈ ∇2 .

éu�� Young¼ê Φ� 0 ≤ s ≤ ∞ ,� Φ ∈ Γ�,¡ Φ−1� Φ�_¼ê.�k

Φ(Φ−1(r)) ≤ r ≤ Φ−1(Φ(r)), 0 ≤ r <∞,

Ù¥ Φ−1�½Â�:

Φ−1(s) = inf{r ≥ 0 : Φ(r) > s} (inf ∅ =∞).

w,k

r ≤ Φ−1(r)Φ̃−1(r) ≤ 2r , r ≥ 0,

Ù¥ Φ̃�½Â�:

Φ̃ =

{
sup{rs− Φ(s) : s ∈ [0,∞)}, r ∈ [0,∞),

∞, r =∞.

e¡�Ñ©� Lie+þ�k.²þ���m (= BMO)�½Â:

½Â1.2 [32] BMO(G)�m�½Â�:

BMO(G) = {b ∈ L1
loc : ‖b‖BMO(G) <∞}

‖b‖BMO(G) := sup
B

1

|B|

∫
B

|b(x)− bB|dx <∞, (1.2)

Ù¥é¤k� B ⊂ G�þ(.,� bB � b3 B þ�²þ�.

�½��¼ê b ∈ BMO(G),��fMα,bÚ [b,Mα]�©O½Â�:

Mα,b(f)(x) = sup
B
|B|−1+ α

Q

∫
B

|b(x)− b(y)||f(y)|dy, (1.3)

[b,Mα](f)(x) = sup
B
|B|−1+ α

Q

∫
B

(b(x)− b(y))|f(y)|dy. (1.4)

NõÆöïÄ
Mb,α Ú [b,Mα]�N�A5,= [b,Mα]�dMb,α ��,ë�©z [33–36],��©�

I�é��fMb,α?15��O.

e¡�Ñ Lie+�^e� Orlicz�m�½Â.

½Â1.3 [25] éu�� Young¼ê Φ, Orlicz�m�½Â�:

LΦ(G) =

{
f ∈ L1

loc(G) :

∫
G

Φ

(
|f(x)|
λ

)
dx <∞ for some λ > 0

}
,
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Ù¥ LΦ
loc(G)´é?¿�¥ B ⊂ GÑk fχB ∈ LΦ(G)¼ê f �8Ü.

LΦ(G)´�� Banach�m,Ù�m�ê�:

‖f‖LΦ(G) = inf

{
λ > 0 :

∫
G

Φ

(
|f(x)|
λ

)
dx ≤ 1

}
. (1.5)

�â Orlicz�m�½Â,·�k ∫
Ω

Φ(
|f(x)|
‖f‖LΦ(Ω)

)dx ≤ 1, (1.6)

Ù¥ ‖f‖LΦ(Ω) = ‖fχΩ‖LΦ ±9 ‖f‖WLΦ(Ω) = ‖fχΩ‖WLΦ .

½Â1.4 [37] � ϕ(x, r)´ G× (0,∞)þ�����ÿ¼ê,¿� Φ´?¿� Young¼ê,K

2Â Orlicz-Morry�mMΦ,ϕ(G)�½Â�:

MΦ,ϕ(G) = {f ∈ LΦ
loc(G) : ‖f‖MΦ,ϕ(G) <∞},

Ù¥

‖f‖MΦ,ϕ(G) = sup
x∈ G,t>0

ϕ(x, t)−1Φ−1(|B(x, t)|−1)‖f‖LΦ(B(x,t)). (1.7)

Ó�,f2Â Orlicz-Morry�mWMΦ,ϕ(G)�½Â�:

‖f‖WMΦ,ϕ(G) = sup
x∈G,t>0

ϕ(x, t)−1Φ−1(|B(x, t)|−1)‖f‖WLΦ(B(x,t)) <∞. (1.8)

5P1.5 (1)XJ Φ(r) = rp, 1 ≤ p <∞, @o2Â Orlicz-Morry�mMΦ,ϕ(G)�du2Â

Morry�mMp,ϕ(G).

(2) XJ ϕ(r) = Φ−1(r−Q), @o2Â Orlicz-Morry�mMΦ,ϕ(G) �du Orlicz �m LΦ(G).

�©�Ì�½nLãXe

½n1.6 [Spanne-.(J] � Φ,Ψ� Young¼ê, 0 < α < Q .� ϕ1, ϕ2 ∈ ΓΦ.

(1) �

rαΦ−1(r−Q) ≤ CΨ−1(r−Q),Φ ∈ ∇2. (1.9)

@o^�

sup
r<t<∞

ϕ1(t)
Ψ−1(t−Q)

Φ−1(t−Q)
≤ Cϕ2(r), (1.10)

´MαlMΦ,ϕ1(G)�MΨ,ϕ2(G)þk.�¿©^�,Ù¥ r > 0,� C ´� rÃ'��~ê.

(2) � ϕ1´��A�??4~�¼ê,� Φ ∈ ∇2,K^�

ϕ1(r)rα ≤ Cϕ2(r),

´MαlMΦ,ϕ1(G)�MΨ,ϕ2(G)k.�7�^�,Ù¥ r > 0 ,� C ´� rÃ'��~ê.
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(3) �^�

rαΦ−1(r−Q) ≤ Cϕ−1(r−Q), r > 0,

÷ve�Ø�ª:

sup
r<t<∞

ϕ1(t)
Ψ−1(t−Q)

Φ−1(t−Q)
≤ Cϕ1(r)rα, r > 0.

Ù¥ Φ ∈ ∇2, ϕ1´A�??4~�¼ê,� C > 0´� rÃ'�~ê.@o^�

ϕ1(r)rα ≤ Cϕ2(r)

´MαlMΦ,ϕ1(G)�MΨ,ϕ2(G) k.�¿�^�.

½n1.7 [Adams-.(J] � 0 < α < Q, Φ � Young ¼ê, ϕ ∈ ΓΦ A�??4~, η(t) =

ϕ(t)β, Φ(t)β = Ψ(t)±9 Ψ(t) = Φ(t1/β),Ù¥ β ∈ (0, 1).

(1) Φ ∈ ∇2,Ø�ª

tαϕ(t) ≤ Cϕ(t)β, t > 0, (1.11)

´MαlMΦ,ϕ(G)�MΨ,η(G)k.�¿©^�,Ù¥ C ´� rÃ'��~ê.

(2) Ø�ª

tα ≤ Cϕ(t)β−1, t > 0,

´MαlMΦ,ϕ(G)�MΨ,η(G)k.�7�^�,Ù¥ C ´� rÃ'��~ê.

(3) Ø�ª

tα ≤ Cϕ(t)β−1, t > 0,

´MαlMΦ,ϕ(G)�MΨ,η(G)k.�¿�^�,Ù¥ C ´� rÃ'��~ê,� Φ ∈ ∇2.

5P1.8 �â½Â 1.6±9Ún 3.1,·���� α = 0�, M ´lMΦ,ϕ(G)�MΨ,η(G)k..

½n1.9 [Spanne-.(J] � 0 < α < Q, b ∈ BMO(G)� Φ,Ψ� Young¼ê.

(1) � Φ ∈ ∇2, ϕ(t),Ù¥ ϕ1 ∈ ΓΦ9 ϕ2 ∈ ΓΨ.÷ve�^�:

rαΦ−1(r−Q) + sup
r<t<∞

(1 +
t

r
)Φ−1(t−Q)tα ≤ CΨ−1(r−Q)

KØ�ª:

sup
r<t<∞

ϕ1(t)(1 +
t

r
)
Φ−1(t−Q)

Ψ−1(t−Q)
≤ Cϕ2(r)

´Mb,α(G)lMΦ,ϕ1(G)�MΨ,ϕ2(G)þk.�¿©^�.

(2) � ϕ1A�??4~,� Ψ ∈ 42,KØ�ª:

ϕ1(t)tα ≤ Cϕ2(t)

´Mb,α(G)lMΦ,ϕ1(G)�MΨ,ϕ2(G)þk.�7�^�.
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(3) � ϕ1 A�??4~ , Φ ∈ 42 ∩ 52 ±9 Ψ ∈ 42,^� (1.9)´Mb,α(G)lMΦ,ϕ1(G)�

MΨ,ϕ2(G)þk.�¿�^�.

þã(J�±æ^�©z [4]¥�Ún 6.1aq�y²�{5y²,�{'å�,d?Ø2Kã.

½n1.10 [Adams-.(J] � 0 < α < Q, b ∈ BMO(G)� Φ,Ψ� Young¼ê.

(1) � Φ ∈ 42 ∩52, Ψ ∈ 42,Ù¥ ϕ1 ∈ ΓΦ� ϕ2 ∈ ΓΨ.^�

rαΦ−1(r−Q) ≤ CΨ−1(r−Q)

´Mb,α(G)lMΦ,ϕ1(G)�MΨ,ϕ2(G)þk.�¿©^�.

(2) � ϕ1A�??4~ ,� Ψ ∈ 42,K^�

ϕ1(t)tα ≤ Cϕ2(t)

´Mb,α(G)lMΦ,ϕ1(G)�MΨ,ϕ2(G)þk.�7�^�.

(3) � ϕ1A�??4~, Φ ∈ 42 ∩52� Ψ ∈ 42,^� (1.9)´Mb,α(G)lMΦ,ϕ1(G)�

MΨ,ϕ2(G)þk.�¿�^�.

�©¥, C L«�Ì�ëêÃ'�~ê, Ù�3ØÓ�/��UØ¦�Ó.

2. ý��£

3�!¥,�
y²Ì�½n,·�Äk£��
Ún.

Ún2.1 [22] � Φ��� Young¼ê.

(1) eM l�m LΦ(G)��mWLΦ(G)k.�,Ø�ª

‖Mf‖WLΦ(G) ≤ C0‖f‖LΦ(G)

¤á,Ù¥ C0´� f Ã'�~ê.

(2) M 3 LΦ(G)þk.�,��=� Φ ∈ ∇2Ø�ª:

‖Mf‖LΦ(G) ≤ C0‖f‖LΦ(G)

¤á,Ù¥ C0´� f Ã'�~ê.

Ún2.2 [19] � 0 < α < Q, Φ,Ψ� Young¼ê� Φ ∈ Γ, Φ ∈ ∇2.@o^�:

rαΦ−1(r−Q) ≤ CΨ−1(r−Q)

´Mαl LΦ(G)� LΨ(G)þk.�¿�^�,Ù¥ r > 0, C ´� rÃ'��~ê.

Ún2.3 [19] � 0 < α < Q, b ∈ L1
loc(G)� Φ ∈ Υ, Ψ� Young¼ê.
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(1) � Φ ∈ ∇2 �^� (3.1)¤á,@o^� b ∈ BMO(G)´Mb,α l LΦ(G)� LΨ(G)þk.�

¿©^�.

(2) � Ψ−1(r−Q) . rαΦ−1(r−Q),@o^� b ∈ BMO(G)´Mb,α l LΦ(G)� LΨ(G)þk.�

7�^�.

(3) � Φ ∈ ∇2±9 Ψ−1(r−Q) ≈ rαΦ−1(r−Q),@o^� b ∈ BMO(G)´Mb,αl LΦ(G)�

LΨ(G)k.�¿�^�.

Ún2.4 [29] � E ⊂ G´k� HaarÿÝ,� Φ� Young¼ê,K:

‖χE‖LΦ(G) = ‖χE‖WLΦ(G) =
1

Φ−1(|E|−1)
.

Ún2.5 [29] éu Young¼ê Φ±9?¿¥ B,k:∫
B

|f(y)|dy ≤ 2|B|Φ−1(|B|−1)‖f‖LΦ(B).

Ún2.6 � f, g � E þ��ÿ¼ê,� E ⊂ G��ÿ8.éu Young¼ê Φ9ÙÖ¼ê Φ̃,

k: ∫
E

|f(x)g(x)|dx ≤ 2‖f‖LΦ(E)‖g‖LΦ̃(E).

Ún2.7 � 0 < α < Q, Φ,Ψ� Young¼ê.e�3���~ê C ¦�:

rαΦ−1(r−Q) ≤ CΨ−1(r−Q).

Kéu?Û f ∈ LΦ
loc(G)� B = B(x, r),·�k:

‖Mαf‖WLΨ(B) ≤ 1

Ψ−1(r−Q)
sup
t>r

Ψ−1(t−Q)‖f‖LΦ(B(x,t)).

Ún2.8 [4] � B0 = B(x0, r0),K |B0|
α
Q .MαχB0(x), Ù¥?¿ x ∈ B0.

3. ½n1.6Ú½n1.7�y²

du��|^2Â Olicz-Morrey�m�½Ây²k.5�3�½�(J,¤±·�Äk���

©êg4��f3 Olicz�mþ���Ø�ª,=k.5y²�xù.

Ún 3.1 � 0 < α < Q,� Φ,Ψ� Young¼ê.� Φ−1 Ú Ψ−1 ÷v^� (1.10),Ké?¿�

f ∈ LΦ
loc(G),k:

‖Mαf‖LΨ(B) ≤
1

Ψ−1(r−Q)
sup
t>r

Ψ−1(t−Q)‖f‖LΦ(B(x,t)).

y²Ún 3.1 éu?¿� f ∈ LΦ
loc(G),� f = f1 + f2,Ù¥ f1 = fχ2k0B, f2 = fχ(2k0B)c . @
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o

Mαf(z) = Mαf1(z) +Mαf2(z).

�âÚn2.3,·�k

‖Mαf1‖LΨ(B) ≤ ‖Mαf1‖LΨ(G) ≤ C‖f1‖LΦ(G)

= C‖f‖LΦ(B(x,2k0r)),

Ù¥

‖f‖LΦ(B(x,2k0r)) = ‖f‖LΦ(B(x,2k0r)) sup
t>2k0r

Ψ−1(t−Q)Ψ(t−Q)

≤
‖f‖LΦ(B(x,2k0r))

Ψ−1(r−Q)
sup
t>2k0r

Ψ−1(t−Q)

≤ 1

Ψ−1(r−Q)
sup
t>2k0r

Ψ−1(t−Q)‖f‖LΦ(B(x,t)).

� z�B¥�?¿�:,�B(z, t)∩(G\2k0B) 6= ∅�,@o t > r.Ó�,XJ y ∈ B(z, t)∩(G\2k0B),

·�Ò�±�� t > ρ(y−1z) ≥ 1
k0
ρ(x−1y) − ρ(x−1z) > 2r − r = r, Ù¥ k0 ´÷v ρ(yz) =

k0(ρ(y) + ρ(z))�~ê.

,��¡,XJ y ∈ B(z, t)∩(G\2k0B),·�k ρ(x−1y) ≤ ρ(y−1z)+ρ(x−1z) < t+r < 2t ≤ 2k0t.

¤±,

Mαf2(z) = sup
t>0

1

|B(z, t)|1− α
Q

∫
B(z,t)∩(2k0B)c

|f(y)|dy

= sup
t>0

1

|B(z, t)|1− α
Q

|B(x, 2k0t)|1−
α
Q

|B(x, 2k0t)|1−
α
Q

∫
B(z,t)∩(2k0B)c

|f(y)|dy

≤ C sup
t>r

1

|B(x, 2k0t)|1−
α
Q

∫
B(x,2k0t)

|f(y)|dy

≤ C sup
t>2k0r

1

|B(x, t)|1− α
Q

∫
B(x,t)

|f(y)|dy.

|^Ún 2.5,·�k

‖Mαf2‖LΨ(B) ≤ C
1

Ψ−1(r−Q)
sup
t>r

tα−Q|B(x, t)|Φ−1(|B(x, t)|−1)‖f‖LΦ(B(x,t))

≤ C 1

Ψ−1(r−Q)
sup
t>r

Ψ−1(t−Q)‖f‖LΦ(B(x,t)).

(Ü±þ�O,�±��:

‖Mαf‖LΨ(B) ≤ C
1

Ψ−1(r−Q)
sup
t>r

Ψ−1(t−Q)‖f‖LΦ(B(x,t)).
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y²½n 1.6 (1) ÏL|^Ún 3.1±9 (1.10),·�k

‖Mαf‖MΨ,ϕ2 (G) = sup
X∈G,r>0

ϕ−1
2 (x, r)Ψ−1(r−Q)‖Mαf‖LΨ(B)

≤ C sup
X∈G,r>0

ϕ−1
2 (x, r) sup

t>r
Ψ−1(t−Q)‖f‖LΦ(B(x,t))

≤ C sup
X∈G,r>0

ϕ−1
2 (x, r) sup

t>r
Ψ−1(t−Q)Φ(t−Q)ϕ1(x, t)‖f‖MΦ,ϕ1 (G)

≤ ‖f‖MΦ,ψ1 (G),

(2) - B0 = B(x0, t0)� x ∈ B0,K(ÜÚn 2.8·�k rα0 ≤ MαχB0(x).2� orlicz�ê,�

MαlMΦ,ϕ1(G)�MΨ,ϕ2(G)´k.�,�±��:

rα0 . Ψ−1(|B0|−1)‖MαχB0
‖Lψ(B0)

. ϕ2(x0, t0)‖MαχB0
‖MΨ,ϕ2 (G)

. ϕ2(x0, t0)‖χB0
‖MΦ,ϕ1 (G)

.
ϕ2(x0, t0)

ϕ(x0, t0)
.

(3) ½n�1nÜ©y²�±�â½n�1�Ü©Ú1�Ü©��.

y²½n 1.7 (1) - B := B(x, r)´��± x�¥%,± r��»�¥.e¡·�ò f ©)�:

f := f1 + f2 = fχB + fχG\2B.

ÏL�fMα�g�5,k

Mαf(x) ≤Mαf1(x) +Mαf2(x) = D1 + D2.

�â©z [38]� HedbergE|,éN´��:

D1 = Mαf1(x) ≤ CrαMf(x).

y3·�5�O D2,(Üª (1.1)ÚÚn 2.5,·�k:

Mαf2(x) = sup
t>0

1

|B(x, t)|1− α
Q

∫
B(x,t)

|f2(y)|dy

≤ C sup
t>0

tα

|B(z, t)|

∫
B(x,t)

⋂
{G\2B(z,r)}

|f(y)|dy

≤ C sup
r<t<∞

tα

|B(x, t)|

∫
B(x,t)

|f(y)|dy

≤ C sup
r<t<∞

tαΦ−1(|B(x, t)|−1)‖f‖LΦ(B(x,t)).
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d	,(Ü½Â 1.4,ª (1.11)±9é D1Ú D2��O,·��±íäÑ:

Mαf(x) ≤ CrαMf(x) + C sup
r<t<∞

tαΦ−1(|B(z, t)|−1)‖f‖LΦ(B(x,t))

≤ CrαMf(x) + C‖f‖MΦ,ϕ(G) sup
r<t<∞

tαϕ(t)

≤ C[ϕ(r)]β[ϕ(r)]−1Mf(x) + C[ϕ(r)]β‖f‖MΦ,ϕ(G)

≤ C[ϕ(r)]β−1Mf(x) + C[ϕ(r)]β‖f‖MΦ,ϕ(G)

≤ min

{
Cϕ(r)β−1Mf(x), Cϕ(r)β‖f‖MΦ,ϕ(G)

}
≤ sup

s>0
min

{
Csβ−1Mf(x), Csβ‖f‖MΦ,ϕ(G)

}
≤ C(Mf(x))β‖f‖1−βMΦ,ϕ(G),

(Ü½Â 1.3,·�k:

∫
B

Ψ

(
(Mf(z))β

‖Mf‖βLΦ(B)

)
dz =

∫
B

Φ

(
Mf(z)

‖Mf‖LΦ(B)

)
dz ≤ 1,

'uþãØ�ª�þ(.,éN´��:

‖(Mf)β‖LΨ(B) ≤ ‖Mf‖βLΦ(B). (3.1)

ÏL½Â 1.4,Ún 2,1±9ª (3.1),·�k:

‖Mαf‖MΨ,η(G) = sup
x∈G,t>0

η(x, t)−1Ψ−1(|B(x, t)|−1)‖Mα(f)‖LΨ(B(x,t))

≤ C sup
x∈G,t>0

η(x, t)−1Ψ−1(|B(x, t)|−1)‖(Mf(x))β‖LΨ(B(x,t))‖f‖1−βMΦ,ϕ(G)

≤ C
{

sup
x∈G,t>0

ϕ(x, t)−1Φ−1(|B(x, t)|−1)‖Mf‖LΦ(B(x,t))

}β
‖f‖1−βMΦ,ϕ(G)

≤ C‖f‖MΦ,ϕ(G).

(2) - B0 = B(x0, t0)� x ∈ B0.�âÚn 2.8,·�k:

rα0 ≤ CMαχB0
(x).

Ïd,éþãØ�ª� Orlicz�ê,·�k:

rα0 ≤ CΨ−1(t−Q0 )‖MαχB0
‖LΨ(B0)

≤ Cη(t0)‖MαχB0
‖MΨ,η(G)

≤ Cη(t0)‖χB0
‖MΦ,ϕ(G)

≤ Cϕ(t0)β−1.
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(3) ½n�1nÜ©y²�±�â½n�1�Ü©Ú1�Ü©��.

4. ½n1.10�y²

�
y²½n 1.10,·�I�±eÚn:

Ún4.1 [25] � f ∈ L1
loc(G),Ke�^��d:

(1) b ∈ BMO(G)� f− ∈ L∞(G).

(2) �3 t ∈ [1,∞),kØ�ª:

sup
B

‖(f(·)−MB(f)(·))χB‖Lt(G)

‖χB‖Lt(G)

≤ C.

(3) éu¤k� t ∈ [1,∞), (2)¥�Ø�ª¤á.

Ún4.2 [25] � b ∈ L1
loc(G)� B0 := B(x0, r0),Ke�Ø�ª¤á:

rα0 |b(x)− bB0
| ≤ CMb,αχB0

(x), ∀x ∈ B0.

Ó�,·�I�é BMO(G)�m?1£ã,��ë�©z [39].

Ún4.3 � f ∈ BMO(G)±9 Φ ∈ 42� Young¼ê,K

‖f‖BMO(G) ≈ sup
B

Φ−1(|B|−1)‖f(·)− fB‖LΦ(B),

Ù¥þ(.L«¤k�¥ B ⊂ G.

e¡é©êg4��f���f��O��©z [40],=©êg4��f���'X.

Ún4.4 � 0 < α < Q ±9 b ∈ BMO(G). K�3~ê C > 0 ¦�é?¿� x ∈ G Ú
f ∈ L1

loc(G),k:

Mb,αf(x) ≤ C‖b‖BMO(G)[M(Mαf)(x) +Mα(Mf)(x)].

y²½n 1.10 (1) ÏL(Ü½n 1.7 (1)ÚÚn 4.4,·��±��

‖Mb,αf‖MΨ,ϕ2 (G)

≤ C‖b‖BMO‖M(Mαf) +Mα(Mf)‖MΨ,ϕ2 (G)

≤ C‖b‖BMO(‖Mαf‖MΨ,ϕ2 (G) + ‖Mf‖MΨ,ϕ2 (G))

≤ C‖b‖BMO‖f‖MΦ,ϕ1 (G).
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(2) - B0 = B(x0, t0).�â½Â 1.4,½n 2.4, 4.29½n 4.3,·�k:

tα0 ≤ C
‖Mb,αχB0

‖LΨ(B0)

‖b(·)− bB0
‖LΨ(B0)

≤ C 1

‖b‖BMO

‖Mb,αχB0
‖LΨ(B0)Ψ

−1(|B0|−1)

≤ C 1

‖b‖BMO

ϕ2(t0)‖Mb,αχB0
‖MΨ,ϕ2 (G)

≤ Cϕ2(t0)‖χB0
‖MΦ,ϕ1 (G)

≤ Cϕ2(t0)

ϕ1(t0)
.

(3) ½n�1nÜ©y²�±�â½n�1�Ü©Ú1�Ü©��.

Ä7�8
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