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Abstract

In this paper, using the time operator theory of self-adjoint operator, we construct the

time of the truncation operator of the number operator acting on Bernoulli functional

which is closely related to the quantum Bernoulli noise and prove that the the time

operator is not unique.
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1. Úó

Bernoulli �¼´�a­���¼ [1], 3êÆÚÔn�Nõ+�¥��2��A^. ½Â

3Bernoulli �¼�mþ�Oê�f3ïáOrnstein-Uhlenbeck �+¥�üX­���Ú [2]. §Ø

=´g��f, 
��þfBernoulli D(kX���éX, U�þfBernoulli D(�E���'

�Markov �+ [3], Ny
�©­��Ôn¿Â.

“�m�f” �c5guþfnØ�µ, 3²;�éØåÆ¥, �m´z�âÔ[�I¥Uþ�

;K�ÝCþ [4]. �´·�5¿�ù�¶¡k�½�Ø�5, Ï�3Ï~�þfnØ¥, �m¿Ø

U�*ÿ�, 
´���þf¯��*ÿ��, ¤I�m�ëê. L�é��ã�mS, <�ÊH@

�3þfnØ¥Ø�3�m�f [5]. 1961 c, Aharonov ÚBohm �E
��Hamiltonian H ��

m�f [6], 2000 c, Asao Arai �<?Ø
äk�òzA���Hamiltonian H ��m�f��3

5 [7]. 2008 c, Asao Arai 3©z [7]¥?Ø
M-òz�äkk��A�f�m�Hamiltonian H

äk�m�f�¿©Ú7�^�. É©z [7]¥äklÑA���Hamiltonian ��m�f�E�é

u, �©�ÄBernoulli �¼�m¥�äOê�f��m�f. �©�|�(�Xe: 31�!¥, Ä

k£Á
Bernoulli �¼�mÚOê�f. �e5, 0�
�m�f�½Â. 1n!�E
Bernoulli

�¼�m¥�äOê�f��m�f, ¿y²T�m�f¿Ø��.

2. ý��£

�!{�0�'uþfBernoulli �¼�m, Oê�fÚ�m�f�½Â, PÒÚ�'(J, �

[SN��©z [3] [8] [9]Ú [10].
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�N L«�K�ê8, C L«Eê8, Γ �N �k��8, =Γ = {σ | Γ ∈ N,#σ < ∞}, Ù¥,

#(σ) �8Üσ �Äê. Dom B L«�fB �½Â�, B∗ L«B ��Ý�f.

�½�����VÇ�m(Ω,F ,P), �Z = (Zn)n≥0 ´(Ω,F ,P) þ���Õá��ÅCþ, ÷

v^�:

P{Zn = εn} = θn, P{Zn =
−1

εn
} = 1− θn, n ≥ 0

Ù¥εn =
√

1−θn
θn

, 0 < θn < 1. F = σ(Zn, n ∈ N) ´Z = (Zn)n≥0 )¤�σ-�ê. d©z [8]�,

Z = (Zn)n≥0 ´(Ω,F ,P) þ�lÑ�mBernoulli D(.

�h L«²��ÈBernoulli �¼�m, =

h = L2(Ω,F ,P). (1)

½Â〈·, ·〉 ��mh þ�SÈ, ¿�½〈·, ·〉 'u1��Cþ�Ý�5, 'u1��Cþ�5, ‖ · ‖ �
�A��ê. d©z [1]��Z äk·bL«5�, l
{Zσ | σ ∈ Γ} ´h �;KIO��Ä, Ù

¥Z∅ = 1,

Zσ =
∏
j∈σ

Zj , σ ∈ Γ, σ 6= ∅. (2)

ùÒL²h ´��Ã¡��EHilbert �m.

éz��K�êk ≥ 0, 3�mh þ�3k.�f∂k : h→ h, ÷v‖∂k‖ = 1 �

∂kZσ = 1σ(k)Zσ\k, ∂∗kZσ = [1− 1σ(k)]Zσ∪k, σ ∈ Γ, (3)

Ù¥∂∗k L«∂k ��Ý�f, σ \ k = σ \ {k}, σ ∪ k = σ ∪ {k}, �1σ(k) ´σ ��8ÜN �f8�«
5¼ê.

�f∂k9Ù�Ý�f∂
∗
k ¡��^uBernoulli�¼��«�fÚO)�f,��fx{∂k, ∂∗k}k≥0

¡�þfBernoulli D( [8].

þfBernoulli D(÷v��;K���'X(CAR), =

∂k∂l = ∂l∂k, ∂∗k∂
∗
l = ∂∗l ∂

∗
k , ∂∗k∂l = ∂l∂

∗
k (l, k ≥ 0, k 6= l), (4)

�

∂k∂k = ∂∗k∂
∗
k = 0, ∂k∂

∗
k + ∂∗k∂k = I, (5)

Ù¥I ´h þ�ü �f.

3h ¥½Â�5�fN

DomN = {ξ ∈ h |
∑
σ∈Γ

(#σ)2|〈Zσ, ξ〉|2 <∞}, (6)

Nξ =
∑
σ∈Γ

#σ〈Zσ, ξ〉Zσ, ξ ∈ DomN, (7)

Ù¥#σ L«8Üσ �Äê.
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½Â1 d(6) Ú(7) ½Â��fN ���^3Bernoulli �¼þ�Oê�f.

d©z [3] ��, é?¿�ξ, η ∈ DomN,
∑∞

k=0〈∂kξ, ∂kη〉 ´ýéÂñ�, ¿�k

〈ξ,Nη〉 =
∞∑
k=0

〈∂kξ, ∂kη〉. (8)

l
é?¿�ξ, η ∈ DomN , k

〈ξ,Nη〉 =
∞∑
k=0

〈ξ, ∂∗k∂kη〉, (9)

ùL²�±òOê�fN L«�N =
∑∞

k=0 ∂
∗
k∂k.

e¡�Ñ�m�f�½Â, �[SNë�©z [10].

�H ´Hilbert �m, H ´H þ�g��f, T ´H þ�é¡�f, e�3H �f�mD 6= {0}
(Ø�½È�), ¦�D ⊂ Dom (TH)

⋂
Dom (HT ) �3D þ÷v;K��'X(CCR)

[T,H] := TH −HT = i, (10)

K¡T �H ����m�f, ½¡T �H �;K�Ý, Ù¥f�mD ´�fé(T,H) �CCR-�, i

´Jü �f.

3. Ì�(J

�!Ì��Ä�äOê�f��m�f9Ù�'(Ø.

�hn = Span{Zσ | σ ∈ Γn}, Ù¥Γn = {σ | σ ⊂ {0, 1, 2, · · · , n}}, n ��K�ê. w,hn ⊂ h,

�{Zσ | σ ∈ Γn} ´k��Hilbert �mhn ���IO��Ä. ��fNn �Oê�fN ��ä�f,

=

Nn =

n∑
k=0

∂∗k∂k. (11)

½n1 éu?¿�K�ên ≥ 0, Nn ´hn þ�k.g��f.

y² �ξ ∈ hn, ·�k

‖Nnξ‖2 =
∥∥∥ ∑
σ∈Γn

〈Zσ, ξ〉NnZσ

∥∥∥2

=
∥∥∥ ∑
σ∈Γn

n∑
k=0

1σ(k)〈Zσ, ξ〉Zσ
∥∥∥2

≤

∑
σ∈Γn

∣∣∣ n∑
k=0

1σ(k)|2|〈Zσ, ξ〉
∣∣∣2 ≤ (n+ 1)2|〈Zσ, ξ〉|2 =

(n+ 1)2‖ξ‖2,

K‖Nn‖ ≤ n+ 1, l
Nn ´k.�. ey�fNn ´é¡�.
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〈NnZσ, ξ〉 =
〈
Nn

∑
τ∈Γn

〈Zτ , Zσ〉Zτ , ξ
〉

=
〈 ∑
τ∈Γn

〈Zτ , Zσ〉NnZτ , ξ
〉

=〈 ∑
τ∈Γn

#nτ〈Zτ , Zσ〉Zτ , ξ
〉

= 〈#nσZσ, ξ〉 = 〈Zσ,#nσξ〉 =〈
Zσ,#nσ

∑
σ∈Γn

〈Zσ, ξ〉Zσ
〉

=
〈
Zσ,

∑
σ∈Γn

#nσ〈Zσ, ξ〉Zσ
〉

=〈
Zσ,

∑
σ∈Γn

〈Zσ, ξ〉NnZσ

〉
= 〈Zσ, Nnξ〉.

nþ, Nn ´k.g��f.

½n2 éuhn þ��fNn,

σ(Nn) = {0, 1, 2, · · · , n+ 1},

��A���­ê�g�C0
n+1, · · · , Ckn+1, · · · , Cn+1

n+1 .

y² d(7) ªÚ(11) ª��

NnZσ =

n∑
k=0

1σ(k)Zσ = #n(σ)Zσ,

Ù¥#n(σ) =
∑n

k=0 1σ(k). duZσ ´hn ���IO��Ä, Kdþª��, #n(σ) ´Nn �A

��, Zσ �A��#n(σ) éA�A��þ. qNn ´hn þ�k.�5�f, l
Nn �kX:Ì,

�σ(Nn) = {0, 1, 2, · · · , n+ 1}. eyNn A���­ê.

�âA��­ê�½Â��,A��λ�­êm�uÙA�f�m��ê,=m = dim
{

Span{Zσ |

σ ∈ Γn}
}

. u´, �#n(σ) = 0, =σ = ∅, A��0 �­êm = dim
{

Span{Z∅}
}

= C0
n+1 = 1,

�#n(σ) = 1, A��1 �­êm = dim
{

Span{Zσ | σ ∈ Γn}
}

= C1
n+1, Ón, �#n(σ) = 2, A��2

�­êm = C2
n+1, ±daí, �#n(σ) = k, A��k éA�­êm = Ckn+1, k ∈ {0, 1, 2, · · · , n+ 1}.

l
, A��0, · · · , k, · · · , n+ 1 �­ê�g�C0
n+1, · · · , Ckn+1, · · · , Cn+1

n+1 .

Ï�Γ ´�êÃ¡��, �L«{Zσ | σ ∈ Γ} �(ej)n≥1, ¦�

{e1, e2, . . . , ejn} = {Zσ | σ ∈ Γn}, n ≥ 1

Ù¥jn = 2n+1, Kéz�n ≥ 1 k

hn = Span{e1, e2, · · · , ejn}, jn = 2n+1,

Ïd, {e1, e2, · · · , ejn}, jn = 2n+1 ´hn ���IO��Ä.

�
�BO�,�{Ek}n+1
k=0 L«Nn�A��, {ekm | k ∈ (0, 1, . . . , n+1),m ∈ (1, 2, . . . ,Mk)}L

«A��Ek ¤éA�A��þ,Ù¥mL«A��Ek �­ê, Mk = max{Ckn+1 | k = 0, · · · , n+1}.
dd��Nnekm = Ekekm.

-ek = 1√
Mk

∑Mk

m=1 ekm, KNnekm = Ekekm, w,{ek} �´hn �IO��X, 〈ek, el〉 = δkl. Ù
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¥δkl �Dirac ¼ê. e¡½Âhn þ��5�fTn Xe:

Tnϕ := i
n+1∑
k=1

(
n+1∑
l 6=k

〈el, ϕ〉
Ek − El

)ek, (12)

P

‖Tnϕ‖2 =
n+1∑
k=0

∣∣∣∣ n+1∑
l 6=k

〈el, ϕ〉
Ek − El

∣∣∣∣2. (13)

é��f8D ⊂ H, Span{D} ´dD ¥�k�õ��þ��5|ÜÜ¤��5f�m, e¡-

D0 = Span
{
ek − el | k, l ∈ {0, 1, · · · , n+ 1}

}
⊂ hn. (14)

½n3 �fT̂n := Tn|D0
´é¡�.

y² �Iyé?¿�ϕ ∈ D0, k〈ϕ, T̂nϕ〉 ´¢�=�.

〈ϕ, T̂nϕ〉 =
〈
ϕ, i

n+1∑
k=0

(

n+1∑
l 6=k

〈el, ϕ〉
Ek − El

)ek

〉
=

i

n+1∑
k=0

〈ϕ, ek〉
n+1∑
l 6=k

〈el, ϕ〉
Ek − El

,

〈ϕ, T̂nϕ〉∗ =i

n+1∑
k=0

〈ek, ϕ〉
n+1∑
l 6=k

〈ϕ, el〉
Ek − El

) =

n+1∑
l=0

〈ϕ, el〉
n+1∑
l 6=k

〈ek, ϕ〉
El − Ek

= 〈ϕ, T̂nϕ〉,

l
〈ϕ, T̂nϕ〉 ´¢�.

e¡�½ny²T̂n ´Nn ��m�f.

½n4é¡�fTn´Nn����m�f,Ù¥D0´(T̂n, Nn)�CCR-�.=D0 ⊂ Dom(T̂nNn)∩
Dom(NnT̂n) �k

[T̂n, Nn] = i, ∀ϕ ∈ D0. (15)

y² duNn, T̂n´hnþ�k.�5�f,w,D0´(T̂n, Nn)�CCR-�,=D0 ⊂ Dom(T̂nNn)∩
Dom(NnT̂n). eyé?¿�ϕ ∈ D0, [T̂n, Nn] = i.

-ϕkl = ek − el, k

T̂nek =i
n+1∑
p=0

(

n+1∑
q 6=p

〈eq, ek〉
Ep − Eq

)ep = i
n+1∑
p 6=k

1

Ep − Ek
ep.
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u´, ÏLc[�O�,��

T̂nϕkl =T̂n(ek − el) =

i
n+1∑
p 6=k

1

Ep − Ek
ep − i

n+1∑
p 6=l

1

Ep − El
ep =

i
1

El − Ek
el + i

n+1∑
p 6=k,l

1

Ep − Ek
ep − (i

1

Ek − El
ek + i

n+1∑
p 6=l,k

1

Ep − El
ep) =

i
1

El − Ek
el − i

1

Ek − El
ek + i

n+1∑
p 6=k,l

1

Ep − Ek
ep − i

n+1∑
p 6=l,k

1

Ep − El
ep =

i
n+1∑
p 6=k,l

(
1

Ep − Ek
− 1

Ep − El
)ep +

i

El − Ek
el −

i

Ek − El
ek =

i(Ek − El)
n+1∑
p 6=k,l

1

(Ep − Ek)(Ep − El)
ep +

i

El − Ek
el −

i

Ek − El
ek,

?�Ú/,

NnT̂nϕkl =Nn[i(Ek − El)
n+1∑
p 6=k,l

1

(Ep − Ek)(Ep − El)
ep +

i

El − Ek
el −

i

Ek − El
ek] =

i(Ek − El)
n+1∑
p 6=k,l

1

(Ep − Ek)(Ep − El)
Epep +

i

El − Ek
Elel −

i

Ek − El
Ekek.

,��¡,

Nnϕkl = Ekek − Elel,

?
,

T̂nNnϕkl =T̂n(Ekek − Elel) = EkT̂nek − ElT̂nel =

Eki

n+1∑
p 6=k

1

Ep − Ek
ep − Eli

n+1∑
p 6=l

1

Ep − El
ep =

iEk(

n+1∑
p 6=k,l

1

Ep − Ek
ep +

1

El − Ek
ek)− iEl(

n+1∑
p 6=l,k

1

Ep − El
ep +

1

Ek − El
el) =

i(Ek − El)
n+1∑
p 6=k,l

Ep
(Ep − Ek)(Ep − El)

ep +
i

El − Ek
Ekel −

i

Ek − El
Elek.

nÜþã'X, ��

NnT̂nϕkl − T̂nNnϕkl = iϕkl,

ù¿�Xé?¿�ϕ ∈ D0, NnT̂n − T̂nNn = i. nþ, T̂n ´Nn ��m�f.
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½n5 ÏLé¡6Ä,?ØNn ��m�f¿Ø´���.

½n5 �T1 ´hn þ�é¡�f, ÷vD0 ⊂ Dom(T1Nn) ∩ Dom(NnT1), ¿�é?¿�ϕ ∈ D0,

kT1Nnϕ = NnT1ϕ, =[T1, Nn] = 0, KT̂n + T1 ´Nn ��m�f.

y² w,D0 ´(T̂n + T1, Nn) �CCR-�. ÏL{üO���

[Tn + T1, Nn] =(T̂n + T1)Nn −Nn(T̂n + T1) =

T̂nNn + T1Nn −NnT̂n −NnT1 = i.

u´, T̂n + T1 ´Nn ��m�f.

Ä7�8

I[g,�ÆÄ7�8(No. 12261080).
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