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Abstract

Let Rc S be a Frobenius extensin of rings, M be any left S-modules. Let .4 be class of right

R-modules and B be class of right S-modules. g.?-'( £.58) be closed by extension, T (SOP ) c B, un-

der some conditions proved that M be (.7-' ,B) -Gorenstein flat left S-modules if and only if M be

F,A)-Gorenstein flat left S-modules if and only if S®, M be (JF,B)-Gorenstein flat left
R
S-modules.
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1. 518

YENPIEABLRHE, 1993 4F, Overtoun Z£[1]5] A\ T Gorenstein ~“F3H S, BF5T 17 H . 2009
4, Holm F1 Jorgensen [2]51 N\ T XHEXT & . 2019 4F, Gillespie [3]3I A T AR FxHE % (L£,.4) [
Gorenstein #5F. Py AT IEES . 2022 4, Becerril [4]HE— A% T (F,.A)-Gorenstein P35
[ R o B AR S

1954 4, Kasch [5]5] A\ T Frobenius ¥ 7K 4. 1960 4, Nakayam, Tsuzuku [6]F1 Morita [7]%]
Frobenius ¥ 3K 7 IR NIWFFT. JE4EK, Ren [8]5I N T A4} Frobenius ¥ 5K RS, W TR
Frobenius ¥ 5K T Gorenstein #4145 5 Gorenstein #5554, EW] 7 72 S-15 M /& Gorenstein #5455 24 H AL
4 M E N R-FiH 2 Gorenstein #5148, 2019 4F, Ren [9]#F 4T T fE¥A ) Frobenius 77k RS T, b
SR A4 EEER IR, Gorenstein “F3HA% 5 Gorenstein P35 4E 4 1) [R] AL

ZUL RS K, A SCHEA T AEIR Y Frobenius 473K T (F,.A) -Gorenstein P 3815 5 (F,A)

-Gorenstein ~1-3H 4E £ 1) [F] 8 AN 4

IR R M S-EIHRA AL TS G, BIYIRAR . RBI(EE S-E)FORITAE A R-BL(EHE A S-
f85)o ROP-E(ElE SP-HE) R AR FTA M4 R (8 AT S-1) . WHERMIR R, Mod (R) &R HTA /& RIS
W, Mod(R"p)zd%/%FﬁﬁE R-BEHIYEWs . | (R) s A W ZE R-BIMI B . F(R) R FTA-FIHAL R-
Al IESR

A, ARRIAL R, BRRITEA SRR, HI (S°")g8 .

2. (F,A)-Gorenstein 184

EX 2.1 (915 X 2.1)FK R < S /&) Frobenius 375K, 40 F4i & N L2 461 P I — 4%
1) BT S ®, — Al Homg (S,-) & AR M 1

2) BT —®, S Fl Hom,, (S,-) /& F AR 10

3) oS RAPRA B, H (Sp = Homg (:Ss.R)

4) Sp AT PRAE B, H. oSy = Homg (sSz.R)

5) FAIER-F#&E:S > RMA, N eS, MM ERseS, Y XE(Xs)=s MY E(sX)N =5

SEX 2.2 B MRS R, TR M Z (F,A)-Gorenstein T4, 1 RAFLETH 7 R-#5H) 1E 4 41
Firom> FE>F>F >F >,

M =Ker(F* > F'), HXMER Ae A, A®,F E#.

wH, BAHE (F,A)-Gorenstein TR A GF,  (R) -

5/ 2.3 B R S &I Frobenius 75K, M EEE’E S-#i, ARBELA T B

DOI: 10.12677/pm.2023.136159 1572 BLiR7oR g2

%1


https://doi.org/10.12677/pm.2023.136159
http://creativecommons.org/licenses/by/4.0/

MEL, F¥E

1) (I AcA, A®,ScB:

2) EEBeB, Bed;

3) fER BeB, B4 S Hom , (S,B) M ELFII.

# M & (F,B)-Gorenstein 4172 S-#5%, 1] M /2 (F,.A) -Gorenstein ~F*}7¢ R-1.
UERR & M 2 (F,B)-Gorenstein 1/ S8, NIAETET- I/ S-BLIEA B Y

F=-5Fo>F>F' S5F 5.,

M =Ker(F* > F'), HXHEREBeB, B®gFRIEAN. FNERTHA S-BHMZTHE R-
B, Bl F RSP R-BIIES Y.

4 AcAcMod(R™), [N A®, S=Hom, (S,A), H Hom ., (S,A)£&47 S, il
Hom . (S,A)® F IE¢r, S A®, F = A®, S® F = Hom  (S,A)® F fil, A®,F RIEAH,
JItPA M 2 (F, A) -Gorenstein ~F31 7% R-15.

51H 2.4 ¥R S A Frobenius #75K, M ZAERE /L S, B LA T BT :

1) [EE AcA, A®,SeB;

2) ffEBeB, BeA;

3) {EE BeB, B4 S5 Hom,, (S,B) AU ELAIIT.

# M J2 (F, A)-Gorenstein “F4H 72 R-15, ] S ®; M & (F,B)-Gorenstein “V-3H /¢ -5,

UEBH % M J2 (F, A)-Gorenstein “F3H /2 R-1, WAZAEFIH A R-#E¥ IE& 5%

FiroRo>FR>F S>F >

M =Ker(F* > F'), HXMER Ac A, A®,F iEf. HI([L0]EH 21.13), &S ®, F & T4/
S-BINIEA I, HS® M =Ker(S®, F* >S®, F'). #{E& Be B, I B®, F=B®, S ®, F 4,
B®s S®; F IE&, IS ®,; M & (F,B)-Gorenstein “F-3H /. S5,

513 25 ([4] Lemma 3.11) B AcMod (R™), Z(R®)c A, LLF%{h

1) GF, ) KT HE;

2) OF, , RFATIRI;

3) 05G>G >M >0/ R-EMIESTFI, Hh GG eGh, , » MRAXNMEE AcA,
Tor(AM)=0, MM eGF, -

W26 4 GF, o KTT ki, HI(R®)cA, WGF, KT EAMEATE A,

i 27 BLR < S I Frobenius 373K, L RILMZ S-8L OF, , X THkEM, 7(R*)cB.
BB LA AL

1) MHE# Ac A, A®,SeB;

2) XHEEBeB, BeA;

3) XEE BeB, B4 -1 Hom,, (S,B) I E AN,

I L& (F,A)-Gorenstein P37 R-1%, 2 HAL S ®, L /& (F,B) -Gorenstein “F3H 75 S-#.

R = )9l ¥ 2.4 SK.

< )4 S ®, L& (F,B)-Gorenstein *FIH 72 S-#, 15| # 23 %1, S®, L B (F,A)-Gorenstein 1
TR, W LA S, MAHRFERS7:S®, L>L, 7(s®)=sl, HHEMER-FAXK, 7%,
BE QL A2 (S ®g L) IELAII, X i 2.6 %1 (F,.A)-Gorenstein -1 /i R-BECT ELRIIUE A, Frbl L A&
(F,A)-Gorenstein P /¢ R-#8.
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MEWH, AEE

R 2.8 WM R RBE, LRS-

1) M & (F, A)-Gorenstein “F 1 £

2) XTI Ae A KEHI>1, Tog (AM)=0, H M {7 A®, — IEAHIAT TR

3) AEMIEATFIO0>M > F >K -0, A FeF(R), MKeGZ, , -

i (D)= (%%

@)= QFAK eGF, 4 FIUXMER Ac A LEHI>1, Tor(AK)=0, HKAZEA®, - EAH

A-FHI
0>K—->F >F -, )
BRIESGFN0>M > F > K0 5IEEFAOEEER, fA7EMEB—DA®, - IEGHATIH
ﬁ)f?"
0>M>F>F>F -, @)

¥ A®, - EHTHIEAIFFI0>M > F 5K >0, AIHKIEATSI
> Tor* (A F) > Torg™ (A K) - Tory (AM) > Torg (A F) > Torg (A K) >+,

Mifii Torg™ (A, K) = Torg (AM)=0.

FEH 29 B RS I Frobenius 73k, GF . , KTHKEMA, T(R*®)cB, MEIERLE S,
{5 LR T

1) Ff AcA, A®,SecB;

2) ffEBeB, BeA;

3) fE® BeB, B A S-# Hom , (S,B) M EL I

W M J2& (F, B) — Gorenstein “F-H /2 S-#%, 4 HAL " M 72 (F,.A) — Gorenstein ~F3H 72 R-4.

i =)E.

<)% M & (F,A)-Gorenstein “FIH /= R-1, ML Ac A S B%i>0, Torf(AM)=0.
LR BeB, B4 S Hom ., (S,B) HIEAI, DL FIH

Tor? (Hom,,, (S,B),M ) =Tor® (B®, S,M)=Tor" (B,M)=0

A% Tor® (B,M)=0.
Hamel 2.8 ArAl, FATHHEMIE (M BRG0PSR, H91E 2.4 51, S®;M =Z(F,B)
-Gorenstein “FHL7E S+, K S ®; M =Hom, (S,M), FTLAfEAEL S i IE & )7 41

0— Homg (S,M)—>F° > K >0

Horp FORTHHEL, K 2 (F,B)-Gorenstein "/ S-1, 5i4h, A S-EBHFEAE oM — Homg (S,M),
p(m)(s)=sm, ¥ @ REITE R-FE L, @R, TR :Hom,(S,M)>M , ifFp'p=1,, HE
JE S-HE A IES TS
0>M—25F° 5K°>0

Hrr K® =Coker (fo) - 1517 2.3 %1, K /& (F,.A)-Gorenstein “F-3H /= R-1, ML A e A KX >0,
Tor®(A,K)=0. Mifi A ®; f:A ®; Hom,(S,M)—> A ®, F* 2z, [[Hif,
A®yp:A®; M —A®, Hom, (S,M) th2HFEZ, HitFsl

05>A®:M>A® F° 5 A® K'-0

k
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MEL, F¥E

EIEAT, E&TorlR(Al,KO):O, M 512 2.5 7[#, K& (F,A)-Gorenstein “F3H A R, FH%
A%, AT LIEAHER Be B, Tor? (B,K)=0, M4l
0>B® M ->B® F’>B®, K’ >0

EIEEH.
X KOEZ UL LR, WTUAE—MER T B®, — EH R KA RS IE& HE IS 51

0->K5sF' 5K >0,

Horp PP, KMEY R (F, A) -Gorenstein “F3H /2 R-1E, @i 940, W RARIEH (M 4
(1 — AT 5 i,
0->M->F' SF .. @)

Horh FHRPIEEEL, HXHMER Be B, JFAIOER T B®g — MAEH FIRFFIES . B M 2 (F,B) -Gorenstein
P S5

3. (F,A)-Gorenstein JIB4EH

SEX 3.1 WM REE R, i UM [ (F,.A)-Gorenstein “FHHZEXCH M 1) (F, A) -Gorenstein 1
AR BT E, BIGH . ) (M) <n 2 HOUCHAFAE /L RARINIES 751

0O->L-L ;- —>L>M->0

Hen 24e 584, L (i=01---,n) 4 (F,A)-Gorenstein “F-3H %,

WX n AEAE, WG, (M) =00

518 3.2 H([4]E 2 3.12) 15 (F,.A) -Gorenstein ~F 34X 5 —Fi & L

Gfd -, (M)=sup{ie N|{77E Ae A, ({3 Tor" (A M)=0}

SEH 33 ¥R S R Frobenius 73K, GF, , K T4 #E M, Gfd,, (M)<w, I(R”)cB,
M /e -1, BB BL T oL

1) R AcA, A®;SeB:

2) ffZBeB, BeA;

3) {EE BeB ., BJEAT S-HE Hom,, (S, B) HIELFII.

W Gfd -, (M)=Gfd . ,, (M) -

UERR 513 2.3 f1, (£ (F,B)-Gorenstein T/ S-H#Z (F,A)-Gorenstein “T4H75 R-f5%, 1
Gfd, (M) <Gfd, , (M) . TIHIEGH,, ,(M)2Gfd, ,(M). &Gfd,  (M)=n<w, HFIH 32,
HFEX FAEE Be B % i>n, Tor®(B,M)=0, XHXT&EBeB, BeA, FHihTor*(B,M)=0.
it Tor® (B®, S,M)=Tor"(B,M)=0, 534b, i FXEEBeB, B2 S-#iHom ,, (S,B)MEMI, H
Hom,,, (S,B)=B®, S, WXMEE#%Li>n, Tor’(B,M)=0, #Gfd ., (M)<n. B
Gfd; 5 (M) =Gfd . (M)

A 3.4 4 (M), &K R, GF, ) KT I IKEN, I(R®)c A,

Gfd(F,A)(®I Mi)ZSUP{Gfd(ﬁA)(Mi)lie I} .

HEB S8 SCHER[11] v 3.11 FTHIF.
EEFE 3.3 1, RANTFE Gfd(f,B)(M)<oo s BRIV RAEA ATEOLT, ERL S-HM (1 (F,B)
-Gorenstein “F1H 2E 535 A 1 Frobenius 75K 2 £ 3 1
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MEWH, AEE

35 B RS R Frobenius 75K, GF, o KTH kM, T(R®)cB, BULLFMAL
1) [EE AcA, A®,SeB;
2) 115 BeB, BeA;
3) fE& BeB, BJEAi S-# Hom , (S, B) (K ELAIIL,
Iy
a) # M2/ RAE, W GRd, . ) (S®: M)<Gfd ) (S® M)<Gfd . , (M)
mZﬁMﬁﬁES&,MGMMM@®RM}Gmmm@®RM)GMGA()o
UEBH a)H 5|3 2.3 M1, {L& (F,B)-Gorenstein “FiH 7/ S-Hi#R & (F,A)-Gorenstein “F3H 7/ R-#,
(7a)(S® M)<Gd . (S® M) . H3IH 13, HFGH, , (S®; M)<Gfd (M)
b)ﬁM%ESE,WMWﬁERﬁ%dﬂ)MW%ﬁW@ﬁﬁ@&m%%

4 (M)=<Gfd ;. , (S® M) o X ()& Gfd, , (S® M)<Gd, , (S® M)<Gfd,, , (M),
Gfd(m) (S®;M)= Gfd(f‘B) (S® M)=Gfd, ,, (M) .

FA Frobenius fRECIH#E, 2018 45, Ren {ESCHR[8]H#& H T 1l %> Frobenius 33K F A% 2.

EX 3.6 [8]FK R < S /¥R 4> Frobenius 375K, 21 53l /& DL R 4%

1) RcS BRI 4P 5K,

2) Rc 'S Z&¥ ) Frobenius 37 .

RIAT 5K RS R/, RIERIEMG 0:S®, S > S (5@ | > sl) & r 2 FIZ.

FEE 37 B RS RIS Frobenius 73K, GF, o K T4 ki, T(R”)cB, MRIERZK S-
1, (R LT o

1) fFEAcA, A®;SeB;

2) ffEBeB, BeA;

3) {E& BeB, B S Hom,, (S,B) K E A,

W Gfd -, (M)=Gfd - ,,(M) -

EH] AR S =R 43 Frobenius 775K, FTEL@:S®; M - M (s®; m—sm) & i 2 F A, #)
M ZS®M MERM, Hinil 34, NG, , (M)<GCHd,, (S® M), HEH 2.7 aIfFA%K
Gfd, ., (M) <Gfd, ,, (M) » ifil 15/ 3.5(b), ?iaﬂ]ﬁ?ﬁﬁiﬁ’ﬁ ﬁ:

Gfd,, 5 (M)=Gfd , ,,(M)=Gfd . , (S® M)=Gfd, , (S® M) -

Gfd

SE
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