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Abstract

This work aims to provide some results of gradient Ricci-Yamabe soliton with potential

f on a compact Riemmian manifold. g is Riemmian metric, V is vector field and α, β, λ

is constant on M . Firstly, the isometric notes and triviality results of Ricci-Yamabe

soliton with conformal vector field on the compact Riemmian manifold are obtained.

Then, I got the conditions that gradient Ricci-Yamabe soliton is steady or shrinking.

Finally, scalar curvature under different classifications is discussed.
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1. Úó9Ì�(J

eiù6/(Mn, g),(n > 2)þ�31w�þ|V÷v�§

2αRic+ `V g = (2λ− βR)g, (1)

K¡iù6/(Mn, g),(n > 2)�Ricci-Yamabe�áf,P�(Mn, g, V, λ, α, β),Ù¥,Ric�iù6

/(Mn, g)�RicciÇ,R�iù6/(Mn, g)�êþÇ.`V gL«Ýþg÷�þ|V���Lie�ê,V

´6/þ��þ|,λ ∈R�iù6/(Mn, g),(n > 2)��áf~ê,α, β�~ê.Ricci-Yamabe�áf

´Ricci-Yamabe6�g�q) [1].�λ�Mþ�1w¼ê�,¡(Mn, g),(n > 2)�Ricci-YamabeC�

áf,�λ > 0(λ = 0, λ < 0)�,¡Ricci-Yamabe�áf�Â �(½�,*Ü�),Ón��Â �(

½�,*Ü�)Ricci-YamabeC�áf.

AO�,�α = 1, β = 0�,¡Ù�Ricci�áf.

�α = 0, β = 1�,¡Ù�Yamabe�áf.

�α = 1, β = −2ρ�,¡Ù�Ricci-Bourguignon�áf.(ρ�Mþ�1w¼ê)

aq�,�λ�Mþ�1w¼ê�,©O�CRicci�áf,CYamabe�áf,CRicci-Bourguignon�
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áf.

e�þ|V´iù6/Mnþ�
1w¼êf�FÝ,K¡Ricci-Yamabe�áf(Mn, g)�F

ÝRicci-Yamabe�áf,P�(Mn, g, f, λ, α, β).3ù«�¹e,(1)ª��

2αRic+ 2∇∇f = (2λ− βR)g, (2)

Ù¥∇∇fL«³¼êf�Hessian�f.�³¼êf�~ê�,·�¡FÝRicci-Yamabe�áf�²�

�,ÄK¡�´�²��.

Ricci-Yamabe�áf�0��Ð´32019c, GülerÚCrasmareanu3©z [1]¥J�,Ricci-

Yamabe�áf´Ricci�áfÚYamabe�áf�êþ|Ü. ÏdNõïÄRicci�áfÚYamabe�

áf�©Ù [2] [3] [4]3Ricci-Yamabe�áf�ïÄL§¥u�
ã���^.C
c,Nõ©Ù¥

0�
'uRicci-Yamabe�áf��'SN,©z [5]0�
òÈ6/þ�Ricci-Yamabe�áf.©

z [6] [7]ïÄ
ØÓ�m/¥�Ricci-Yamabe�áf.©z [8]0�
CRicci-Yamabe�áf��å

¯K.©z [9]ïÄ
n�iù6/¥�Ricci-Yamabe�áf.Ïd,é;�iù6/¥�FÝRicci-

Yamabe�áf�å¯KÚêþÇ�ïÄ´k¿Â�.

�áf��'SN´AÛÆ[ïÄ�9�{K,~XRicci�áf,Yamabe�áfÚRicci-

Bourguignon�áf�,�'©Ù�´�ÑØ¡.�å¯KÚêþÇ�ïÄK´�áfïÄ�

�¯K. Antonio�< [10]ÏLRicciÇ�K5ïÄFÝYamabe�áfêþÇ��¹.©z [11]�

Ñ
FÝÂ ρ-Einstein�áf�åu�
¥¡�û�^�.Chandan [12]ÏL��FÝρ-Einstein�

áf¥�1w¼êρ��?ØêþÇ��¹.Dwivedi [13]0�
Ricci-Bourguignon�áf�åu

î¼¥¡�¿�^�,±9äk�/�þ|�;�Ricci-Bourguignon�áf´²���áf.

Äuþãó�,�©ò [8]Ú [10]�(Jí2�FÝRicci-Yamabe�áfþ.=�Ñ;�iù6/

¥�FÝRicci-Yamabe�áf��'(J.Äk�ÑFÝRicci-Yamabe�áf��å¯KÚ²�5

(J,Ùg�ÑFÝRicci-Yamabe�áf´½�½Â ��áf�^�,��?Ø,�f´gNÚ¼

ê½NÚ¼ê,êþÇ3ØÓ©ae��¹.

½n1:�(Mn, g, f, λ, α, β), (n > 3, α 6= 0.)´äk³¼êf�FÝRicci-Yamabe�áf.

(i)XJM´;��,�∇f´�/�þ|. @o,��¡, ϕ = 0, K∇f´Killing�þ|, �áf´

²��. ,��¡,
∫
M
ϕ = 0, (ϕ 6= 0), K�áf(Mn, g, f, λ, α, β), (n > 3, α 6= 0.)�åuî¼¥¡.

(ii)XJα, β > 0,�∇f´�/�þ|.@o�áf(Mn, g, f, λ, α, β), (n > 3, α 6= 0.)´Â �½

½�.

(iii)XJ∇f´÷vHodge-de Rham©)½n��þ|,�
∫
M
g(∇f,∇h) ≤ 0,ùp�h´Hodge-

de Rham³¼ê,@o�áf(Mn, g, f, λ, α, β), (n > 3, α 6= 0.)´²��.

½n2:�(Mn, g, f, λ, α, β), (n > 3, α 6= 0.)´äk³¼êf�;��,½�½*Ü�FÝRicci-

Yamabe�áf,¿�α, β > 0.XJf´gNÚ¼ê,@oMk��êþÇ.AO/, XJ,�áf´²

��§f´NÚ¼ê,@oM�êþÇ�0.

2. ý��£9Ún

�X´?¿iù6/þ��þ|,XJ�31w¼êϕ,¦�
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`Xg = 2ϕg, (3)

K¡�þ|X��/�þ|.¼êϕ¡��þ|X�³¼ê.�ϕ 6= 0�,¡�þ|X��²��/�þ

|,�ϕ = 0�,¡�þ|X�Killing�þ|.

�
�¤½n�y²§·�I�Xe�½n±9Ún:

Hodge-de Rham©)½n: [14]�M�;�½��iù6/,X�6/þ�?¿���þ|,K

k

X = Y +∇h,

Ù¥Y´6/þÑÝgd��þ|,=divY = 0, h¡�Hodge-de Rham³¼ê.

Hopf½n:b�(M, g)´;�Ã>�½�ëÏ�n�iù6/,XJf´Mþ�NÚ¼ê§

=∆f = 0,Kf´~�¼ê.

ÑÝ½n:b�(M, g)´k�;��n�Ã>iù6/,Kéu?¿�þ|X,kXeÈ©úª:∫
M

(divX)dV = 0.

AO�,�X = ∇f�,k ∫
M

∆fdV = 0.

Ù¥dVL«iù6/M�NÈ�.

Ún1 [15]:�(Mn, g)´k~êþÇ�;�iù6/.b�6/Mþ�3�²��/�þ

|X.XJk`XRic = θg¤á,Ù¥θ ∈ C∞(M).@oM�åuî¼¥¡Sn.

Ún2:�(Mn, g,X, λ, α, β), (n > 2, α 6= 0.)´Ricci-Yamabe�áf.XJX´³¼ê�ϕ��/

�þ|,@oRÚϕ´~ê.

y²: duX´�/�þ|,@o(3)¤á.ò(3)�\�áf�§(1)�

αRic = (λ− 1

2
βR− ϕ)g, (4)

é(4)ü>Ó�¦,�

(2α+ nβ)R = 2n(λ− ϕ),

2¦�C�ê�

(2α+ nβ)∇R = −2n∇ϕ, (5)

é(4)ü>Ó�¦ÑÝ�

αdivRic = ∇(−1

2
βR− ϕ), (6)

ò(5)�\(6)�

αdivRic =
α

n
∇R.

dÂ �Bianchið�ªkdivRic = 1
2
R,¿�α 6= 0,@o(n − 2)∇R = 0.Ï�n > 2,¤±∇R =

0.=R�~ê,d(5)��ϕ��~ê.y..

DOI: 10.12677/pm.2023.138247 2391 nØêÆ

https://doi.org/10.12677/pm.2023.138247


ê��

©z [8]�Ñ
CRicci-Yamabe�áfRÚλ−ϕ´~ê�(Ø,Ún2?Ø�´λ�~ê�AÏ�

/.

Ún3 [14]:XJ;�6/Mk~êþÇ,¿��3�²��/�þ|X,¦�`Xg = 2ϕg, ϕ 6=
0,@o ∫

M

ϕdV = 0. (7)

Ún4 [8]:�(Mn, g,X, λ, α, β).)´äk³¼êf�;�FÝRicci-Yamabe�áf.@of = h +

c,Ù¥, f��áf�³¼ê§h�Hodge-de Rham³¼ê.

3. ½n�y²

½n1�y²:(i)Ï�∇f´�/�þ|,¤±(3)¤á,=∇2f = ϕg,éÙ¦,�

∆f = ϕn.

XJM;�,éþªü>Ó�È©∫
M

∆fdV =

∫
M

ϕndV.

dÑÝ½n,�ª�>�0,K�ªm>��0,dÚn2,λ− ϕ�~ê,λq�~ê,=ϕ��~ê.@o∫
M

ϕndV = n

∫
M

ϕdV = ϕnV ol(M) = 0.

=�oϕ = 0, �o
∫
M
ϕdV = 0(ϕ 6= 0).Ù¥V ol(M)L«;�6/M�NÈ.

�ϕ = 0�,∇f´Killing�þ|,Kf´~ê,�áf´²��,@oRic = 1
α

(λ − 1
2
βR)g,Ù

¥α, β, λþ�~ê,dÚn2§R��~ê.K��÷v±þ^��Ricci-Yamabe�áf´OÏd

"6/.

�
∫
M
ϕdV = 0(ϕ 6= 0)�§dÚn3�, iù6/Mþ�3�²��/�þ|.b�∇f´�²

��/�þ|,dÚn2��,êþÇR´~ê,¿�k`∇fg = 2ϕg,=∇2f = ϕg, ϕ 6= 0.d�áf�

§(2)�

Ric =
1

α
[(λ− 1

2
βR)g −∇2f ].

éþªü>Ó�÷³�þ|∇f¦lie�ê,¿ò∇2f = ϕg�\

`∇fRic =
1

α
(λ− 1

2
βR− ϕ)`∇fg.

dÚn1,�X = ∇f�,k`XRic = θg¤á,Ù¥θ = 1
α

(λ − 1
2
βR − ϕ)2ϕ,¤±Ricci-Yamabe�á

f(Mn, g,X, λ, α, β)�åuî¼¥¡Sn.

(ii)�α, β > 0�, é�áf�§(2)¦,¿ò`Xg = 2ϕg, ϕ 6= 0,�\�

R =
1

α
(λ− 1

2
βR− ϕ)n. (8)
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é(8)ü>Ó�È© ∫
M

(1 +
βn

2α
)RdV =

1

α

∫
M

(λ− ϕ)ndV. (9)

dÚn3,Mk~êþÇ,��3�²��/�þ|,@o(3)¤á.ò(3)�\(9)�

α

∫
M

(1 +
βn

2α
)RdV =

∫
M

λndV. (10)

duM�åuî¼¥¡Sn,¤±R > 0.XJλ < 0, α, β > 0,d(10)ª��R < 0,��ågñ.=

�λ ≥ 0,�áf�o´Â �,�o´½�.

(iii)dHodge-de Rham©)½n,k∇f = ∇h + Y�divY = 0.dÚn4,f = h + c,?∇h =

∇f .Ï�M´;��,¤±∫
M

g(∇h,∇f)dV =

∫
M

g(∇h+ Y,∇h)dV

=

∫
M

g(∇h,∇h)dV +

∫
M

g(Y,∇h)dV

=

∫
M

g(∇h,∇h)dV +

∫
M

div(hY )dV −
∫
M

hdivY dV

=

∫
M

g(∇h,∇h)dV

=

∫
M

|∇h|2dV

=

∫
M

|∇f |2dV.

��Ü©�O�$^
ÑÝ½n.XJ
∫
M
g(∇f,∇h) ≤ 0,@o∇f = 0,=f´~ê,K�áf²�.

½n2�y²: é�áf�§(2)¦,�

∆f = (λ− 1

2
βR)n− αR. (11)

duf´gNÚ¼ê,=∆f ≥ 0,@o

nλ− (
1

2
βn+ α)R ≥ 0. (12)

�áf´½�½*Ü�,=λ ≤ 0.d(10)±9α, β > 0,��R ≤ 0.

AO/§�f´NÚ¼ê,=∆f = 0,@o

nλ− (
1

2
βn+ α)R = 0.

¿��áf´½�, =λ = 0.dα, β > 0,��R = 0.½n2�y.

5:l½n2�y²L§¥�±uy,�α, β > 0�,;�iù6/¥äk³¼êf�FÝRicci-
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Yamabe�áf�êþÇR��áf~êλÓÒ,��∇fÉÒ.
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