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Abstract

A numerical inversion algorithm is proposed based on the variational adjoint method for solving
the backward problem and inverse source problem in the diffusion equation. With the help of the
adjoint problem, a variational identity connecting the known data with the unknown is derived
with which a linear system for the unknown is set forth by suitably choosing the solution of the
adjoint equation. Numerical solutions to the inverse problems are obtained by solving the linear
system with Tikhonov regularization, and numerical examples are presented to demonstrate the
effectiveness of the inversion algorithm.
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1. 5|

bzl 70 FARBLR, §EOT R R T 7 R B R BRI R — B Y R ) S T AR,
BFE SRR A ATIE B AT BUE SRR S LR A X F I BRI i e v, I AR 1 7 i
FERFIHAS) SRR, U B — 5 8 8 SRR e PRI 7 v 2 BRI A 23 A . A 53 Carleman
it PLAAR 73 A BE ST (L[] [2] [3] [4155). 5 —T7ihl, X T S il @ () BB SR gt e, — ot 2 T A
WHRAR 5 TE AL 7 VAR RS B R AT VE (W L 35 [5] [6] [7] [8] [9155) » St ik St Hh 22 22 ik AUk
fife X 1) 0, DRI o S A X R . TR AR R

KobF- #At G5 R BT FE AR BUS U )RR 78, Cannon [10]5 Beck [11])348 6 TAE . T,
KBGO S SR AR IE e Y Trefftz B S 38 5922 (IL[12] [13] [14]28) . iX 5 T5 0t T 2 itk 4
B2 IR E VIR B T4 o B R B S S 1] jE, FE T - XIAR JT R Green 2
2o U B DR AR 5 1t 2 A, ki GRS B HUAS B — SR A B S B At T R, R T N B
FREEIRAG I o] 738 1) KA i o

AR S R BT R PR T B i) 0 08 T s e R ) RO ST . N AR SRR B T, R LI R R o
G RFMEMAREER, B IE R R R R AR E S A B EOE R, EMiZh4 Tikhonov
TEMME SEIA U BUE B . SCh EEAB R 5 2 58 0 18 1) 1F 1) 8 280 s s i)
B3R -ANRRCHE R MESER, IR HAHRR REEVE, B 4 WA HIUNBEE ],
WERESVEA M, BE AL,

2. EOfE 5 R e)fE
2.1. IE[B)FR

BQcRY(d=1,23) 2 A (/) EHUFNA R ITXE. FFT>0, i Q =Qx(0,T) ,
I =I'x[0,T], THQKLF. HBLNEY BT E:
u —DAu = f(xt), (x,t)eQy, (2.2)
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Horbu(x,t) RoRT s x A5 Z] ¢ WEPRES G, D>0RYBRE, f(x.t) BRIENCH. LErid
H&MEER
u(x,0)=u,(x), xeQ (2.2)
e
u(x,t) =g(xt),(xt)el; (2.3)
W ARE ) 8(2.1)~(2.3) W AR Y S 40 S5 0048 R SRR & TR0 1) HLJB T 4 i ek 250 18], D) I i) i 3
I HAE Qp FAFLEME—f# . A S IE 0] BUE & P (118 T 0] 2 WARAE R Sl 3 D7 FE 06, AR S ZEHRA
FT(2.1)~(2.3) Y B il R ) A1 S T
2.2. iR E) 3 5 R (e R
ARSI T AR AR v FR a0 A R B S VRIS R, DU IO ) @ 25 8 A T > O I 2 2 (B0 He e
B ERAG TR u(X,0)=uy (X), xeQ « BT, LEM &,
u(x,T)=u; (x), xeQ (2.4)
TR ) AR T (2.1)~(2.3), HH Uy (X) B Uy (X) -
U SR F A #(2.1)~(2.3) T AT I AE R E R 2 AT, TR IR 1) R A P A PR 43 B 0 AE B e
f(xt) o XN, p T U0 o AR A 1] A 8 ] P SCAR A A 1A A e, H i ply 22 A1 a2 1 (2.4) X LAME —
Tf 7 I 1) — 235 (R AR PR D T ek 2 . AR 9S4 2% 1H(2.3), P4 78 Neumann 34 S5t 25 1
au
ov
Hop v BRI AR AL ANE R B DU 2% RE BUR T ] R R T OE ) A (2.1)~(2.3),  EH P S A
(2.4)~2.5)fE IR f (x,t) .
T —MRR IR SR SE B EEX, A BRI R R S B R AR TTE, R
A IE AL SRR AT H0E S
3. BHESR SRR
31 THEFR
BT IR A (2.1)~(2.3), mi oy A Bl 1] AR A F ], T DU — AN R TS AR A AR o [E A R,
KR — KA R - TR
SEE L W (xt)e (), U (x),ur (x)e2(Q), Hg(xt)el’(Tx(0,T)), MIp LA ME% N

[ [ur ()@ (x) =y (x) 9(x,0) Jdx+ D'fOT [ g (x,t)%o(x,t)det

= D'[OT jrh(x,t)m(x,t)det+jQT f(x,t)e(xt)dxdt

=h(xt),(xt)ely. (2.5)

(3.1)

Hort g = (X, t) A& T IR AF B 7] 8 4 i
@ +DAp=0,(x,t)e
gl =m(x), (xt)el; (3.2)
p(x,T)=w(x),xeQ

X HEAME o(x) SN m(x,t) B RTEH] 1 SRR
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PEB: PO R R @ = o (x, ) TLATTRQOEIBL, JEQ, LRy, IR
jﬂ [u,.—DAu]p(x t)dxdt = f(xt)p(xt)dxdt (3.3)
B, tar AR e A
j u,pdxdt = j[u(p] dx — j ug,dxdt (3.4)

, FIFH Green AR A]15

[ Augpdx = [ uAgdx—| [u %p— ¢)%u} ds

xR D F TR, FIHGI)HHIENIME A, W
op ou
[, (-Dau)gdxdt = | u(-DAp)dxdt+ D[ j[ XtE—(p( t)— }ds (3.5)
% p=p(x,t) LB (3.2 ffE, NHR(3.4)5@5) RN (3.3), HIEE VI mHS 2 s, %
FEHIA3(3.1). EEE
3.2. RiEE®.

AN DL R, T A S (3 0) I o I X A A VT BB
TR PR £ (x,t)=0 . TSR B LA

Iguo(x)¢(x,0)dx:jQuT( Jo(x)dx + D_[ j g(xt Zv(xt)det (3.6)

F e = p(x,t) 12 Qp FWETITE @ + DAp =0 RFF US4, HA p(xT)=o(x) - HE Laplace 5
T, ﬁ&%%%%ﬁ%%&wmu»nﬂzm,ﬁRMHM%Eﬁﬁxmmﬂ%%%ﬁ

gp(x,t):ga)n exp(D4, (t-T)) X, (x), (37)

Ko, n=12,, /& o(x)fEQ L1 Fourier I R4,
AT HE >0, 48 g = Uy (X) € L2 (Q):uo, <E) Jo vt 66 K B e A, A AL
(%), (X), - By (%), FIEFFR

Uo(x)=gU8¢n(X) (3.8)
Foi g (n=12,-) HOARIF R B #HCEIRTUEM, W
Uy ()= 33 (4) 39)
P 2 30(3.7) 2, AT HGE 2400 o, (x) SARREAEBE W REEOMR ¢ (x.t) o JFIRVAE NI SR (36), 35
%ugqu)k(x,o)gbn(x)dx:jﬂuT(x)wk(x)dx+Dj;jrg(x,t)%(x,t)dsm;=bk,k=1,z,.-- (3.10)
io

a=(uhg )’ (3.11)

G= (gkn) On = [, 2 (X,0) ¢ (x)dx
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M
b:(bl!bz"' bK)T
g RS
Ga=b (3.12)
HT REERE G FIRASTE, PRI =22 STH R ZER % 575 ER F IE W A0 SR SR fd 7
B2/ sh R
Ga=b’ (3.13)

XHE B’ =b(1+&5), ENMAT-LUMBENE, &> 0 AMBIKT. R4E Tikhonov IEMIfL, &Lk
BUEMZ$ >0, WAL ECE FRIET 2 1 &2 50m ~ UE it &
a”’ =(G'G+al) G'b’° (3.14)

T L AR BRI GRS, "M B AR AL SR S AR, FRIR AR S(3.12)~B.A3) s k. EAh,
MM IR A A TR EE AR, Z2HH T R ZRRIEROEN S8, #iaT DRI A2 I BUE 7 .

T 2: ZEIEM T EBTAN 5 K FER . MEOREH, N —>olf, TLMFHELEM: 55—
Ji, KOER/NEMRE M INE BRI 2D, BNE ERBOGIEF . 5T X B0 DL BB R R s 2y
Hr #0848 FEEE A ) L, BATTRE 53 SRR

4. BERR
4.1 HREEBERE
H R IRY BUTRE U, —u,, =0 7ESE — S ME 44 T I3 ) 7
B 1. WX Q=(0,10) , Z4ENZIT =3, HIEFRBHFEM A u(x,t)=e"cos(x) . WAL
BRE M u(0t)=e" J2u(10,t)=e " cos(10),t €[0,3] s LN LA u, (x) = e cos(x),x €[0,10] -
AR 70 A B B A I AU RIA
uo(x):aOJri[an cos(nx)+hy, sin(nx)], (4.1)

530 S S B KA @ = (20, ,,0y, 18 by )
TR 0 + 0, =0, BULMES

k%n?

t-3
o (xt)=e )sin[%j,kzl,z,--~,r< (4.2)

1 g (%,3) = W, (X) = sin"liox BN =3,K =6, FIF LR R AT BB 5L 1611 200 T

SR DR B B0 1O S SRS AR 151 2(a), &1 2(b) 0 SN T 4R BIKFI 6 =5% 5 6 = 1% I i S 5
FwE, L ENSEI R a=1e-4.

B 2. WX Q=(01), ZMEMNZIT =1, HIERBHIHEN u(x,t)=x* +12x% +12t2 . MFHA
UAERRET A A u(0,t) =12t K u(Lt) =1+12t +12t%, t [0,1] » TEIBN ML EEHE A
us(x) = x* +12x* +12, x € [0,1] o X HLATHE A bR AC VI (4 DT RARIE I RALTHB 1 it s, i
N=2,K=5, IElIZ% a=1e-6, [ 3(a), ¥ 3(b)7 el 7 HaK-TH & =5% 5 & =1% B (1 O R
KB
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Figure 1. Inversion result for the backward problem with accurate
data in Ex.1.
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Figure 2. Inversion result for the backward problem with noisy data in Ex.1. (a) 6 =5%; (b) 6=1%
2. BB 1 PR BIRE TR B BCREE R, Uy (X)=cos(X) . (8) §=5%; (b) 5=1%

4.2. R BERE

HRE AT IRY BT R u, —u,, = (X, t) 7E58 —IAME 2 T VRIUR [

Bl 3. WHIRAKIE Q=(01), ZMENZT=1, IEMNBHEMENU(xt)=x, MHETHEHEN
f(xt)=2xt—6xt> . Il {1 P AL E R 39 u(0,t)=0 K u(Lt) =t te[0,1] - AAEFINEHE N
up (x) = x%, x € [0,1] ARHEER 2 TTAIRIA , I8 75 BEPIANIL Ak i) Neumann BEIN%i u, (0,8) =0 Jeu, (Lt)=3t%
te[O,l] o

BB I AT T B2 A 50

f(x,t)ziiaijx"jtj’l (4.3)
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Figure 3. Inversion results for the backward problem with noisy data in Ex.2. (a) 6 =5%; (b) 6=1%
3. Bl 2 it s BB TR PR RURER, Uy (x)=x". (@) 5=5%; (b) 5=1%

@ (b)

Figure 4. Exact source and inversion source solutions with accurate data in Ex.3. (a) Exact source; (b) Inversion source with
accurate data

& 4. B3 FRMERSHERBIE THRER, f(xt)=2Xt-6xt". (a) IRWEMR; (b) &=0RTHKRER

B ST B SR AR Tt @ = (@, 809, B+, By ) o T T BN 25 00 00 A 0D B PR A T, T
k=12, K, HUFERE T TR P

—k2n?
o (x.t)=e ¢ cosh (@j
» fo (4.4)
o; (xt)=e ¢ sinh(@]
0

Ferr sinh, cosh 73l XU TESZ . RIZEKEL 1, >0 AT SH. BN =4,K =51, =7, FHERKKX
HOTEBAT . 5] 4(a), BT 4(b) 70 A2 1 IRIUER SR RDRS B 8508 (1 S s s 151 5(a), 151 5(b)
el T IRBKT 5 =1% 5 6 = 0.1% I i) S s 5 1, K IEWZSHr 5 a =1e-5 5 a =1e-6 -
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B 4. SEEFEXEHQ=(01), LEMNZIT=1, MWIERBKEEN(xt)=e"?, FHRAMN
f(xt)=e"?. IEM B HALERE T D R u(ot)=e* LuLt)=e"*te[01]: AMHEMIMERE A
u(x)=e*, xe[0,1] -« b, WA AR Neumann 12 SR A u, (0,t) =e* Fu, (Lt) =€, te[0,1] -

BRI H A (4.3) I ARIE N, HIRESHWE T 54 3 th i, & 6(a), 1 6(b)7rmlLsil 1
PRI AR SR RS W B 1 S s 1) 7(a), 1 7(b) BN T HEEKT 6 =1% 5 6 = 0.1% IR ) S 3 fif
H¥fE, HPENSHE R a=1e-T5a=1e-6.

5. &ig
AR SCE A BT R R P I 1 S R I L, BT B, BESL T 2K R O AR

@ (b)

Figure 5. The inversion source solutions with noisy data in Ex.3. (&) §=1%;(b) 6=0.1%
5. Bl 3 it BB THYRBIRERE. (@) 6=1%; (b) §=01%
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Figure 6. Exact source and the inversion source solutions with accurate data in Ex.4. (a) Exact source; (b) Inversion source
solution with accurate data
6. Bl 4 PEFABSHEHBIETHRER, f(xt)=¢"". () FHEMR; () 0=0NHRERE
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Figure 7. Inversion source solutions with noisy data in Ex.4. (a) §=1%; (b) §=0.1%

7. B 4 I EAE TENRBISCR R, () 6=1%; (b) 5=0.1%

BR B R O AR 1B A 3, e o 2 e B Bl 75 R A AR O 45 & Tikhonov IE MG SEIL 1 S8 RURE -
X ST IRAE T IR T Trefftz B2 B S s 0%, W IE Y — A 2 VeSO U A% A M0 1) RSB SR A
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