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Abstract

A proper edge k-coloring is a mapping c : E(G)→ {1, 2, . . . , k} such that any two adjacent

edges receive different colors. A proper edge k-coloring c of G is called acyclic if there

are no bichromatic cycles in G. The acyclic chromatic index of G, denoted by χ
′

a(G),

is the smallest integer k such that G is acyclically edge k-colorable. In this paper, we

show that if G is a planar graph containing no adjacent i-cycles and without a 5-cycle

adjacent to a j-cycle, i ∈ {3, 4}, j ∈ {4, 6}, then χ
′

a(G) ≤ ∆(G) + 2.
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1. Úó

�©�Äk�{üã.éu��ã G,r§º:8!>8!¡8!��Ý!��Ý9��©O

P� V (G), E(G), F (G), ∆(G) ({P� ∆), δ(G),9 g(G),éu²¡ã G���¡ f ,e d(f) = k

(½ d(f) ≥ k,½ d(f) ≤ k),K¡ f ��� k-¡ (½ k+-¡,½ k−-¡).éu²¡ã G���º: v,

e d(v) = k (½ d(v) ≥ k,½ d(v) ≤ k),K¡ v ��� k-: (½ k+-:,½ k−-:).ã G�Ã� k->

/Ú´�N�c : E(G) → {1, 2, . . . , k},÷vé?¿ü^��> x, y,k c(x) 6= c(y),�ã GØ�3

VÚ�,ã G�Ã�>Úê�¦�ã Gk��Ã� k->/Ú�����ê k,^ χ
′

a(G)L«.

FiamčikJÑ
��'u²¡ãÃ�>/Ú�Í¶ß�.

ß�1 [1] éu?¿²¡ãG,kχ
′

a(G) ≤ ∆(G) + 2.

ù�ß��8�vk�)û. 1991 c Alon, McDiarmid Ú Reed [2]y²
é²¡ã G, k

χ
′

a(G) ≤ 64∆; 1998cMolloyÚReed [3]y²
é²¡ãG,k χ
′

a(G) ≤ 16∆; 2020c Fialho [4]�

<y²
é²¡ã G,k χ
′

a(G) ≤ 3.569(∆− 1).

éu g(G) ≥ 4�²¡ãG,Ó|�,���Ú�²x [5]y²
χ
′

a(G) ≤ ∆(G)+2;éu g(G) ≥ 5

�²¡ã G,ûï¹ [6]�<y²
χ
′

a(G) ≤ ∆(G) + 1;Óc,ûï¹ [6]�<y²
e��Ý÷v
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∆(G) ≥ 9, K χ
′

a(G) = ∆(G); éug(G) ≥ 6 �²¡ãG, Hudák [7]�<y²
e��Ý÷v

∆(G) ≥ 6,K χ
′

a(G) = ∆(G);éug(G) ≥ 7 �²¡ã G,���,Ó|�,�¸Ú�² [8]y²
e�

�Ý÷v ∆(G) ≥ 5,K χ
′

a(G) = ∆(G);éug(G) ≥ 8 �²¡ãG,���,Ó|�,�¸Ú�² [8]y

²
e��Ý÷v ∆(G) ≥ 4,K χ
′

a(G) = ∆(G).

éuØ¹ 4-��²¡ã G,�AcÚ�² [9]y²
 χ
′

a(G) ≤ ∆(G) + 3;éuØ¹ 4-����Ý

÷v ∆(G) ≥ 5 �²¡ã G,���,Ó|�Ú�²x [10]y²
 χ
′

a(G) ≤ ∆(G) + 2;éuØ¹ 5-�

�²¡ã G,Ó|�,���Ú�²x [11]y²
 χ
′

a(G) ≤ ∆(G) + 2;éuØ¹ 4-,6- ��²¡ã G,

ûï¹,4?ýÚÇïû [12]y²
 χ
′

a(G) ≤ ∆(G) + 2.

éu 3-,3-�Ø��²¡ã G,��� [13]�<y²
 χ
′

a(G) ≤ ∆(G) + 5;éu 3-,5-�Ø��²

¡ã G,�²xÚÓ|� [14]y²
 χ
′

a(G) ≤ ∆(G) + 2;éu 3-,6-�Ø��²¡ã G,�²x,Ó|

�ÚÇïû [15] �<y²
 χ
′

a(G) ≤ ∆(G) + 2.

éuÃ��n�/�²¡ã G,Ó|� [16]�<y²
 χ
′

a(G) ≤ ∆(G) + 2;éu i-,j-�Ø��,

Ù¥ i, j ∈ {3, 4} �²¡ã G, AnnaFiedorowicz [17]y²
 χ
′

a(G) ≤ ∆(G) + 2.

�©òy²e¡�½n:

½n1 eã G´Ø¹�� i-�,� 5-,j-�Ø��²¡ã, i ∈ {3, 4}, j ∈ {4, 6},K χ
′

a(G) ≤
∆(G) + 2.

2. PÒ

- G ���{ü²¡ã, éu?¿: v ∈ V (G), ^ N(v) L«� v ���º:8Ü, k

d(v) = |N(v)|.P Nk(v) = {x ∈ N(v)|d(x) = k},� nk(v) = |Nk(v)|.eº: v ÷v d(v) = k,� v

� u��,K¡ v� u� k-�:.

éu¡ f ∈ F (G), ^ M(v) L«� v �'é¡�8Ü, P Mk(v) = {f ∈ M(v)|d(f) = k},
� mk(v) = |Mk(v)|.^ b(f)L«¡ f �>.,e u1, u2, . . . , un � b(f)þU^Sü��:,KP�

f = [u1u2 . . . un], δ(f)L«¡ f ���Ý,Ù���¡ f �'é�:���Ý.

- c� G���ÛÜÃ�>/Ú,^ C(u)L«3Ã�>/Ú c¥�: u�'é�>¤/ôÚ

8Ü,�Bå�,^ [k]L« {1, 2, . . . , k}.^ F (uv)L«> uv�B^Ú8Ü,3Ã�>/Ú c¥��

^ (α, β)- VÚ´´�d α, β ùü«ôÚ�OXÚ�>¤|¤�´,e (α, β)-VÚ´�"à©O�

: uÚ: v,Kòù��´P� (α, β)(u,v)- VÚ´.

3. ½n1 �y²

3.1. 4��~�5�

�©Ì�ÏL�=£��{5y²½n 1.�ãG´½n 1¥¦� |V (G)|+ |E(G)|�����
�~.=ã G´Ø¹�� i- �,� 5, j-�Ø�, i ∈ {3, 4}, j ∈ {4, 6}, χ′a(G) ≥ ∆ + 3�²¡ã. G´

ëÏ�{ü²¡ã.- L = {1, 2, . . . , k}�ôÚ8,Ù¥ k = ∆(G) + 2.�e5,·�&? G�(�

5�.

DOI: 10.12677/aam.2021.108276 2662 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.108276


_j§ÁöI

Ún1 ²¡ã G´ 2-ëÏã.

y² b� v �²¡ã G ����:, C1, C2, . . . , Ct(t ≥ 2) � G \ v �ëÏÜ©. éu

1 ≤ i ≤ t, Gi = Ci ∪ {v}þ�3Ã� k->/Ú ci.ÏLN� ci ¦�� v 'é�>/ØÓ�ôÚ,ù

� k�ôÚ�±òã G/Ð,gñ.

Ún2 G¥ 2-:Ø� 3−-:��.

y² - v��� 2-:, u´� v��� 3−-:,�?Ø d(u) = 3��¹, d(u) = 2��¹Ón

��.P N(v) = {u,w}, N(u) = {v, u1, u2}.- G
′

= G− uv, G
′
k��Ã� k- >/Ú c.�Äe¡

ü«�¹:

(1) c(vw) /∈ {c(uu1), c(uu2)}

d��±^ L \ {c(vw), c(uu1), c(uu2)}¥�ôÚ/> vu,gñ.

(2) c(vw) ∈ {c(uu1), c(uu2)}

> uv�B^Ú F (uv)÷v: |F (uv)| ≤ |C(u)∪C(v)∪C(w)| ≤ d(u)−1 +d(v)−2 +d(w)−1 ≤
∆ + 1 < k,��- α ∈ L\F (uv), c(uv) = α,�� G���Ã� k->/Ú,gñ.

Ún3 � v�ã G��� 4+-:,e n2(v) = 1,K n2(v) + n3(v) ≤ d− 3.

y² b� n2(v) + n3(v) ≥ d − 2. P N(v) = {v1, v2, . . . , vd}, �d(v1) = 2, d(vi) ≤ 3, i =

2, 3, . . . , d − 2.�?Ø d(vi) = 3, i = 2, 3, . . . , d − 2��¹,Ù¦�¹Ón��.- N(v1) = {v, v′1},
N(vi) = {v, v′i, v

′′

i }, i ∈ {2, 3, . . . , d − 2}, G′ = G − vv1, G
′
k��Ã� k- >/Ú c.-c(vvi) = i,

i ∈ {2, 3, . . . , d}.�Äe¡n«�¹:

�¹1 c(v1v
′

1) /∈ {2, 3, . . . , d}

d��- α ∈ L\{2, 3, . . . , d, c(v1v
′

1)}, c(vv1) = α,�� G���Ã� k->/Ú,gñ.

�¹2 c(v1v
′

1) ∈ {2, 3, . . . , d− 2}

Ø���5,- c(v1v
′

1) = 2.> vv1�B^ÚF (vv1)÷v: |F (vv1)| ≤ |{2, 3, . . . , d, c(v2v
′

2), c(v2v
′′

2 )}| ≤
d− 1 + 2 = d+ 1 < k.� k«ôÚ�òã G/Ð,gñ.

�¹3 c(v1v
′

1) ∈ {d− 1, d}

Ø���5,- c(v1v
′

1) = d.²L v
′

1, vd �½�3�^ (d, α)(v1,v)-VÚ´, α ∈ {1, d+ 1, d+ 2},
ÄK�±^ α/> vv1,¦� k«ôÚòã G/Ð,�)gñ.� {1, d, d+ 1, d+ 2} ⊆ C(v

′

1),�3ô

Ú i0, 2 ≤ i0 ≤ d− 2,� i0 /∈ C(v
′

1),^ i0/> v1v
′

1,��¹ 2aq, Gk��Ã� k- >/Ú,gñ.

Ún4 � v�ãG��� d-:, u� v� 2-�:,e u� 3-¡'é,K d ≥ 5,� n2(v)+n3(v) ≤
d− 4.

y² Äky² d ≥ 5.

� d = 4,P N(v) = {u, v1, v2, v3}, N(u) = {v, v1}.- G
′

= G− vu, G
′
k��Ã� k->/Ú c.
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dÚn 2 , d(v1) ≥ 4,- c(vvi) = i, i ∈ {1, 2, 3}.�Äe¡ü«�¹:

�¹1 c(v1u) /∈ {2, 3}

> uv�B^Ú F (uv)÷v: |F (uv)| ≤ |C(u) ∪ C(v)| ≤ d(u)− 1 + d(v)− 1 = 4 < k,d��-

α ∈ L\F (uv), c(uv) = α,Ïd k«ôÚ�òã G/Ð,gñ.

�¹2 c(v1u) ∈ {2, 3}

> uv�B^Ú F (uv)÷v: |F (uv)| ≤ |C(u)∪C(v)∪C(v1)| ≤ d(u)−1+d(v)−2+d(v1)−2 =

d(v1) + 1 < k,d��- α ∈ L\F (uv), c(uv) = α,Ïd k«ôÚ�òã G/Ð,gñ.

y3y² n2(v) + n3(v) ≤ d− 4.

� n2(v) + n3(v) ≥ d− 3.P N(v) = {u, v1, v2, . . . , vd−1}, N(u) = {v, v1}.�I?Ø d(vi) = 3,

i = 2, 3, . . . , d − 3��¹,Ù¦�¹Ón��,- N(vi) = {v, v′i, v
′′

i }, G
′

= G − uv, G
′
k��Ã�

k->/Ú c.Ø���5,- c(vvi) = i, i = 1, 2, . . . , d− 1.�Äe¡n«�¹:

�¹1 c(uv1) /∈ {2, . . . , d− 1}

> uv�B^Ú F (uv)÷v: |F (uv)| ≤ |C(u) ∪ C(v)| ≤ d(u)− 1 + d(v)− 1 = d < k,Ïd k«

ôÚ�òã G/Ð,gñ.

�¹2 c(uv1) ∈ {2, 3, . . . , d− 3}

Ø���5,� c(uv1) = 2.> uv �B^Ú F (uv)÷v: |F (uv)| ≤ |C(u) ∪ C(v) ∪ C(v2)| ≤
d(u)− 1 + d(v)− 2 + d(v2)− 1 = 1 + d− 2 + 2 = d− 1 < k,Ïd k«ôÚ�òã G/Ð,gñ.

�¹3 c(uv1) ∈ {d− 2, d− 1}

Ø���5, � c(uv1) = d − 1. K�3�^²L v1, vd−1 � (d − 1, α)(u,v)-´, ÄK, �-

c(uv) ∈ L \ {1, 2, . . . , d − 1}, c=� G���Ã� k->/Ú,gñ.e α ∈ {2, . . . , d − 1},K�-
c(uv) ∈ {d, d + 1, d + 2}, l k «ôÚ�òã G /Ð, gñ. � α ∈ {d, d + 1, d + 2}. y�ä½
{d, d+ 1, d+ 2} ⊆ C(v1),ÄK�- c(uv) ∈ {d, d+ 1, d+ 2} \C(v1), c=� G���Ã� k->/Ú,

gñ.K�3 i0, 2 ≤ i0 ≤ d− 3,�i0 /∈ C(v1),d��^ i0/> uv1, ��¹ 2aq, Gk��Ã�

k->/Ú,gñ.

Ún5 [18] éu?¿> uv ∈ E(G),k d(u) + d(v) ≥ 7.

Ún6 - f ��� 3-¡,P� f = [uvw].e d(v) = 3,K d(u), d(w) ≥ 5.

y² dÚn 5,e d(v) = 3,K d(u) ≥ 4, d(w) ≥ 4.- d(u) = 4, N(u) = {v, w, u1, u2}, N(v) =

{u,w, v1}.du GØ¹��n�/,� u1, u2, v1 þØ�Ó.- G
′

= G − uv, G
′
k��Ã� k- >/

Ú c.b� c(uu1) = 1, c(uu2) = 2, c(uw) = 3.�Äe¡n«�¹:

�¹1 |C(u) ∩ C(v)| = 0

> uv �B^Ú F (uv)÷v: |F (uv)| ≤ |C(u) ∪ C(v)| ≤ d(u) − 1 + d(v) − 1 = 3 + 2 = 5 < k,

d� k«ôÚ�òã G/Ð,gñ.
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�¹2 |C(u) ∩ C(v)| = 1

(1) c(vv1) ∈ {c(uu1), c(uu2)}.

- c(vv1) = 1, c(vw) = 4.²L v1, u1�½�3∆− 2^ (1, α)(u,v)-VÚ´, α ∈ {5, . . . , k}.e�
3 γ ∈ {5, . . . , k},�²L v1, u1 Ã (1, γ)(u,v)- VÚ´,K�- c(uv) = γ, c=� G���Ã� k->

/Ú,gñ.� {1, 5, . . . , k} ⊆ C(v1).

e 3 /∈ C(v1), K�^ 3 /> vv1, d�²L v1, w �½�3 ∆ − 2 ^ (3, β)(u,v)-VÚ´,

β ∈ {5, . . . , k}.e�3 γ ∈ {5, . . . , k},�²L v1, wÃ (3, γ)(u,v)-VÚ´,K�- c(uv) = γ, c=� G

���Ã� k->/Ú,gñ.� C(w) = {3, 4, 5, . . . , k}.d��^ 3/> vv1, 4/> uw, 1/> vw, β

/> uv , c�G���Ã� k->/Ú,gñ.�dþã?Ø�� 3 ∈ C(v1),=C(v1) = {1, 3, 5, . . . , k}.
d��^ 4/> vv1,^ 1/> vw,^ α/> uv, α ∈ L \ {1, 2, 3, 4}, c=� G���Ã� k->

/Ú,gñ.

(2) c(vv1) = c(uw), c(vw) = 4.

²L v1, w �½�3 ∆ − 2 ^ (3, β)(u,v)-VÚ´, β ∈ {5, . . . , k}. e�3 γ ∈ {5, . . . , k}, �
²L v1, w Ã (3, γ)(u,v)-VÚ´, K�- c(uv) = γ, c =� G ���Ã� k- >/Ú, gñ. �

C(w) = {3, 4, 5, . . . , k}, {3, 5, . . . , k} ⊆ C(v1). d��^ {1, 2} \ C(v1) ¥�ôÚ/> vv1, ¦�

c(vv1) ∈ {c(uu1), c(uu2)},� (1)?Øaq, c� G���Ã� k- >/Ú,gñ.

(3) c(vw) ∈ {c(uu1), c(uu2)}.

- c(vw) = c(uu1) = 1, c(vv1) = 4. ²L w, u1 �½�3 ∆ − 2 ^ (1, α)(u,v)-VÚ´, α ∈
{5, . . . , k}.e�3 γ ∈ {5, . . . , k},�²L w, u1 Ã (1, γ)(u,v)-VÚ´,K�- c(uv) = γ, c=� G�

��Ã� k->/Ú,gñ.� C(w) = {1, 3, 5, . . . , k}.

{5, . . . , k} ⊆ C(v1),ÄK�^ 4/> uv,^ {5, . . . , k} \ C(v1)/> vv1,�)gñ.d�ÏL

^ {1, 3} \ C(v1)/> vv1,^ 4/> vw,� (1)(2)?Øaq, c� G���Ã� k->/Ú,gñ.

�¹3 |C(u) ∩ C(v)| = 2

(1) c(vv1) = 3, c(vw) = 1.

²L u1, w �½�3 ∆ − 1 ^ (1, α)(u,v)-VÚ´, α ∈ {4, . . . , k}. e�3 γ ∈ {4, . . . , k},
�²L u1, w Ã (1, γ)(u,v)-VÚ´, K�- c(uv) = γ, c =� G ���Ã� k->/Ú, gñ. �

C(w) = {1, 3, 4, . . . , k}, d(w) = ∆ + 1,gñ.

(2) {c(vv1), c(vw)} = {1, 2}.� c(vv1) = c(uu1) = 1, c(vw) = c(uu2) = 2.

²L u1, v1 �½�3 ∆ − 1^ (1, α)(u,v)-VÚ´, α ∈ {4, . . . , k}.²L u2, w �½�3 ∆ − 2

^ (2, α)(u,v)-VÚ´, α ∈ {4, . . . , k}.� C(v1) = {4, . . . , k} ∪ {1} = L \ {2, 3}, C(w) = {4, . . . , k} ∪
{2, 3} = L\{1},C(v1)∪C(w) = [k],=²L u1, v1�½�3 (1, α)(u,v)-VÚ´, α ∈ {4, . . . , k}\C(w),

²L u2, w�½�3 (2, β)(u,v)-VÚ´, β ∈ {4, . . . , k} \ C(v1).d��^ α/> vw, G
′
k��#�

Ã� k- >/Ú c
′
,� |C ′(u) ∩ C ′(v)| = 1,��¹ 2?Øaq, G�Ã� k->�/�,gñ.

Ún7 [18] - f ��� 4-¡,P� f = [xyzw].e d(x) = d(z) = 3,K d(y), d(w) ≥ 5.
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3.2. �=£

- G�½n 1�4��~.du G÷vØ¹�� i-�,� 5, j-�Ø�, i ∈ {3, 4}, j ∈ {4, 6},K
ke¡(J¤á:

(P1)z� d-:��õ bd
2
c� 4−-¡'é;

(P2)e d(f) = 3,K� f ���¡þ� 6+-¡;

(P3)e d(f) = 3 ,� δ(f) = 2,K f ����� 7+-¡��;

(P4)e d(f) = 4,K� f ���¡þ� 6+-¡;

(P5)e d(f) = 5,K f ��¡� 5-¡½ 7+-¡;

(P6)e d(f) = 5 ,� δ(f) = 2,K f ����� 7+-¡��.

äó1 2-:3 3-¡þ,em3(v)�Ûê,Km7+(v) ≥ m3(v)+1
2

;em3(v)�óê,Km7+(v) ≥
m3(v)

2
.

�âëÏ²¡ã� Euler úª |V | + |F | − |E| = 2 9ÝÚúª
∑

v∈V (G)

d(v) =
∑

f∈F (G)

d(f) =

2|E(G)|, k ∑
v∈V (G)

(d(v)−4)+
∑

f∈F (G)

(d(f)−4) = −8.

y�E���¼ê, �v ∈ V (G) �, ω(v) = d(v) − 4, �f ∈ F (G) �, ω(f) = d(f) − 4,

Kk
∑

x∈V (G)
⋃

F (G)

ω(x) = −8. e¡�âG �(�5�, 3�±o�ÚØC��¹e, éG ¥

�:Ú¡��Ue¡�=�5K?1=£, ����#��¼êω
′
(x). e¡òy²: é?

¿x ∈ V (G)
⋃
F (G), Ñkω

′
(x) ≥ 0. l�ÑXegñ:

0 ≤
∑

x∈V (G)
⋃

F (G)

ω
′
(x) =

∑
x∈V (G)

⋃
F (G)

ω(x) = −8.

Tgñ`²½n 1�4��~ GØ�3,l½n 1¤á.

�=£5K:

R1 z� 5+-¡ f �¡þ�z��º:= d(f)−4
d(f)

.

R2 z� 5+-: v��� 2-:= 5
6
.

R3 z� 4-: v��� 3-:= 1
5
.

R4 z� 5+-: v��� 3-:= 1
3
.

R5 � f ´� 4+-: v'é� 3-¡,e δ(f) ≤ 3,K v� f = 1
2

; e δ(f) ≥ 4,K v� f = 1
3
.

e¡k�yé ∀f ∈ F (G),Ñk ω′(f) ≥ 0.

� d(f) = 3 �, �â R5 k ω
′
(f) ≥ d(f) − 4 + min{2 × 1

2
, 3 × 1

3
} = 0; � d(f) = 4 �,
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ω
′
(f) = ω(f) = 4− 4 = 0;� d(f) ≥ 5�,d R1,k ω

′
(f) = d(f)− 4− d(f)−4

d(f)
× d(f) = 0.

y3�yé ∀v ∈ V (G),Ñk ω′(v) ≥ 0.dÚn 1�� δ(G) ≥ 2.

(1) d(v) = 2, ω(v) = −2, m4−(v) ≤ 1.

dÚn 5��, v��:� 5+-:.

m4−(v) = 0�,d R1, R2k ω
′
(v) ≥ −2 +min{2× 1

5
, 1
5

+ 3
7
}+ 2× 5

6
= 1

15
> 0.

m4−(v) = 1 �, e v � 3-¡'é, K v �,	��'é¡� 7+-¡, d R1, R2 k ω
′
(v) ≥

−2 + 3
7

+ 2 × 5
6

= 2
21

> 0; e v � 4-¡'é, K v �,	��'é¡� 6+- ¡, d R1, R2 k

ω
′
(v) ≥ −2 + 1

3
+ 2× 5

6
= 0.

(2) d(v) = 3, ω(v) = −1, m4−(v) ≤ 1.

m4−(v) = 0�,ÏLÚn 5��n4+(v) = 3,dR1, R3, R4kω
′
(v) ≥ −1+3× 1

5
+3× 1

5
= 1

5
> 0.

m4−(v) = 1 �, e v � 3-¡'é, K v �,	ü�'é¡� 6+-¡, ÏLÚn 5 ÚÚn 6

�� n4(v) = 1, n5+(v) = 2, d R1, R3, R4 k ω
′
(v) ≥ −1 + 2 × 1

3
+ 1

5
+ 2 × 1

3
= 8

15
> 0;

e v � 4-¡'é, K v �,	ü�'é¡� 6+-¡, ÏLÚn 5 �� n4+(v) = 3, d R1, R3 k

ω
′
(v) ≥ −1 + 2× 1

3
+ 3× 1

5
= 4

15
> 0.

(3) d(v) = 4, ω(v) = 0, m4−(v) ≤ 2.

m4−(v) = 0�,ÏLÚn 5�� n2(v) = 0, n3(v) ≤ 4,dR1, R3k ω
′
(v) ≥ 0+4× 1

5
−4× 1

5
= 0.

m4−(v) = 1�,e v � 3-¡'é,K v �,	n�'é¡� 6+-¡,ÏLÚn 5ÚÚn 6��

n3(v) ≤ 2,dR1, R3, R5k ω
′
(v) ≥ 0+3× 1

3
− 1

3
−2× 1

5
= 4

15
> 0;e v� 4-¡'é,K v�,	n�

'é¡� 6+-¡,ÏLÚn 5ÚÚn 7�� n3(v) ≤ 3,dR1, R3k ω
′
(v) ≥ 0+3× 1

3
−3× 1

5
= 2

5
> 0.

m4−(v) = 2�,e v �ü� 3-¡'é,K v �,	ü�'é¡� 6+- ¡,ÏLÚn 5ÚÚn 6

�� n4+(v) = 4,d R1, R5k ω
′
(v) ≥ 0 + 2 × 1

3
− 2 × 1

3
= 0;e v ��� 3- ¡Ú�� 4- ¡'é,

K v �,	ü�'é¡� 6+-¡,ÏLÚn 5 ,Ún 6ÚÚn 7�� n3(v) ≤ 1,d R1, R3, R5k

ω
′
(v) ≥ 0 + 2× 1

3
− 1

3
− 1

5
= 2

15
> 0;e v�ü� 4- ¡'é,K v�,	ü�'é¡� 6+-¡,ÏLÚ

n 5ÚÚn 7�� n3(v) ≤ 2,d R1, R3k ω
′
(v) ≥ 0 + 2× 1

3
− 2× 1

5
= 4

15
> 0.

(4) d(v) = 5, ω(v) = 1, m4−(v) ≤ 2.

(4.1) m4−(v) = 0.

e vvk 2-�:,K n3+(v) = 5,dR1, R4k ω
′
(v) ≥ 1+5× 1

5
−5× 1

3
= 1

3
> 0;e vk 2-�:,

KÏLÚn 3�� n2(v)+n3(v) ≤ d−3 = 2. n2(v) = 2�,dR1, R2kω
′
(v) ≥ 1+4× 1

5
+ 3

7
−2× 5

6
=

59
105

> 0, n2(v) = 1, n3(v) = 1�,d R1, R2, R4k ω
′
(v) ≥ 1 + 4× 1

5
+ 3

7
− 5

6
− 1

3
= 223

210
> 0.

(4.2) m4−(v) = 1.

e v� 3-¡'é,K v�,	o�'é¡� 6+-¡. vvk 2 -�:�,ÏLÚn 5ÚÚn 6��

n3(v) ≤ 4,dR1, R4, R5kω
′
(v) ≥ 1+4× 1

3
− 1

2
−4× 1

3
= 1

2
> 0; vk 2-�:�,e 2-�:� 3-¡'é,

KÏLÚn 4�� n2(v)+n3(v) ≤ d−4 = 1,dR1, R2, R5k ω
′
(v) ≥ 1+3× 1

3
+ 3

7
− 1

2
− 5

6
= 23

21
> 0;

e 2-�:Ø� 3-¡'é, KÏLÚn 3 �� n2(v) + n3(v) ≤ d − 3 = 2, d R1, R2, R4, R5 k
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ω
′
(v) ≥ 1 + 4× 1

3
−max{ 1

3
+ 2× 5

6
, 1
2

+ 5
6

+ 1
3
} = 1

3
> 0.

e v � 4-¡'é,K v �,	o�'é¡� 6+-¡. v vk 2-�:�,ÏLÚn 5ÚÚn 7�

� n3(v) ≤ 5,d R1, R4k ω
′
(v) ≥ 1 + 4 × 1

3
− 5 × 1

3
= 2

3
> 0; v k 2-�:�,ÏLÚn 3��

n2(v) + n3(v) ≤ d− 3 = 2,d R1, R2, R4k ω
′
(v) ≥ 1 + 4× 1

3
−max{2× 5

6
, 5
6

+ 1
3
} = 2

3
> 0.

(4.3) m4−(v) = 2.

e v �ü� 3-¡'é, K v �,	n�'é¡� 6+-¡. v vk 2-�:�, ÏLÚn 5 Ú

Ún 6 �� n3(v) ≤ 3, d R1, R4, R5 k ω
′
(v) ≥ 1 + 3 × 1

3
− 2 × 1

2
− 3 × 1

3
= 0; v k 2-�

:�, e 2-�:� 3- ¡'é, KÏLÚn 4 �� n2(v) + n3(v) ≤ d − 4 = 1, d R1, R2, R5

k ω
′
(v) ≥ 1 + 2 × 1

3
+ 3

7
− 1

2
− 1

3
− 5

6
= 3

7
> 0; e 2-�:Ø� 3-¡'é, KÏLÚn 3 ��

n2(v) + n3(v) ≤ d− 3 = 2,d R1, R2, R4, R5k ω
′
(v) ≥ 1 + 3× 1

3
− 1

2
− 1

3
− 5

6
− 1

3
= 0.

e v��� 3-¡Ú�� 4-¡'é,K v�,	n�'é¡� 6+-¡. vvk 2-�:�,ÏLÚn

5,Ún 6ÚÚn 7�� n3(v) ≤ 4,d R1, R4, R5k ω
′
(v) ≥ 1 + 3 × 1

3
− 1

2
− 4 × 1

3
= 1

6
> 0; v k

2-�:�,e 2-�:� 3-¡'é,KÏLÚn 4�� n2(v) + n3(v) ≤ d − 4 = 1,d R1, R2, R5k

ω
′
(v) ≥ 1 + 2× 1

3
+ 3

7
− 1

2
− 5

6
= 16

21
> 0;e 2-�:Ø� 3-¡'é,KÏLÚn 3�� n2(v) +n3(v) ≤

d− 3 = 2,d R1, R2, R4, R5k ω
′
(v) ≥ 1 + 3× 1

3
−max{ 1

3
+ 2× 5

6
, 1
2

+ 5
6

+ 1
3
} = 0.

e v �ü� 4-¡'é,K v �,	n�'é¡� 6+-¡. v vk 2-�:�,ÏLÚn 5ÚÚn 7

�� n3(v) ≤ 5,d R1, R4k ω
′
(v) ≥ 1 + 3 × 1

3
− 5 × 1

3
= 1

3
> 0; v k 2-�:�,ÏLÚn 3��

n2(v) + n3(v) ≤ d− 3 = 2,d R1, R2, R4k ω
′
(v) ≥ 1 + 3× 1

3
−max{2× 5

6
, 5
6

+ 1
3
} = 1

3
> 0.

(5) d(v) = d ≥ 6, ω(v) = d− 4, m4−(v) ≤ bd
2
c.

P τ � v�'é¡=� v�o��; τ(f → v)�¡ f =� v���; τ(v → u)�: v=�: u

���.

(5.1) m4−(v) = 0.

(5.1.1) n2(v) = 0.

d R1, R4�� ω
′
(v) ≥ d− 4 + 1

5
d− 1

3
d = 13

15
d− 4 > 0.

(5.1.2) n2(v) > 0.

ÏLÚn 3�� n2(v) + n3(v) ≤ d− 3.dum4−(v) = 0,��Ä� v'é�¡�� 5+-¡��

¹.

(a) m5(v) = 0,= v�'é¡þ� 6+-¡.

dR1, R2, R4��ω
′
(v) ≥ d−4+ 1

3
m6(v)+ 3

7
m7+(v)− 5

6
n2(v)− 1

3
n3(v) ≥ d−4+ 1

3
d− 5

6
(d−3) =

1
2
d− 3

2
> 0.

(b) m6(v) = 0,= v�'é¡þ� 5-¡½ö 7+-¡.

d R1��,� 5-¡¦�Uõ, 7+-¡¦�U��, τ ������,du¡ f � 7-¡� τ(f → v)

��'¡ f � 8+-¡� τ(f → v)���,��¦� τ ��,ò 7+-¡þw� 7-¡�Ä.

d (P6)��,e 2-�:3 5-¡þ,KT 5-¡����� 7+-¡��. n2(v) = 0�, v �'é¡
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þ� 5-¡�¦� τ ��,3¦� τ ¦�U��cJeO\ 2-�:êþ.P N(v) = {v1, v2, . . . , vd},
f1 = [vvd . . . v1], f2 = [vv1 . . . v2], fi = [vvi−1 . . . vi], 2 ≤ i ≤ d. d(v1) = 3�, τ(f1 → v) + τ(f2 →
v)− τ(v → u) = 1

15
; d(v1) = 2�, τ(f1 → v) + τ(f2 → v)− τ(v → u) = − 43

210
,�� n3−(v) = 1�,

òÙw� 2-�:�¦� v=Ñ���õ. n3−(v) = 2�,e d(v1) = d(v2) = 2,K v�'é¡¥��

1� 5-¡òC� 7+- ¡,d�
∑3

i=1 τ(fi → v)−
∑2

i=1 τ(v → vi) ≥ − 88
105

;e d(v1) = 2, d(v2) = 3,K∑3
i=1 τ(fi → v) −

∑2
i=1 τ(v → vi) = − 71

210
;e d(v1) = d(v2) = 3,K

∑3
i=1 τ(fi → v) −

∑2
i=1 τ(v →

vi) = − 1
15

,�� n3−(v) = 2�,òÙþw� 2-�:�¦� v =Ñ���õ. n3−(v) ≥ 3��¹?Ø

Óþ,��¦� v=Ñ���õ,ò v�:¥� 3−-:þw� 2-:�Ä,=k n2(v) ≤ d− 3.e n2(v)

�Ûê,Km7+(v) ≥ n2(v)+1
2

,e n2(v)�óê,Km7+(v) ≥ n2(v)
2

.

n2(v)�Ûê�,d R1, R2�� ω
′
(v) ≥ d− 4 + 1

5
m5(v) + 3

7
m7+(v)− 5

6
n2(v) ≥ d− 4 + 1

5
(d−

n2(v)+1
2

) + 3
7
× n2(v)+1

2
− 5

6
n2(v) = 6

5
d− 151

210
n2(v)− 136

35
≥ 6

5
d− 151

210
(d− 3)− 136

35
= 101

210
d− 121

70
> 0.

n2(v)�óê�,d R1, R2�� ω
′
(v) ≥ d− 4 + 1

5
m5(v) + 3

7
m7+(v)− 5

6
n2(v) ≥ d− 4 + 1

5
(d−

n2(v)
2

) + 3
7
× n2(v)

2
− 5

6
n2(v) = 6

5
d− 151

210
× n2(v)− 4 ≥ 6

5
d− 151

210
(d− 3)− 4 = 101

210
d− 129

70
> 0.

(c) v�'é¡¥ 5-, 6-, 7+-¡þ�3.

du¡ f � 7-¡� τ(f → v)��'¡ f � 8+-¡� τ(f → v)���,��¦� τ ��,ò

7+-¡þw� 7-¡�Ä, =�Ä v �'é¡¥ 5-, 6-, 7-¡þ�3��¹. du 5-,6-¡Ø�, ���

1 ≤ m5(v) ≤ d− 3, 1 ≤ m6(v) ≤ d− 3, 2 ≤ m7(v) ≤ d− 2.P x� 5- ¡C� 6-¡�êþ, y� 7-¡

C� 6-¡�êþ.

d (b)��, m6(v) = 0,= v�'é¡� 5-¡½ 7+-¡�, 5-¡¦�Uõ, 7+-¡¦�U���y

τ ��,y3 v�'é¡¥�3 6-¡,�Aò 5-¡½ 7+-¡C� 6-¡,��y τ ¦�U�ò (b)¥ 7+-

¡þw� 7-¡.

eØUC (b)¥ 7-¡�êþ,K�UÏL~� 5-¡�êþlO� 6-¡�êþ.du 5-,6-¡Ø

�,� 1 ≤ m5(v) ≤ d− 3,��õ d−m7(v)− 1� 5-¡�C� 6- ¡,= 1 ≤ x ≤ d−m7(v)− 1.�

â R1¡ f d 5-¡C� 6-¡ τ(f → v)òC� 2
15

,�ÏL~� 5-¡�êþ5O� 6-¡�êþ¬¦�

τ C�.

eØUC (b)¥ 5-¡�êþ,K�UÏL~� 7-¡�êþlO� 6-¡�êþ.du 5-,6-¡Ø

�� v� 2-�:êþ´(½�,�ÏLN�uy�ª 7-¡êþØC, 5-¡êþ~�,�þã?Ø�q,

τ C�.

yÏLUC (b)¥ 5-¡Ú 7-¡�êþ5O� 6-¡�êþ.eò�� 7-¡C� 6-¡,Kò¦Ù�

�ü� 5-¡C� 6-¡½�� 5-¡C� 6- ¡,�� 5-¡C� 7-¡½ü� 5-¡C� 7- ¡.e�� 5-¡

C� 6-¡,�� 5-¡C� 7- ¡,du 5-,6- ¡Ø�� v� 2-�:êþ´(½�,�ÏLN�uy�ª

7-¡êþØC, 5-¡êþ~�,�þã?Ø�q, τ C�.du¡ f d 5-¡C� 6-¡ τ(f → v)òC�
2
15

,¡ f d 5- ¡C� 7-¡ τ(f → v)òC� 8
35

,��¦� τ ¦�U�=�Äò (b)¥ 7-¡C� 6-¡

�Ù��ü� 5-¡C� 6-¡��¹,d�k 2 ≤ y + 1 ≤ x ≤ d−m7(v)− 1,du¡ f d 5- ¡C�

6-¡ τ(f → v)òC� 2
15

,¡ f d 7-¡C� 6-¡ τ(f → v)ò � 2
21

,�ÏLÓ�~� 5- ¡Ú 7-¡

�êþ5O� 6-¡�êþ�¬¦� τ C�.

DOI: 10.12677/aam.2021.108276 2669 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.108276


_j§ÁöI

nþ, 5-, 6-, 7+-¡þ�3��ª��ò�u (b)�¹e��ª��,= ω
′
(v) ≥ 0.

(5.2) 1 ≤ m4−(v) ≤ bd
2
c.

(5.2.1) n2(v) = 0.

d R1, R4, R5 �� ω
′
(v) ≥ d − 4 + 1

3
(d − m3(v) − m4(v)) − 1

2
m3(v) − 1

3
(d − m3(v)) =

d− 1
2
m3(v)− 1

3
m4(v)− 4 ≥ d− 1

2
(m3(v) +m4(v))− 4 ≥ 3

4
d− 4 > 0.

(5.2.2) n2(v) > 0.

(a) 2-�:� 3-¡'é.

ÏLÚn 4�� n2(v) + n3(v) ≤ d− 4.�âäó 1 :

m3(v)�Ûê�,d R1, R2, R5k ω
′
(v) ≥ d− 4 + 3

7
× m3(v)+1

2
+ 1

3
× (d−m4−(v)− m3(v)+1

2
)−

1
2
m3(v)− 5

6
(d− 4) = 1

2
d− 11

14
m3(v)− 1

3
m4(v)− 13

21
≥ 1

2
d− 11

14
m4−(v)− 13

21
≥ 3

28
d− 13

21
> 0.

m3(v)�óê�,e d ≥ 7,Kd R1, R2, R5k ω
′
(v) ≥ d− 4 + 3

7
× m3(v)

2
+ 1

3
× (d−m4−(v)−

m3(v)
2

)− 1
2
m3(v)− 5

6
(d− 4) = 1

2
d− 11

14
m3(v)− 1

3
m4(v)− 2

3
≥ 1

2
d− 11

14
m4−(v)− 2

3
≥ 3

28
d− 2

3
> 0;e

d = 6,d� m3(v) = 2,d R1, R2, R5k ω
′
(v) ≥ d − 4 + 3

7
× m3(v)

2
+ 1

3
× (d −m4−(v) − m3(v)

2
) −

1
2
m3(v)− 5

6
(d− 4) = 1

2
d− 11

14
m3(v)− 1

3
m4(v)− 2

3
= 1

2
d− 1

3
m4(v)− 11

7
− 2

3
≥ 1

2
d− 1

3
(d
2
− 2)− 47

21
=

1
3
d+ 2

3
− 47

21
= 1

3
d− 11

7
= 3

7
> 0.

(b) 2-�:Ø� 3-¡'é.

ÏLÚn 3�� n2(v) + n3(v) ≤ d− 3.

m3(v) = 0�, d R1, R2, R5 k ω
′
(v) ≥ d − 4 + 1

3
× (d − m4−(v)) − 5

6
(d − 3) − 1

3
m3(v) =

1
2
d− 2

3
m3(v)− 1

3
m4(v)− 3

2
= 1

2
d− 1

3
m4(v)− 3

2
≥ 1

3
d− 3

2
> 0.

m3(v) = 1�, d R1, R2, R5 k ω
′
(v) ≥ d − 4 + 1

3
× (d − m4−(v)) − 5

6
(d − 3) − 1

3
m3(v) =

1
2
d− 2

3
m3(v)− 1

3
m4(v)− 3

2
= 1

2
d− 1

3
m4(v)− 13

6
≥ 1

3
d− 11

6
> 0.

2 ≤ m3(v) ≤ bd
2
c�, 4− d

2
≤ m3(v)−m4(v) ≤ d

2
,d R1, R2, R5k ω

′
(v) ≥ d− 4 + 1

3
× (d−

m4−(v))− 5
6
(d−2m3(v))− 1

3
(2m3(v)−3)− 1

3
m3(v) = 1

2
d+ 1

3
(m3(v)−m4(v))−3 ≥ 1

2
d+ 1

3
(4− d

2
)−3 =

1
3
d− 5

3
> 0.

nþ, ·���:

−8 =
∑

x∈V (G)
⋃

F (G)

ω(x) =
∑

x∈V (G)
⋃

F (G)

ω
′
(x) ≥ 0.

gñ,ù`² GØ�3,l½n 1´¤á�.
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