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Abstract

In recent years, deep neural networks have gradually become a research hotspot, and

they have relatively good performance in modeling complex data sets. There is a

potential connection between deep neural networks and dynamical systems. It is of

great theoretical and practical significance to deeply study deep neural networks using

dynamic system theory and methods. In this paper, firstly three types of reversible

neural networks and stability theorems given by Haber et al. are introduced, and then

Lin Jie’s contribution to the stability of continuous models is presented. Next, we give

a counter example to illustrate that the stability theorem for discrete models given by

Haber et al. is not rigorous, and then optimize and improve the theorem to obtain a

new theorem for judging the stability of Euler schemes. Finally, we apply the stability

theorem to a class of Hamiltonian networks.
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1. Úó

ÅìÆS�Ä�?Ö´Mï��v
´L�¼êa§�±±¤I�°ÝL«êâ"���

��{Ò´%CØµl�5¼êm©§,�¦^�^�!�Å½Ù¦Ä¼ê5�ï��5¼

ê [1, 2]"ù«�{�²wæNÒ´�ê§�
?nù�¯K§<�Ï~7Lb�¼ê�AÏ/ª§

~X��\{/ª½¦{/ª [3]"Cc5§�a#�Eâ��
wÍ�¤õ§=�Ý ²�ä�

. [4]§�Ý ²�ä�±w¤´da�Åû)5§a�Å´deZ�Ñ\±9��ÑÑ|¤§

§�Ñ\´,�é��A�§ÑÑ´§¤áaO"±d�Ä:§3Ù¥\\õ�Ûõ�§O\Ñ

Ñ��ê§¿ÀJÜ·�-¹¼ê§üzÑ5�XÚÒ¡��Ý ²�ä"�C�²�L²§ä

kõ���Ý�äq�3ï�E,�êâ8�¡��ÑÛ�Ð§¿K�
�¬����¡§lO

�ÅÀú [5]!g,�ó?n [6]�)ÔÆ [7]Ú>fûÖ" ²�ä�DÚ%CØ�«O3u§ 

²�ä|^{ü¼ê�|¤5%CE,�¼ê"ïÄ�Ý ²�ä�L§Ò���ÝÆS§¦´
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ÅìÆS+�¥���#�ïÄ��"�,·�E,"y��n)�Ý ²�ä�nØµe§�

§�¢S¤õ%�~-<�Í"

�
�Ð�ïÄ�Ý ²�ä§Weinan EJÑò�Ý ²�äw�´ëYÄåXÚ�lÑz§

@olnØþù§·��N´n)Ú©ÛëYÄåXÚ. ëYÄåXÚJø
�õ�(¹5£~X

V\�å§¦ÄåXÚ·A¯K§éÄåXÚN\�½�(�¤§¿�'lÑXÚ�N´©Û"Ó

�§llÑÄåXÚ��Ý5w§�kNõnØÚ�{�±/�"

2. �Ý ²�ä�½50�

�ÝÆS¥���(J5gud3����.�Ø½5§ùéA��DÂ´éØ|�"�


�äéu�©A�¥��6Ä�U´Ø½�§=�k�A�3²L�äDÂ��§¬Ã��

��§½ö��§·�r¦¡�FÝ�¿½FÝ��"ù
(J-<ØS§Ï�äkØ½��

DÂ��ä¤��ýÿéÑ\A���6Ä�~¯a§ù�U¬���ä3¢�¥´Ã^�"Ï

d§XÛÔöÑ��½�·½��äÒ¤�
��'��¯K"

u´Haber�<3 [8]¥JÑ
��'u�Ý ²�ä�½5��_5�nØµe§í�Ñ

n«�_ ²�äe�

1) The two-layer Hamiltonian network

ëY�.µ 
Ẏ (t) =σ(K(t)Z(t) + b(t)),

Ż(t) =− σ(K(t)TY (t) + b(t)),

(a1)

lÑ�.µ 
Yj+1 = Yj + hKT

j1σ(Kj1Zj + bj1),

Zj+1 = Zj − hKT
j2σ(Kj2Yj+1 + bj2),

(a2)

2) The midpoint network

ëY�.µ

ẏ = σ((K −KT )y + b), (b1)

lÑ�.µ

Yj+1 =


2hσ((Kj −KT

j )Yj + bj), j = 0,

Yj−1 + 2hσ((Kj −KT
j )Yj + bj), j > 0,

(b2)

3) The leapfrog network

ëY�.µ

Ÿ (t) = −K(t)Tσ(K(t)Y (t) + b(t)), (c1)
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lÑ�.µ

Yj+1 =

 2Yj − h2KT
j σ(KjYj + bj), j = 0,

2Yj − Yj−1 − h2KT
j σ(KjYj + bj), j > 0,

(c2)

3ù�Ä:þ§Haber�<3 [9]¥§JÑ
�«AÏ/ª�48�ä§¡��é¡48 ²�ä§

Äk?ØXÚ

y′(t) = tanh((Wy −WT
y )y(t) + Vyx(t) + b(y)), (1)

Ù¥§y(t) ∈ Rn§x(t) ∈ Rm§Wy ∈ Rn×n§Vy ∈ Rn×m§by ∈ Rn§ùpWy −WT
y´���é¡

Ý
§u´XÚ�JacobiÝ
�

J(t) = diag[tanh′((Wy −WT
y )y(t) + Vyx(t) + b(y))](Wy −WT

y ), (2)

,�òXÚ(1)?1��î.lÑ�ªÒ��
�é¡48 ²�ä

yt = yt−1 + h tanh((Wy −WT
y )yt−1 + Vyxt + b(y)), (3)

Ù¥yt ∈ Rn´t���ÛõG�§xt ∈ Rm´t���Ñ\§Wy ∈ Rn×n,Vy ∈ Rn×m§by ∈ Rn´�

ä�ëê§hL«Ú�"

þã�ä�.�JÑ´ÄuHaber3©z [10]¥�Ñ���'uí��ä½5�/½n0µ

��î.�ª´½�XJ÷v^�

max
i=1,2,··· ,n

|1 + hλi(J(t))| ≤ 1,

Ù¥J(t)´lÑXÚ�JacobiÝ
"ù�/½n0�^�Ù¢´Ø¿©�§·�ò3e�!?1?

Ø"

3. lÑ�.�½5�½

�'3 [11]¥�é©z [10]�Ñ�½5/½n0�3�¯K§y²
��'uëY�.�

½5�â§�e5·ò?ØlÑ�.�½5"Haber3©z [10]¥�Ñ���'uí��ä½

5�/½n0µ

��î.úª´½�XJ÷v^�

max
i=1,2,··· ,n

|1 + hλi(J(t))| ≤ 1,

Ù¥J(t)´lÑXÚ�JacobiÝ
"ù�/½n0�^�Ù¢´Ø¿©�§·�y3Ò5?Ø�õ

§"

�
?Øù�/½n0�Ün5§·�I�/Ï±e½Â�½n

½Â1. e�«ê��{3!:�ynþ�)���δ�6Ä§3±��!:�ym(m > n)þ�)

� �þØ�Lδ§K¡T�{´½�"
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�	e��.�§y′ = λy§§�î.�ª�

yn+1 = (1 + hλ)yn, (4)

�3!:ynþk�6Äεn§§�DÂ¦!:�yn+1�)���εn+1�6Ä�§�y
∗
n = yn + εn§u

´

y∗n+1 = (1 + hy)y∗n

= (1 + hy)(yn + εn)

= (1 + hy)yn + (1 + hy)εn

= yn+1 + (1 + hy)εn,

K6Ä�εn+1÷v

εn+1 = (1 + hλ)εn,

¤±�â½Â3.1§þã�.�î.�{�½5^��

|1 + hλ| ≤ 1,

�´ù��{�·^u��XÚ��¹§éun�XÚ§ØU{ü�íÑ(Ø"

�Ä��{ü����§

ẏ = Jy,

Ù¥§y =

(
y1

y2

)
, J =

(
λ 1

0 λ

)
§§�î.lÑ�ª�

yn+1 = (I + hJ)yn,

òÙ�¤©þ�/ª�

y1n+1 = (1 + hλ)y1n + hy2n,

y2n+1 = (1 + hλ)y2n,
(5)

�3!:yn =

(
y1n

y2n

)
þk�6Äεn =

(
ε1n

ε2n

)
§§�DÂ¦!:�yn+1 =

(
y1n+1

y2n+1

)
�)���εn+1 =(

ε1n+1

ε2n+2

)
�6Ä�§P (

z1n

z2n

)
=

(
y1n

y2n

)
+

(
ε1n

ε2n

)
,

u´

z1n+1 = (1 + hλ)z1n + hz2n

= (1 + hλ)(y1n + ε1n) + h(y2n + ε2n)

= y1n+1 + (1 + hλ)ε1n + hε2n,
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Ón

z2n+1 = (1 + hλ)z2n

= (1 + hλ))(y2n + ε2n)

= y2n+1 + (1 + hλ)ε2n,

¤±·��±��

εn+1 =

(
1 + hλ h

0 1 + hλ

)
εn, (6)

�|1 + hλ| < 1�§

ε1n+1 = (1 + hλ)ε1n + hε2n

= (1 + hλ)[(1 + hλ)ε1n−1 + hε2n−1] + h(1 + hλ)ε2n−1

= (1 + hλ)2ε1n−1 + 2h(1 + hλ)ε2n−1

= (1 + hλ)n+1ε10 + (n+ 1)h(1 + hλ)nε20,

ε2n+1 = (1 + hλ)ε2n

= (1 + hλ)n+1ε20,

(7)

Ï�|1+hλ| < 1§u´�n→ +∞�§(1+hλ)n+1 → 0§¤±ε2n+1 → 0§·��I�`²ε1n+1 → 0§

¤±�Iy²

lim
n→+∞

(n+ 1)h(1 + hλ)n = 0

�d·�¦^â7�{K

lim
n→+∞

(n+ 1)h(1 + hλ)n

= lim
n→+∞

(n+ 1)h

(1 + hλ)−n

= lim
n→+∞

h

−(1 + hλ)−n ln(1 + hλ)

= lim
n→+∞

−h(1 + hλ)n

ln(1 + hλ)

= 0,

¤±§�|1 + hλ| < 1�§XÚ�½5´�±�y�§�´§�|1 + hλ| = 1�

ε1n+1 = ε1n + hε2n,

ε2n+1 = ε2n,
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u´

ε1n+1 = ε1n + hε2n

= ε1n + hε20

= ε1n−1 + 2hε20

= ε10 + nhε20,

�n→ +∞�§ε1n+1 → +∞§w,§´Ø½�§u´·�I�Haber�½n?1?�"

�ÄXe��©�§

ẋ = f(t, x),

�§���C©�§

ẏ = A(t)y, (8)

�A´~êÝ
�§·���qC�y = Tw§u´

ẇ = Λw, Λ , T−1AT. (9)

Ù¥Λ =


Λ1 0

. . .

0 Λl

§ Λi´ ri × ri Jordan ¬



λi 1 · · · 0

...
. . .

. . .
...

0
. . .

. . . 1

0 · · · 0 λi


§λi´A�A�

�§1 ≤ i ≤ l§m =
l∑

i=1

ri"§�î.�ª�

wn+1 = (I + hΛn)wn,

dd·��±�Ñ±e½5½nµ

½n1. �A´~êÝ
�§��î.úª½�¿�^�´|1 + hλi| ≤ 1,�|1 + hλi| = 1�A

��λi¤éA��êê�uAÛê§=�A�Jordan ¬�λiI

y²µ�A´n×n�~êÝ
§¦km�A��λ1, · · · , λk, λk+1, · · · , λm§Ù¥λ1, · · · , λk÷v

^�|1 + hλi| < 1§λk+1 · · · , λm ÷v^�|1 + hλi| = 1�¦�¤éA��êê�uAÛê§u

´·�òXÚ(8)§?1��qC�y = Tw§�

ẇ = Λw, Λ , T−1AT. (10)
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Ù¥Λ =



Λ1

. . .

Λk

Λk+1

. . .

Λm


§Λp =


λp 1 · · · 0
...

. . .
. . .

...

0
. . .

. . . 1

0 · · · 0 λp

§1 ≤ p ≤ k§Λq =

λqI, k < q ≤ m§u´(10)�î.�ª�

wn+1 =



I + hΛ1

. . .

I + hΛk

I + hΛk+1

. . .

I + Λm,


wn (11)

�3!:wj =


w1

j

...

wn
j

þk�6Äεj =


ε1j
...

εnj

§§�DÂ¦!:�wj+1 =


w1

j+1

...

wn
j+1

�)��

�εj+1 =


ε1j+1

...

εnj+1

 �6Ä�"
·�U(11)¥ØÓ�©¬5?Ø6Ä�Cz§éuÙ¥�1i�©¬§¦éA�6Ä�

εrij+1, · · · , ε
si
j+1§�1 ≤ i ≤ k �§k

εrij+1 = (1 + hλi)ε
ri
j + hεri+1

j ,

...

εsij+1 = (1 + hλi)ε
si
j ,

u´�âc¡�?Ø§�j → +∞�§εrij+1, · · · , ε
si
j+1 → 0

�k < i ≤ m�
εrij+1 = εrij = εri0 ,

...

εsij+1 = εsij = εsi0 ,

¦�6Ä�Øu)UC§u´�âþãü«?Ø§½5�y"
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�A(t)��mtk'�§b�A(t)'u�mtúC§=A(t) = D + B(t)§÷v^�||B(t)|| <
ε, 0 < ε < 1§u´·�XÚ(8)ÒC�

ẏ = (D + B(t))y, (12)

��qC�y = Tw§u´

ẇ = T−1DTw + T−1B(t)Tw, (13)

¦�î.�ª�

wn+1 = wn + hT−1DTwn + T−1BnTwn, (14)

PT−1DT = D̃,T−1BnT = B̃n§u´XÚÒC�

wn+1 = wn + hD̃wn + B̃nwn, (15)

u´

ε1n+1 = (1 + hλi)ε
1
n + hε2n + b11(n)ε1n + b12(n)ε2n + · · ·+ b1n(n)εnn,

b�D3Eê�þ�é�z§=D̃´��é�Ý
§u´üÕ?Øε1n+1

ε1n+1 = (1 + hλi)ε
1
n + hε2n + b11(n)ε1n + b12(n)ε2n + · · ·+ b1n(n)εnn,

b�εjnn = max {ε1n, ε2n, · · · , εnn}§@o

ε1n+1 = (1 + hλi)ε
1
n + hε2n + b11(n)ε1n + b12(n)ε2n + · · ·+ b1n(n)εnn

< (1 + hλi)ε
jn
n + hεjnn + (b11(n) + b12(n) + · · ·+ b1n(n))εjnn

= (1 + hλi + h+ b11(n) + b12(n) + · · ·+ b1n(n))εjnn ,

(16)

Ø��b11(n) + b12(n) + · · ·+ b1n(n) < η§Ù¥η´��?¿�þ§@o

ε1n+1 = (1 + hλi)ε
1
n + hε2n + b11(n)ε1n + b12(n)ε2n + · · ·+ b1n(n)εnn

< (1 + hλi + h+ b11(n) + b12(n) + · · ·+ b1n(n))εjnn

≈ (1 + hλi + h)εjnn

= (1 + hλi + h)nεj11 ,

(17)

dd·��±�Ñ±e½5½nµ

½n2. �A(t)´��mtk'�§b�A(t)'u�mtúC§=A(t) = D + B(t)§D3Eê�

þ�é�z§�÷v|1 + hλi(t) + h| ≤ 1, bi1(n) + bi2(n) + · · ·+ bin(n) < η§Ù¥η´��?¿�þ§

@o��î.úª½�"

du�CÝ
�AÏ5§½n(2)�U����î.úª½�¿©^�§�\�õ�½n�

I?1�YïÄ"

DOI: 10.12677/aam.2023.127324 3258 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.127324


Xè�

4. ½5�A^

�âþ�!�½5½n·�5ïÄM�î�ä ẏ(t) = KT (t)σ(z(t) + b(t)),

ż(t) = −K(t)σ(y(t) + b(t)),
(18)

N´¦�XÚ(18)'u(y, z)�JacobiÝ
�

J(t) =

(
0 K(t)T

−K(t) 0

)(
diag(σ′(y + b)) 0

0 diag(σ′(z + b))

)
, (19)

b�ϕ : (y0(t), z0(t))´XÚ(18)���)§@oXÚ(18)3)ϕ?��5z�§�(
ε̇

η̇

)
=

(
0 K(t)Tdiag(σ′(z0(t) + b(t)))

−K(t)diag(σ′(y0(t) + b(t))) 0

)(
ε

η

)
, (20)

Ù¥§diag(·)L«�´d)ÒS���¤�é�Ý
§éu-¹¼êσ§ùpÀ�tanh¼ê§

tanh′ ∈ (0, 1]§Ïd·��?ØJ(t)�A��§�I?ØK(t)�A��§u´·�kXe½n

½n3. éuXÚ(20),�tanh′ ∈ (0, 1]§b�K(t)'u�mtúC§=K(t) = D + B(t)§D3E

ê�þ�é�z§�÷v|1 + hλi(t) + h| ≤ 1, bi1(n) + bi2(n) + · · ·+ bin(n) < η§Ù¥η´��?¿

�þ§@o(20)���î.�ª´½�"

5. o(�Ð"

�©�Ñ���~±d5`²Haber�<'ulÑ�.�½5½nØî>§�Ñ
�é�ä

î.�ª�Ý�ä½5�#�â§¿$^u�aM�î�ä"3dÄ:þ·���
�aM�

î�ä½5��â§k
½5�Ä:§Ò�±Ðm�YéuùaM�î�ä�`z��¯K

�ïÄ"Ó�§éu®²�Ñ�½5½n§��k��?Ø�/�§'X·�y3�Ñ��´

�ä���î.úª½�¿©^�§UÄ�Ñ�\�õ�^�§2öUÄò���½5½n

$^�,	üa ²�ä�.þ�"
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