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Abstract

In this paper,we analysize the long-time behavior of solutions for the non-local diffu-

sion equation with time-dependent memory kernel. When nonlinear term adheres to

subcritical growth condition and in the time-dependent space H1
0 (Ω) × L2

µt
(R+;H1

0 (Ω)),

by use of the Galerkin approximation method, the well-posedness and the regularity

of the solution arise achieved. And then the existence of the time-dependent global

attractors is proved by applying the delicate integral estimation method and decom-

position technique.
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1. Úó

�©ïÄ
��m�6PÁØÚ�ÛÜ*Ñ9D��§)�ìC1�:


∂tu− a(l(u))∆u−

∫ t

−∞
ht(s)∆u(t− s)ds+ f(u) = g(x), x ∈ Ω, t > τ,

u(x, t) = 0, x ∈ ∂Ω, t > τ,

u(x, τ) = uτ (x, t), x ∈ Ω, t 6 τ,

(1.1)

duÄåXÚ�üCQ�ûu�cG�, q�ûu��{¤ (�©z [1–3]9ÙÚ^),Ïd{¤

PÁéÄåXÚüC¬�)wÍ/K�.��§¥�PÁ��6u�m t�,L«Å�5á��Å5

�X�m�6²¬Åì��,=ÑyPzy�,X��,��á��.C
c5,�
�Ð��[y¢

)¹¥«+�1�,X*Ñ!à8!)�9é ÔÚ]�¿�,<�JÑ
äk�ÛÜ���A

*ÑXÚ.éu�ÛÜ*Ñ��ïÄ, Chipot3©z [4]¥&Ä
�k�ÛÜ� a(
∫

Ω
u)��Ô>�

¯K, �|^ BrouwerØÄ:½ny²
)��35, 3©z [5]¥ò�ÛÜ�ÿÐ�
�����
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ÛÜ�f a(l(u)), Ù¥ l ∈ L(L2(Ω);R).M��3©z [6]¥|^ Galerkin%C{ÚUþ�OïÄ


�k�¢ÚPÁ��g£�ÛÜ �©�§�ÄåÆ1�.±þïÄó�L²ÄåXÚ¥�k�

ÛÜ*Ñ��±�Ð/£ãNõ¢S¯K, ?�§ (1.1)Úå
2�Æö�ïÄ,�.

3�
�PÁá��'�Ôn¯K�íÄe, ��äk��mPÁ� �©�§®²¼�
´

L�ïÄ¤J. ~X, Giorig3©z [3]¥Ú\
����5 �©�§:
c0∂tu− k0∆u−

∫ t

−∞
k(t− s)∆u(s)ds+ f(u) = h, x ∈ Ω, t > τ,

u(x, t) = 0, x ∈ ∂Ω, t > τ,

u(x, τ + t) = u0(x, t), x ∈ Ω, t ≤ 0.

(1.2)

ÏLïÄ�'��¯K��
)���m1�.?�Ú3¯K (1.2)¥, �öé¼ê g(·, ·)#�
½Â¦Cþ u¤�	å���Ü©?��eã�§:

c0∂tu− k0∆u−
∫ t

τ

k(t− s)∆u(s)ds+ f(u) = g, x ∈ Ω, t > τ,

u(x, t) = 0, x ∈ ∂Ω, t > τ,

u(x, τ) = u0(x, 0), x ∈ Ω.

(1.3)

Ù¥ g(x, t) = h(x, t) +
∫ τ
−∞ k(t− s)∆u0(x, s)ds, x ∈ Ω, t > τ.,du�§ (1.3)�6L��{¤

Cþ�I�3�m τ þ�½��Ð�, ÏdT¯KØU3·����m¥�)��ÄåXÚ. �


)ûda¯K,é�
ü«=��Y.

1�«´ Dafermos3©z [7]¥JÑ�Å�5�g�ÚÙ¦^��{, Äk½Â#�Cþ:

ut(x, s) = u(x, t− s), s 6 0, t 6 τ

ηt(x, s) =

∫ s

0

ut(x, r)dr =

∫ t

t−s
u(x, r)dr, s 6 0, t 6 τ

d	, b� k(∞) = 0, µ(s) = −k′(s),KÏL©ÜÈ©{��:∫ t

−∞
k(t− s)4u(s)dr =

∫ ∞
0

µ(s)4ηt(s)ds

?¦�©�§ (1.3)C¤eãØ��¢�g£XÚ:

c0
∂u

∂t
− k0∆u−

∫ ∞
0

µ(s)4ηt(s)ds+ f(u) = g, x ∈ Ω, t > τ,

ηtt(s) = −ηts(s) + u(t), x ∈ Ω, t > τ, s ∈ R+,

u(x, t) = ηt(x, s) = 0, x ∈ ∂Ω, t ∈ R, s ∈ R+,

u(x, τ) = u0(x, 0), x ∈ Ω,

ητ (x, s) = η0(s), x ∈ Ω, s ∈ R+.

(1.4)
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� (1.4)¥éAÐ� (u0(0), η0)�)�´ (1.3)�). Ù¥1�©þ η0Ø�½�6u u0(·), Ïd�±
3Ü·���m L2(Ω) × L2

µ(R+;H1
0 (Ω))¥�E��ÄåXÚ, ¿y²�ÛáÚf��35. du

�§ (1.4)´¯K (1.3)�í2, KØUòXÚ (1.4)¥áÚf��35=£�¯K (1.3)¥.

1�«O��Y5gu��{ü�Y~, �Ø¼ê (�ÛÉ) k(t) = e−d0t, d0 > 0�, |^T�

Yy²
©z [1]¥��.�±3d�ÿ¼ê ϕ : (−∞, 0]�½���m L2
H1

0
¥)¤��äk£.

áÚf��g£ÄåXÚ, ¦�� λ > 0�,
∫ 0

−∞ e
λs‖ϕ(s)‖2H1

0
ds < +∞. Ïd, � k(·)��ê.¼ê

�,�±|^ [1]¥��{y²¯K (1.5)¥áÚf��35.

c0∂tu− k0∆u−
∫ t

−∞
k(t− s)∆u(s)ds+ f(u) = g, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t ∈ R,

u(x, 0) = u0(x), x ∈ Ω,

u(x, t) = ϕ(x, t), x ∈ Ω, t < 0.

(1.5)

,ù«�ê.¼ê�UéØ¼ê k(·)±9¼ê µ(·)¬�)é����, Ï�3éõ�¹e�

öÏ~äkÛ:. ÏdI��O�«Eâ^u3��m L2(Ω)× L2
H1

0
¥?n�kù«ÛÉØ¼ê�

�¹. =¦éu�����ÛÜ¯K, ��±ÏLM��3©z [8]¥�©Û���A�(J. �

©z [8]¥�§�PÁ��6u�m t�,�§¥�ÛÜ*Ñ�, �m�6PÁØÚ�¢��ÑÑ5

�OÚ;5�y�5
4�(J, Ïd3�©¥k�ÄØ��¢��¹.

Äk,duPÁØ¼ê�6u�m,½ÂCþ ηt ��m�ê�± ØÓ.Ùg,^u¹k��m

�6PÁ��§�²;�{Ú�©Ø�ªÃ{?1�§ (1.1)�ÑÑ5�OÚ)L§�;5�y.

�
�Ñ±þ(J,·�/Ï©z [9–12]�*:,3#�nØµee,|^È©�O{±9©)E|

¤õ�Ñ
�O�y²L§¥�¢�5JK,��
)�·½5Ú�K5,?y²
�m�6�

ÛáÚf��35.

�©�SNµeXe: 1 2!¥£�
�
ÐÚSN, ÎÒÚ�m½Â. 1 3!�åuy²�©

�Ì�(J, Äky²
��m�6PÁØÚ�ÛÜ*Ñ�9D��§)�·½5Ú�K5, Ùg

y²
�m�6áÂ8��35, ��|^È©�O{y²
�m�6áÚf��35.

2. O�ó�

eã�k�m�6PÁØ��ÛÜ�©�§ò´�©�ïÄ�µ
∂tu− a(l(u))∆u−

∫ t

−∞
ht(s)∆u(t− s)ds+ f(u) = g(x), x ∈ Ω, t > τ,

u(x, t) = 0, x ∈ ∂Ω, t > τ,

u(x, τ) = uτ (x, t), x ∈ Ω, t 6 τ,

(2.1)
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Ù¥ Ω´ RN þ�k�K>.��½k.�. ¼ê a ∈ C(R,R+)´�k|ÊF]~ê La(R)�ë

Y|ÊF]¼ê�

a(l(u1))− a(l(u2)) 6 La(R)[l(u1)− l(u2)], 0 < m 6 a(r), ∀r ∈ R (2.2)

��m�6PÁØ¼ê ht(s)´�K�,à���Ú�,¿�÷v

ht(s) =

∫ ∞
s

µt(y)dy, ∀s ∈ R+, t ∈ R.

b� µt(s) = −∂sht(s),¿�N� (t, s) 7→ µt(s) : R× R+ → R+��©z [9]¥ µt(s)½Â�Ó.

�â©z [13, 14]�Øã,½Â#�{¤Cþ

ηt(s) =


∫ s

0
u(t− r)dr, 0 6 s 6 t− τ,

ητ (s− t+ τ) +
∫ t−τ

0
u(t− r)dr, s > t− τ.

(2.3)

|^ µt(s) = −∂sht(s)Ú ht(∞) = 0,�ò�§ (2.1)�=z�

∂tu− a(l(u))∆u−
∫ ∞

0

µt(s)∆η
t(s)ds+ f(u) = g, (2.4)

�AÐ->�^��: 
u(x, t) = 0, x ∈ ∂Ω, t > τ,

ηt(x, s) = 0, (x, s) ∈ ∂Ω× R+, t > τ,

u(x, τ) = uτ (x, t), x ∈ Ω, t 6 τ,

ητ (x, s) = ητ (x, s), (x, s) ∈ Ω× R+,

(2.5)

Ù¥ u(·)÷v:�3ü��~ê RÚ% 6 δ,¦�∫ ∞
0

e−%s‖∇u(−s)‖2ds 6 R.

b�	å� g ∈ L2(Ω),���5� f ∈ C1(R)÷v f(0) = 0,¿�÷v

|f ′(u)| 6 C(1 + |u|2), f ′(u) > C1, ∀u ∈ R, (2.6)

Ù¥ C1 > 0, C ��~ê.� f ÷vÑÑ^�

lim inf
|u|→∞

f ′(u) > −λ1, (2.7)

ùp λ1 > 0� −∆3 Dirichlet>.^�e�1�A��.w,,�â (2.7)ª�,�3 θ : 0 < θ 6 1,

¦�

〈f(u), u〉 > 〈F (u), 1〉 − 1

2
(1− θ)‖u‖21 − cf , (2.8)
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〈F (u), 1〉 > −1

2
(1− θ)‖u‖21 − cf , ∀ u ∈ H1

0 (Ω), (2.9)

Ù¥ F (u) =
∫ u

0
f(s)ds, cf > 0.

2.1. ¼ê�m9ÎÒ

ë�©z [15],^�5�f AL« −∆�½Â� D(A) = H1
0 (Ω) ∩H2(Ω).éu Hilbert�mx

D(A
k
2 ), k ∈ R,D�ÙSÈ��ê

〈·, ·〉
D(A

k
2 )

= 〈A k
2 ·, A k

2 ·〉, ‖ · ‖
D(A

k
2 )

= ‖A k
2 · ‖,

Ù¥ 〈·, ·〉Ú ‖ · ‖´ L2(Ω)¥�SÈ��ê.

éu?¿� k > s, k;i\ D(A
k
2 ) ↪→ D(A

s
2 ), ±9éu¤k� k ∈ [0, n

2
), këYi\

D(A
k
2 ) ↪→ L

2n
n−2k (Ω).

� 0 6 k 6 3�,PHk = D(A
k
2 ), ‖ · ‖k = ‖ · ‖Hk = ‖ · ‖

D(A
k
2 )

,K3�©¥^HL« L2(Ω),H1

L« H1
0 (Ω),H2L« H1

0 (Ω) ∩H2(Ω).�â ht(s)¤÷v�^�,� 0 6 σ 6 3�,½ÂPÁ�m

Mσ
t = L2

µt
(R+;Hσ) = {ξt : R+ → Hσ |

∫ ∞
0

µt(s)‖ξt(s)‖2σds < +∞},

¿D�ÙSÈ��ê

〈ηt, ξt〉Mσ
t

=

∫ ∞
0

µt(s)〈ηt(s), ξt(s)〉σds, ‖ξt‖2Mσ
t

=

∫ ∞
0

µt(s)‖ξt(s)‖2σds.

AO/,½Â�m�6�m9Ù�ê

Eσt = Hσ−1 ×Mσ
t , ‖z‖2Eσt = ‖(u, ηt)‖2Eσt = ‖u‖2σ−1 + ‖ηt‖2Mσ

t
.

�� σ − 1� 0���ÑØ�.

�â^� (M2),éu?¿� ηt ∈Mσ
τ ,k

‖ηt‖2Mσ
t
6 Kτ (t)‖ηt‖2Mσ

τ
, ∀t > τ, (2.10)

�këYi\

Mσ
τ ↪→Mσ

t , ∀t > τ.

ë�©z [9], Tt ´�mMσ
t þm²£Â �+�Ã¡��f,Ïd´��ÑÑ�f.�Xe�

Oª¤á:

〈Ttηt, ηt〉Mσ
t

=
1

2

∫ ∞
0

∂sµt(s)‖ηt(s)‖2σds, ∀ηt ∈ D(Tt). (2.11)
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�â^� (M1)��,é?¿�½� t,¼ê s 7→ µt(s)´���,� ∂sµt(s) 6 0,K

〈Ttηt, ηt〉Mσ
t
6 0, ∀ηt ∈ D(Tt).

d (2.10)ª,��

Tτ ⊂ Tt, ∀t > τ. (2.12)

2.2. ý��£

Ún 2.1 [16] � X,Y, Z �n� Banach�m.éu T > 0,e X ↪→↪→ Y ↪→ Z,�

V = {u ∈ Lp([0, T ];X)|∂tu ∈ Lr([0, T ];Z)},V1 = {u ∈ L∞([0, T ];X)|∂tu ∈ Lr([0, T ];Z)},

Ù¥ r > 1, 1 6 p <∞.@o,

V ↪→↪→ Lp([0, T ];Y ), V1 ↪→↪→ C([0, T ];Y ).

Ún 2.2 [12, 16] � µ ∈ C1(R+) ∩ L1(R) ´�K¼ê, �÷v: XJ�3 s0 ∈ R+, ¦�

µ(s0) = 0,K µ(s) = 0éu¤k� s > s0þ¤á.d	,� B0, B1, B2´ Banach�m,Ù¥ B0, B1

g��÷v

B0 ↪→ B1 ↪→ B2,

Ù¥i\ B0 ↪→ B1;.� C ⊂ L2
µ(R+;B1)÷v:

(i) C3 L2
µ(R+;B0) ∩H2

µ(R+;B2)¥;

(ii) sup
η∈C
‖η(s)‖2B1

6 h(s), ∀s ∈ R+, h(s) ∈ L1
µ(R+),

K C3 L2
µ(R+;B1);.

½Â 2.3 [13, 17, 18] � {Ht}t∈R ��xD��5�m, éuVëê�fx U(t, τ) : Hτ →
Ht, t > τ ∈ R,e÷vXe5�:

(i)éu?¿� τ ∈ R, U(τ, τ) = Id´Hτ þ�ð�N�;

(ii)éu?¿� t > s > τ, τ ∈ R,k U(t, s)U(s, τ) = U(t, τ),

K¡ U(t, τ)´��L§.

½Â 2.4 [19,20] e��8x A = {At}t∈R÷vXe5�:

(i)éu?¿� t ∈ R,z�� At3 Xt¥Ñ´;�;

(ii) A´.£áÚ�,= A´��k.�,¿�éz����k.8x C = {Ct}t∈R,

lim
τ→−∞

distXt(U(t, τ)Cτ , At) = 0;
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(iii) (��5)e�3��8x D = {Dt}t∈R÷v (i)Ú (ii),@o At ⊂ Dt,

K¡ A = {At}t∈R�L§ U(t, τ)��m�6�ÛáÚf.

½n 2.5 [12] XJL§ U(t, τ)´ìC;�,=8Ü K = {K = {Kt}t∈R : Kt ⊂ Xt �;8, K
´.£áÚ� }��;.@o�m�6�ÛáÚf A = {At}t∈R�3���.

½Â 2.6 [12,21]XJ��8xB = {Bt}t∈R���k.�,= supt∈R ‖Bt‖Xt = supt∈R supξ∈Bt ‖ξ‖Xt <
+∞,�éuz�� R > 0,�3~ê τe = τe(R) > 0,¦�

U(t, τ)Bτ (R) ⊂ Bt, ∀ t− τ > τe,

K¡ B = {Bt}t∈R��m�6áÂ8.

½Â 2.7 [12, 21] XJéuz� t ∈ R,Ñ�3��~ê R > 0,¦� Ct ⊂ {z ∈ Xt : ‖z‖Xt 6
R} = Bt(R), ∀t ∈ R,K¡k.8 Ct ⊂ Xt�8Üx C = {Ct}t∈R´��k.�.

½Â 2.8 [12, 21] � U(t, τ) ´�^u�m�6�m Xτ ���L§, éu?¿� t > τ ,

U(t, τ) : Xτ → Xt ´ëY�, �Pk�m�6�ÛáÚf A = {A(t)}t∈R, K A ´ØC�, =,

U(t, τ)Aτ = At, ∀t > τ .

½Â 2.9 [12] �¼ê t→ Z(t) ∈ Xt,e

(i) sup
t∈R
‖Z(t)‖Xt <∞;

(ii) Z(t) = U(t, τ)Z(τ), ∀τ 6 t, τ ∈ R,
K¡ Z(t)´L§ U(t, τ)���k.;� (CBT).

½n 2.10 [12,16,22] � Z(t)´L§ U(t, τ)���k.;� (CBT),XJL§ U(t, τ)��m

�6�ÛáÚf A = {A(t)}t∈R´ØC�,K A = {Z|t→ Z(t) ∈ Xt}.

3. Ì�(J

3.1. )�·½59�K5

�
��)�·½5¿?1ÑÑ�O,·�I�/Ï±e(Ø.

Ún 3.1 �

Φ(u, ητ ) = (2 + t− τ)[(t− τ)κ(τ)‖u‖2L∞([τ,T ];Hσ)] + 2‖ητ‖2Mσ
τ
,

�k ηt ∈Mσ
τ ⊂Mσ

t ,Ù¥

‖ηt‖2Mσ
τ
6 Φ(u, ητ ), ∀ t ∈ [τ, T ], (3.1)

¿�

‖ηt‖2Mσ
t
6 Φ(u, ητ )Kτ (t) ∈ L1([τ, T ]). (3.2)
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Ún 3.2 [9] b� ητ ∈ D(Tτ ),Kéu?¿� t ∈ [τ, T ], ηt ∈W 1,∞([τ, T ];Mσ
τ ),�

∂tη
t = Tτηt + u(t) (3.3)

3�mMσ
τ þ¤á.

5 3.3 duMσ
τ ↪→Mσ

t ,d (2.12)ª�,éu?¿�½� t,k

∂tη
t = Ttηt + u(t) (3.4)

3�mMσ
t þ¤á.

5 3.4 � ηt ∈ D(Tτ ),d (2.10)Ú (3.3)ª�y²��

‖∂sηt‖2Mσ
t
6 Ψ(u, ητ )Kτ (t), ∀ t ∈ [τ, T ], (3.5)

Ù¥ Ψ(u, ητ ) = κ(τ)‖u‖2L∞([τ,T ];Hσ) + ‖∂sητ‖2Mσ
τ
.

Ún 3.5 [9] P I = [τ, T ],b� u ∈ C(I;Hσ)� ητ ∈ C1(R+,Hσ) ∩D(Tτ ).@o,éu?¿�

τ 6 a 6 b 6 T,±eØ�ª¤á:

‖ηb‖2Mσ
b
−
∫ b

a

∫ ∞
0

[∂tµt(s) + ∂sµt(s)]‖ηt(s)‖2σdsdt 6 ‖ηa‖2Mσ
a

+ 2

∫ b

a

〈u(t), ηt〉Mσ
t
dt.

íØ 3.6 [9] éu¤k� τ 6 a 6 b 6 T ,±e�O¤á:

‖ηb‖2Mσ
b

+ δ

∫ b

a

κ(t)‖ηt(s)‖2Mσ
t
dt 6 ‖ηb‖2Mσ

b
−
∫ b

a

∫ ∞
0

(∂tµt(s) + ∂sµt(s))‖ηt(s)‖2σdsdt

6 ‖ηa‖2Mσ
a

+ 2

∫ b

a

〈u(t), ηt〉Mσ
t
dt. (3.6)

½Â 3.7 P I = [τ, T ].éu?¿� T > τ ∈ R,� g ∈ L2(Ω),� zτ = (uτ , ητ ) ∈ E1
τ .XJ

(i) u(t) ∈ L∞([τ, T ];H1), ηt ∈ L∞([τ, T ];M1
t );

(ii) ηt÷v (2.3)ª;

(iii)éu?¿� φ ∈ H1Ú a.e. t ∈ I,k

〈∂tu, φ〉+ 〈a(l(u))u, φ〉1 +

∫ ∞
0

µt(s)〈ηt(s), φ〉1ds+ 〈f(u), φ〉 = 〈g, φ〉,

K¡ z(t) = (u(t), ηt)�¯K (2.4), (2.5)3�m«m I þ÷vÐ� z(τ) = zτ �f).

½n 3.8 (·½5Ú�K5) P I = [τ, T ], ∀ T > τ .b� (1.7), (1.8)ª±9^� (M1)-(M4)

¤á, g ∈ L2(Ω), Kéuz� T > τ ∈ R Ú?¿�½�Ð� zτ ∈ E1
τ , zτ ÷v ‖zτ‖E1τ 6 R, ¯K
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(2.4), (2.5)�3��f) z(t) = (u(t), ηt) = U(t, τ)zτ .éu?¿�½� t,k ηt ∈M1
t ,K

sup
t>τ
‖z(t)‖2E1t +

∫ t

τ

κ(y)‖ηy‖2M1
y
dy +

∫ t

τ

‖u(y)‖22dy +

∫ t

τ

‖∂tu(y)‖2dy 6 Q,

Ù¥ Q = max{Q1, Q3, Q4}.d	,

‖z̄(t)‖2E1t 6 Ce
C(R,λ1)(t−τ)‖z̄(τ)‖2E1τ , t ∈ [τ, T ],

Ù¥ z̄(t) = z1(t)− z2(t),� z1(t), z2(t)´¯K (2.4), (2.5)÷vÐ� z1 = (u1τ , η1τ ), z2 = (u2τ , η2τ )

�f).

y² �§ (2.4)� u�SÈ,��

d

dt
L(t) + 2a(l(u))‖u‖21 + 2〈u, ηt〉M1

t
+ 2〈f(u), u〉 − 2〈g, u〉 = 0,

Ù¥ L(t) = ‖u‖2.

|^ (2.8), (2.9)ª,��

−2〈f(u), u〉 6 2(1− θ)‖u‖21 + 4cf ,

Ù¥ 0 < θ 6 1.d	,

2〈g, u〉 6 2m‖u‖21 +
1

2mλ1

‖g‖2.

Ïd,(Ü (2.2)ª��

d

dt
L(t) + 2(1− θ)‖u‖21 + 2〈u, ηt〉M1

t
6 Q0. (3.7)

þª¥ Q0 = 1
2mλ1
‖g‖2 + 4cf .

é (3.7)ª3 [τ, t]þÈ©,�

L(t) + 2(1− θ)
∫ t

τ

‖u(y)‖21dy + 2

∫ t

τ

〈u, ηy〉M1
y
dy 6 L(τ) +Q0(t− τ), ∀t > τ. (3.8)

�â½n 3.6,��

L(t) + ‖ηt‖2M1
t

+ 2(1− θ)
∫ t

τ

‖u(y)‖21dy −
∫ t

τ

∫ ∞
0

(∂tµt(s) + ∂sµt(s))‖ηy(s)‖21dsdy

6 L(τ) + ‖ητ‖2M1
τ

+Q0(t− τ), ∀t > τ.

w,,

‖z(t)‖2E1t = L(t) = L(t) + ‖ηt‖2M1
t
6 (1 +

1

λ1

)‖z(t)‖2E1t . (3.9)
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Ïd,

L(t) + 2(1− θ)
∫ t

τ

‖u(y)‖21dy −
∫ t

τ

∫ ∞
0

(∂tµt(s) + ∂sµt(s))‖ηy(s)‖21dsdy

6 L(τ) +Q0(t− τ). (3.10)

=,

sup
t>τ
‖z(t)‖2E1t +

∫ t

τ

‖u(y)‖21dy +

∫ t

τ

κ(y)‖ηy‖2M1
y
dy 6 Q1. (3.11)

Ù¥ Q1 = C(R, T, δ, 2(1− θ),mλ1, ‖g‖, cf ).

�§ (2.4)� ∂tu�SÈ,�

‖∂tu‖2 = −a(l(u))〈∆u, ∂tu〉 −
∫ ∞

0

µt(s)〈∆ηt(s), ∂tu〉ds− 〈f(u), ∂tu〉+ 〈g, ∂tu〉.

d (2.6)ª,��

|〈f(u), ∂tu〉| 6 ‖f(u)‖
L

4
3
‖∂tu‖L4 6 C(1 + ‖u(t)‖31)‖∂tu‖,

¿�d^� (M2)�∣∣∣∣−∫ ∞
0

µt(s)〈∆ηt(s), ∂tu〉ds
∣∣∣∣ 6 ‖∂tu‖ ∫ ∞

0

µt(s)‖∆ηt(s)‖ds

6 ‖∂tu‖
(∫ ∞

0

µt(s)ds

) 1
2
(∫ ∞

0

µt(s)‖∆ηt(s)‖2ds

) 1
2

6 ‖∂tu‖
√
κ(t)‖ηt‖Mt

.

Ïd(Ü (2.2)ª�,

‖∂tu‖2 6 C(m‖∆u(t)‖+ 1 + ‖u(t)‖31 +
√
κ(t)‖∆ηt‖Mt

+ ‖g‖)‖∂tu‖

6 C(1 +mQ1

1
2 +Q1

p
2 +

√
κ(t)‖∆ηt‖Mt

+ ‖g‖)‖∂tu‖

6
1

2
‖∂tu‖2 + C(R, T,m, cf , ‖g‖, θ, δ)(1 + κ(t)‖∆ηt‖2Mt

)

=
1

2
‖∂tu‖2 +Q2(1 + κ(t)‖∆ηt‖2Mt

), ∀t ∈ [τ, T ]. (3.12)

� ∫ t

τ

‖∂tu(y)‖2dy 6 2Q2(1 +

∫ t

τ

κ(y)‖∆ηy‖2My
dy) 6 Q3. (3.13)
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�§ (2.4)� Au�SÈ,�

d

dt
L1(t) + 2a(l(u))‖u‖22 + 2〈u, ηt〉M2

t
+ 2〈f(u), Au〉 − 2〈g,Au〉 = 0, (3.14)

Ù¥ L1(t) = ‖u‖21.

d (2.6)ª,�

−2〈f(u), Au〉 = −2

∫
Ω

f ′(u)|∇u|2dx 6 C‖u‖21,

�

2〈g,Au〉 6 2‖g‖‖u‖2 ≤
1

m
‖g‖2 +m‖u‖22.

Ïd(Ü (2.2)�,

d

dt
L1(t) +m‖u‖22 + 2〈u, ηt〉M2

t
6 C‖u‖21 +

1

m
‖g‖2. (3.15)

é (3.15)ª3 [τ, t]þÈ©,�

L1(t) +m

∫ t

τ

‖u(y)‖22dy + 2

∫ t

τ

〈u, ηy〉M2
y
dy

6 L1(τ) + C

∫ t

τ

‖u(y)‖21dy +
1

m
‖g‖2(t− τ). (3.16)

�â½n 3.6,��

L1(t) +m

∫ t

τ

‖u(y)‖22dy + ‖ηt‖2M2
t

+ δ

∫ t

τ

κ(y)‖ηy‖2M2
y
dy

6 L1(τ) + ‖ητ‖2M2
τ

+ C

∫ t

τ

‖u(y)‖21dy +
1

m
‖g‖2(t− τ), ∀t > τ. (3.17)

w,,

‖z(t)‖2E2t
.
= L1(t) = L1(t) + ‖ηt‖2M2

t
6 (1 +

1

λ1

)‖z(t)‖2E2t .

�

L1(t) +m

∫ t

τ

‖u‖22dy + δ

∫ t

τ

κ(y)‖ηy‖2M2
y
dy
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6 L1(τ) + C

∫ t

τ

‖u(y)‖21dy +
1

m
‖g‖2(t− τ), ∀t > τ.

A^ GronwallØ�ª,�

sup
t>τ
‖z(t)‖2E2t +

∫ t

τ

‖u‖22dy +

∫ t

τ

κ(y)‖ηy‖2M2
y
dy

6 C(‖z(τ)‖E2τ , T, θ,m, δ, ‖g‖, λ1, cf ) := Q4. (3.18)

b� H1 ���Ä {wj}∞j=1,� Awj = λjwj , j = 1, 2, · · · .� {ςj}∞j=1 ´ L2
µt

(R+;H1)þ���

Ä,� Aςj = λjςj , j = 1, 2, · · · .éuz� n ∈ N,�3k��f�m:

Hn = span{w1, · · · , wn} ⊂ H1, Mn = span{ς1, · · · , ςn} ⊂ L2
µt

(R+;H1).

½Â Pn : H1 → Hn� Hnþ���ÝK, Qn: L2
µt

(R+;H1)→Mn�Mnþ���ÝK.

� zτ = (uτ , ητ ) ´÷vS� {zτn = (uτn , ητn)} ⊂ E2
t �Ð�, Ù¥ uτn = Pnuτ → uτ u H1,

ητn = Qnητ → ητ uM1
t .

éuz�� n ∈ N, � zn(t) = (un, η
t
n) �¯K�Cq), Ù¥ un = Σn

j=1T
n
j (t)wj , T

n
j ∈

C1([τ, T ]), ¿� ηtn = Σn
j=1Λnj (t)ςj , Λnj ∈ C1([τ, T ]). @o, éu?¿� ϕ ∈ Hn Úz� t ∈ [τ, T ],

zn(t) = (un, η
t
n)÷v:

〈∂tun, ϕ〉+ 〈a(l(un))un, ϕ〉1 +

∫ ∞
0

µt(s)〈ηtn(s), ϕ〉1ds+ 〈f(un), ϕ〉 = 〈g, ψ〉, (3.19)

¿�

ηtn(s) =


∫ s

0
un(t− y)dy, 0 6 s 6 t− τ,

ητn(s− t+ τ) +
∫ t−τ

0
un(t− y)dy, s > t− τ.

(3.20)

b� ϕ ∈ Hm ´�½�,Kéuz� n > m, (3.19)ª¤á.ò (3.19)ª¦± ψ ∈ C∞0 ([τ, T ])¿

3 [τ, T ]þÈ©,� ∫ T

τ

ψ(〈∂tun, ϕ〉+ 〈al(un)un, ϕ〉1 +

∫ ∞
0

µt(s)〈ηtn(s), ϕ〉1ds

+ 〈f(un), ϕ〉 − 〈g, ϕ〉)dy = 0. (3.21)

éuS� {zn}, (3.11), (3.13)Ú (3.18)ª¤á,KkXe(J:

∂tun3 L2([τ, T ];H1)þk.,

un3 L∞([τ, T ];H2)þk.,

un3 L2([τ, T ];H2)þk.,

ηtn3 L∞([τ, T ];M2
t )þk..
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du ‖f(un)‖
L

4
3
6 C(1 + ‖un‖31) 6 C,��

f(un)3 L
4
3 (Ω)þk..

$^ Galerkin%C�{,���3 z = (u, ηt) ∈ L∞([τ, T ]; E2
t ),¦�

∂tun → ∂tu3 L2([τ, T ];H1)þfÂñ, (3.22)

un → u3 L∞([τ, T ];H2)þf*Âñ, (3.23)

un → u3 L2([τ, T ];H2)þfÂñ, (3.24)

ηtn → qt3 L∞([τ, T ];M2
t )þf*Âñ, (3.25)

f(un)→ f(u)3 L
5
4 (Ω)þfÂñ. (3.26)

A^Ún 2.1,¿(Ü (3.22), (3.23)ª,�

un → u3 C([τ, T ];H1)þrÂñ, (3.27)

¿�

un → u3 [τ, T ]× Ωþ a.e.¤á.

du f �ëY5,K

f(un)→ f(u)3 [τ, T ]× Ωþ a.e.¤á.

du ϕ ∈ Hn ⊂ H1,�� ϕ ∈ PnL4(Ω).Ïd,d (3.27)ª,k

〈f(un)− f(u), ϕ〉dy → 0.

q f(un)Ú f(u)3 L
4
3 (Ω)k.,A^��Âñ½n,Kk∫ T

τ

ψ〈f(un)− f(u), ϕ〉dy → 0.

e�

η̄tn = ηtn − ηt, ūn = un − u, η̄τn = ητn − ητ , ūτn = uτn − uτ .

(Ü^� (M2)¿|^

η̄tn(s) =


∫ s

0
ūn(t− ς)dς, 0 < s 6 t− τ,

η̄τn(s− t+ τ) +
∫ t−τ

0
ūn(t− ς)dς, s > t− τ,

�±��

‖η̄tn‖2M1
t

6Kτ (t)‖η̄tn‖2M1
τ

=C(T )(

∫ t−τ

0

µτ (s)‖
∫ s

0

ūn(t− ς)dς‖21ds+

∫ ∞
t−τ

µτ (s)‖η̄τn(s− t+ τ)
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+

∫ t−τ

0

ūn(ς)dς‖21ds)

6C(T )(2(T − τ)‖ūn‖2C([τ,T ];H1)

∫ ∞
0

µτ (s)ds+ 2

∫ ∞
0

µτ (s+ t− τ)‖η̄τn(s)‖21ds

+ (T − τ)2‖ūn‖2C([τ,T ];H1)

∫ ∞
0

µτ (s)ds)

6C(T )((2 + T − τ)(T − τ)‖ūn‖2C([τ,T ];H1)κ(τ) + 2‖η̄τn‖2M1
τ
)→ 0, ∀t ∈ [τ, T ].

�â4����5,� qt = ηt.

w,|^^� (M2)��,∫ ∞
0

µt(s)〈η̄tn(s), ϕ〉1ds

=

∫ t−τ

0

µt(s)〈
∫ s

0

ūn(t− ς)dς, ϕ〉1ds+

∫ ∞
t−τ

µt(s)〈η̄τn(s− t+ τ), ϕ〉1ds

+

∫ ∞
t−τ

µt(s)〈
∫ t−τ

0

ūn(ς)dς, ϕ〉1ds

=

∫ t−τ

0

µt(s)

∫ s

0

〈ūn(t− ς), ϕ〉1dςds+

∫ ∞
0

µt(s+ t− τ)〈η̄τn(s), ϕ〉1ds

+

∫ ∞
t−τ

µt(s)

∫ t

τ

〈ūn(ς), ϕ〉1dςds

6‖ūn‖C([τ,T ]; H1)‖ϕ‖1(T − τ)Kτ (t)κ(τ) + ‖ϕ‖1Kτ (t)
√
κ(τ)‖η̄τn‖M1

τ

+ ‖ūn‖C([τ,T ];H1)‖ϕ‖1(T − τ)Kτ (t)κ(τ)→ 0, a.e. t ∈ [τ, T ].

Ïd,

lim
n→∞

∫ ∞
0

µt(s)〈η̄tn(s), ϕ〉1ds = 0, a.e. t ∈ (τ, T ].

qÏ� ∣∣∣∣∫ ∞
0

µt(s)〈η̄tn(s), ϕ〉1ds

∣∣∣∣ 6 ∫ ∞
0

µt(s)‖η̄tn(s)‖1‖ϕ‖1ds

6 ‖ϕ‖1
√
Kτ (t)κ(τ)‖η̄tn‖M1

t
∈ L1([τ, T ]).

�â Lebesgue��Âñ½n,k

lim
n→∞

∫ T

τ

ψ

∫ ∞
0

µy(s)〈η̄yn(s), ϕ〉1dsdy = 0.
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Ïd, z = (u, ηt)�¯K (2.4), (2.5)�f).

e¡y²f)'uÐ��ëY�65.�

z1 = (u1(t), ηt1), z2 = (u2(t), ηt2)

�¯K (2.4), (2.5)�ü�f).@o z̄(t) = (ū(t), η̄t) = z1(t)− z2(t)÷v

∂tū+ a(l(u1))Aū+ (a(l(u1)− a(l(u2)))Au2 +

∫ ∞
0

µt(s)Aη̄
t(s)ds = −f(u1) + f(u2), (3.28)

Ù¥

η̄t(s) =


∫ s

0
ū(t− r)dr, 0 < s 6 t− τ,

η̄τ (s− t+ τ) +
∫ t−τ

0
ū(t− r)dr, s > t− τ.

(3.29)

�§ (3.28)� ū�SÈ,�

d

dt
F (t) + 2

∫ ∞
0

µt(s)〈η̄t(s), ū(t)〉1ds

≤ −2m‖ū‖21 − 2La(R)|l||ū| ‖u2‖1‖ū‖ − 2〈f(u1)− f(u2), ū(t)〉

6 −2m

λ1

‖ū‖2 − 2m‖ū‖2 − 1

2m
La(R)2|l|2|ū|2 ‖u2‖21 + C(1 + ‖u1‖2L4 + ‖u2‖2L4)‖ū‖2L4

6 (−2m

λ1

− 2m)‖ū‖2 + C(1 + ‖u1‖21 + ‖u2‖21)‖ū‖2

6 C(R, λ1,m)F (t), t ∈ [τ, T ], (3.30)

Ù¥ F (t) = ‖ū‖2.

é (3.30)ª3 [τ, t]þÈ©,�

F (t) + 2

∫ t

τ

〈ū(y), η̄y〉M1
y
dy 6 F (τ) + C(R, λ1m)

∫ t

τ

F (y)dy, t ∈ [τ, T ]. (3.31)

d½n 3.6��

‖η̄t‖2M1
t

+ δ

∫ t

τ

κ(y)‖η̄y(s)‖2M1
y
dy 6 ‖η̄τ‖2M1

τ
+ 2

∫ t

τ

〈ū, η̄y〉
M1
y
dy. (3.32)

� F(t) = F (t) + ‖η̄t‖2M1
t
,k

‖z̄(t)‖2E1t = F(t) 6 C‖z̄(t)‖2E1t .
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(Ü (3.31)Ú (3.32)ª,�

F(t) 6 F(τ) + C(R, λ1,m, δ)

∫ t

τ

F(y)dy.

A^ GronwallØ�ª,K

‖z̄(t)‖2E1t 6 Ce
C(R,λ1,m,δ)(t−τ)‖z̄(τ)‖2E1τ , t ∈ [τ, T ].

Ó�,¯K (2.4), (2.5)f) z = (u, ηt)���5�y. �

�â½n 3.8,�±½Â¯K (2.4), (2.5)3 E1
t þ�)L§,=

U(t, τ) : E1
τ → E1

t , U(t, τ)zτ = z(t), ∀ zτ ∈ E1
τ , t > τ, (3.33)

� {U(t, τ)}��^u E1
t þ�L§x.

3.2. �m�6áÂ8��35

½n 3.9(ÑÑ5)b�^� (2.6), (2.7)±9^� (M1)-(M4)¤á, g ∈ L2(Ω). U(t, τ),

t > τ, τ ∈ R´ (3.33)ª¤½Â�)L§, éu?¿�Ð� z(τ) ∈ Bτ (R) ⊂ E1
τ ,�3 ε > 0, R0 > 0

¦�L§ U(t, τ)�3�m�6áÂ8,=x

Bt = {Bt(R0)}t∈R.

y² $^ PoincaréØ�ªÚ^� (M4),¿�â (3.15)ª��

L(t) + (1− θ)
∫ t

τ

‖u(y)‖21dy + (1− θ)λ1

∫ t

τ

‖u(y)‖2dy + δ

∫ t

τ

κ(y)‖ηy‖2M1
y
dy

6 L(τ) +Q0(t− τ).

=,

L(t) + 2ε

∫ t

τ

L(y)dy 6 L(τ) + ε

∫ t

τ

L(y)dy +Q0(t− τ),

Ù¥ε = min{(1− θ)λ1, δ inf
y∈[τ,t]

κ(y)}. A^©z¥�È©. GronwallØ�ª�:

L(t) 6 L(τ)e−ε(t−τ) +
Q0eε

1− e−ε
.

d	,

‖z(t)‖2E1t = L(t) 6 (1 +
1

λ1

)‖z(τ)‖2E1τ e−ε(t−τ) +
R0

2
,

DOI: 10.12677/aam.2023.1212517 5283 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.1212517


�¬*§�à

ùp R0 = 2Q0eε

1−e−ε
. éuz�� R > 0,�3 t0 = t0(R) = 1

ε
ln

2(1+ 1
λ1

)R

R0
6 t±9 R0 > 0,¦�

τ 6 t− t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt(R0).

y.. �

3.3. �m�6áÚf��35

�
��)L§�ìC;5,I�é��5� f ,|^©)E|¦�:

f(s) = f1(s) + f2(s),

ùp f1, f2 ∈ C1(R)¿�÷v±e^�:

|f ′1(u)| 6 C(1 + |u|2), ∀u ∈ R, (3.34)

f1(u)u > 0, ∀u ∈ R, (3.35)

|f ′2(u)| 6 C(1 + |u|2), ∀u ∈ R, (3.36)

lim inf
|u|→∞

f ′2(u) > −λ1. (3.37)

½n 3.9L²L§ U(t, τ)k�m�6áÂ8 B = {Bt}t∈R.éu?¿� zτ = (uτ , ητ ) ∈ Bτ ,�§
(2.4), (2.5)�) U(t, τ)zτ ©)�:

U(t, τ)zτ = U0(t, τ)zτ + U1(t, τ)zτ ,

Ù¥ U0(t, τ)zτ = z1(t),U1(t, τ)zτ = z2(t),= z(t) = (u(t), ηt) = z1(t) + z2(t),K:

u(t) = v(t) + w(t), ηt = ξt + ζt, z1(t) = (v(t), ξt), z2(t) = (w(t), ζt)

� z1(t)÷v: 
∂tv + a(l(u))Av +

∫ ∞
0

µt(s)Aξ
t(s)ds+ f1(v) = 0,

∂tξ
t + ∂sξ

t = v(t),

v(x, t)|∂Ω = 0, v(x, τ) = uτ (x, t),

ξt(x, s)|∂Ω = 0, ξτ (x, s) = ητ (x, s),

(3.38)

ξt(s) =


∫ s

0
v(t− r)dr, 0 < s 6 t− τ,

ξτ (s− t+ τ) +
∫ t−τ

0
v(t− r)dr, s > t− τ,
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z2(t)÷v: 

∂tw + a(l(u))Aw +

∫ ∞
0

µt(s)Aξ
t(s)ds+ f(u)− f1(v) = g,

∂tζ
t + ∂sζ

t = w(t),

w(x, t)|∂Ω = 0, w(x, τ) = 0,

ζt(x, s)|∂Ω = 0, ζτ (x, s) = 0,

(3.39)

ζt(s) =


∫ s

0
w(t− r)dr, 0 < s 6 t− τ,∫ t−τ

0
w(t− r)dr, s > t− τ.

Ún 3.10 � (3.34), (3.35)ª±9^� (M1)-(M4)¤á, g ∈ L2(Ω).@o�§ (3.39)÷v

‖U0(t, τ)zτ‖2E1t 6 C(R)e−ε1(t−τ), ∀t > τ. (3.40)

y² �§ (3.38)� v�SÈ,��

d

dt
N(t) + 2a(l(u))‖v‖21 + 2〈v, ξt〉M1

t
+ 2〈f1(v), v〉 = 0, (3.41)

Ù¥ N(t) = ‖v‖2.

d (3.35)ª,�

d

dt
N(t) + 2m‖v‖21 + 2〈v, ξt〉M1

t
6 0. (3.42)

é (3.42)ª3 [τ, t]þÈ©,k

N(t) + 2m

∫ t

τ

‖v(y)‖21dy + 2

∫ t

τ

〈v, ξy〉M1
y
dy 6 N(τ), ∀t > τ.

�â½n 3.6,�

N(t) + ‖ξt‖2M1
t

+ 2m

∫ t

τ

‖v(y)‖21dy + δ

∫ t

τ

κ(y)‖ξy(s)‖2M1
y
dy 6 N(τ) + ‖ξτ‖2M1

τ
, ∀t > τ.

w,k

‖z1(t)‖2E1t = N (t) = N(t) + ‖ξt‖2M1
t
6 (1 +

1

λ1

)‖z1(t)‖2E1t .

Ïd,

N (t) + 2m

∫ t

τ

‖v(y)‖21dy + δ

∫ t

τ

κ(y)‖ξy(s)‖2M1
y
dy 6 N (τ).

DOI: 10.12677/aam.2023.1212517 5285 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.1212517


�¬*§�à

=

N (t) + 2ε1

∫ t

τ

N (y)dy 6 N (τ) + ε1

∫ t

τ

N (y)dy,

Ù¥ ε1 = min{m,λ1, δ inf
y∈[τ,t]

κ(y)}. A^©z¥�È©. GronwallØ�ª�:

N (t) 6 N (τ)e−ε1(t−τ).

?�Ú,

‖z1(t)‖2E1t = N (t) 6 (1 +
1

λ1

)‖z1(τ)‖2E1τ e−ε1(t−τ) 6 C(R)e−ε1(t−τ),

Ù¥ ‖z(τ)‖2E1τ 6 R. �

Ún 3.11 � (2.6), (2.7)Ú (3.34)-(3.37)ª±9^� (M1)-(M4)¤á, g ∈ L2(Ω).éuz��

T > 0Ú?¿Ð� zτ ∈ E1
τ ,�3�~ê P = P (‖g‖, ‖zτ‖E1τ , λ1, T ),¦��§ (3.39)�)÷v

‖U1(T + τ, τ)zτ‖2
E

4
3
T+τ

= ‖z2(T + τ)‖2
E

4
3
T+τ

6 P. (3.43)

y² �§ (3.39)� A
1
3w�SÈ�

d

dt
J(t) + 2a(l(u))‖w(t)‖24

3
+ 2〈ζt, w(t)〉

M
4
3
t

= 2〈g,A 1
3w〉 − 2〈f2(v), A

1
3w〉 − 2〈f(u)− f(v), A

1
3w〉, (3.44)

Ù¥ J(t) = ‖w(t)‖21
3
.

d (2.6)Ú (3.36)ª,�

−2〈f2(v), A
1
3w〉 6C

∫
Ω

(1 + |v|2)|A 1
3w|dx 6 C(

∫
Ω

(1 + |v| 3613 )dx)
13
18 (

∫
Ω

|A 1
3w| 185 dx)

5
18

6C(1 + ‖v‖2L6)‖A 1
3w‖

L
18
5
6 C(R)‖w‖ 4

3
6
m

2
‖w‖24

3
+ C, (3.45)

¿�

−2〈f(u)− f(v), A
1
3w〉

6 C
∫

Ω

(1 + |u|2 + |v|2)|w||A 1
3w|dx 6 C(‖u‖2L3 + ‖v‖2L3)‖w‖L18‖A 1

3w‖
L

18
5

6 C(‖u‖21 + ‖v‖21)‖w‖L18‖A 1
3w‖

L
18
5
6 C0‖w‖24

3
, (3.46)

Ù¥ C0 = C0(Q1),¿¦^
i\H 4
3
↪→ L18, H 2

3
↪→ L

18
5 ,±9H1 ↪→ L6 ↪→ L3.

d	,

2|〈g,A 1
3w〉| 6 m

2
‖w‖24

3
+

2

m

‖g‖2

λ1

2
3

. (3.47)
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ò (3.45)-(3.47)ª�\ (3.44)ª,k

d

dt
J(t) + 2〈ζt, w(t)〉

M
4
3
t

6 (C0 −m)‖w(t)‖24
3

+ C. (3.48)

é (3.48)ª3 [τ, T + τ ]þÈ©,�

J(T + τ) + 2

∫ T+τ

τ

〈ζy, w(y)〉
M

4
3
y

dy 6 J(τ) + (C0 −m)

∫ T+τ

τ

‖w(y)‖24
3
dy + CT.

�

J (t) = ‖w(t)‖21
3

+ ‖ζt‖2
M

4
3
t

.

|^½n 3.6,��

J (T + τ) + δ

∫ T+τ

τ

κ(y)‖ζy(s)‖2
M

4
3
y

dy 6 J (τ) + (C0 −m)

∫ T+τ

τ

‖w(y)‖24
3
dy + CT.

�

J (T + τ) 6 J (τ) + C2

∫ T+τ

τ

J (y)dy + CT.

�â GronwallØ�ª,k

J (T + τ) 6 eC2T (J (τ) + CT ) = CT eC2T .

����

‖z2(T + τ)‖2
E

4
3
T+τ

= J (T + τ) 6 CT eC2T = P.

Ïd, (3.43)ª¤á. �

éu?¿� ζτ ∈ L2
µτ

(R+;H1), Cauchy¯K (� [13, 17,20])
∂tζ

t = −∂sζt + w, t > τ,

ζτ = ζτ ,

(3.49)

k��) ζt ∈ C([τ,+∞);Lµτ (R+;H1)),¿kL�ª

ζt(s) =


∫ s

0
w(t− y)dy, 0 < s 6 t− τ,∫ t−τ

0
w(t− y)dy, s > t− τ.

(3.50)
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P Bt�½n 3.9¤����m�6áÂ8.�

KT = ΠU1(T, τ)Bτ ,

Ù¥ Π : H1 × Lµt(R+;H1)→ Lµt(R+;H1)´��ÝK�f.

Ún 3.12 � z2(t) = (w(t), ζt)´¯K (3.45)�).b� (2.6), (2.7)Ú (3.40) − (3.43)ª±9

^� (M1)-(M4)¤á, g ∈ L2(Ω).éu?¿�½� T > τ,�3�~ê P1 = P1(‖Bτ‖E1τ ),¦�

(i) KT 3L2
µτ

(R+;H 4
3
) ∩H1

µτ
(R+;H1)þ´k.�;

(ii) sup
ηT∈KT

‖ζT (s)‖21 6 P1.

y² �âL�ª (3.50),k

∂sζ
t(s) =

 w(t− s), 0 6 s 6 t− τ,

0, s > t− τ.
(3.51)

l(Ü½n 3.11=� (i)ª¤á.

Ùg,´�

‖ζT (s)‖1 6


∫ s

0
‖w(T − y)‖1dy 6

∫ T−τ
0
‖w(T − y)‖1dy, 0 6 s 6 T − τ,∫ T−τ

0
‖w(T − y)‖1dy, s > T − τ.

(3.52)

ld (3.43)� (ii)ª¤á. �

Ún 3.13 b�Ún 3.12¤á,Kéu?¿�½� T > τ, U1(T, τ)Bτ 3 E1
T þ´�é;�.

½n 3.14 � U(t, τ)´¯K (2.4), (2.5)�)L§.b� (2.6), (2.7)Ú (3.34)-(3.37)ª±9^�

(M1)-(M4)¤á, g ∈ L2(Ω).@o,L§ U(t, τ)Pk�m�6�ÛáÚf A = {At}t∈R.d	,áÚ

f´ØC�,=, U(t, τ)Aτ = At, ∀t > τ.

y² ½n 3.9L² U(t, τ)äk�m�6áÂ8 Bt = {Bt(R0)}t∈R.�âÚn 3.10Ú

3.11, éuv
���~ê R1, ´�8x B
1
3
t = {B

1
3
t (R1)}t∈R ´.£áÚ�, Ù¥ B

1
3
t (R1) =

{ζ|‖ζ‖
E

4
3
t

6 R1}.

(Ü (3.40)Ú (3.43)ª,k

distE1t (U(t, τ)Bτ ,B
1
3
t ) 6 distE1t (U0(t, τ)Bτ + U1(t, τ)Bτ ,B

1
3
t )

= distE1t (U0(t, τ)Bτ ,B
1
3
t )

6 C(‖Bτ‖E1τ )e−ε1(t−τ),

Ù¥ ε1 = min{m,λ1, δ inf
y∈[τ,t]

κ(y)}.
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éu E1
τ þ�?¿k.8 Bτ = {Bτ (R)}τ∈R,d½n 3.9,�3 t0 = t0(R)¦�

τ 6 t− t0 ⇒ U(t, τ)Bτ (R) ⊂ Bt(R0).

Ïd,

distE1t (U(t, τ)Bτ ,Bt) 6 $eε1t0e−ε1(t−τ),

Ù¥ $ = sup
06t−τ6t0

‖U(t, τ)Bτ‖E1t .

A^Ún 2.4Ú½n 3.8,��

distE1t (U(t, τ)Bτ ,B
1
3
t ) 6 C(‖Bτ‖E1τ )e−ε1(t−τ).

(ÜÚn 3.13�,¯K (2.4), (2.5)�)L§ U(t, τ)3 E1
t þ´ìC;�.A^½n 2.5,½n 2.10Ú

½n 3.8��,3 E1
t þ�3�m�6áÚf A = {At}t∈R,� A´ØC�,=

U(t, τ)Aτ = At,

¿�

A = {Z|t→ Z(t) ∈ E1
t � Z(t)´L§ U(t, τ)� CBT}.

y.. �

4. o(�Ð"

�©ÄuM.Conti�Æö¤0���m�6áÚfnØ,&Ä
�ÛÜ*Ñ� a(l(u))é��

m�6PÁØ�9D��§�K�,Ó�|^ Galerkin%C{,©)E|ÚÈ©�O{3�m�6

�m H1
0 (Ω) × L2

µt
(R+;H1

0 (Ω))¥©Û
��m�6PÁØÚ�ÛÜ*Ñ��9D��§)���

m1�.

éu��m�6PÁØÚ�ÛÜ*Ñ��XÚ,CAc5�¤�
2�Æö�ïÄ9:,�©

�Ä�´��5�÷vg�.O�^����¹,��Ä÷v�.O�½��.O���¹.d	

��±�Ä�¢é�XÚ�K�.

Ä7�8
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