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Abstract

Within the framework of a continuous-time random walk, the phenomenon of anoma-

lous diffusion is considered, driven by random waiting time induced by internal stress

redistribution and characterized by jump length with an exponentially truncated LWWWvy

distribution. A generalized diffusion equation is provided to describe this anomalous

diffusion phenomenon, and its anomalous diffusion properties are analyzed.

Keywords

Continuous-Time Random Walk, Internal Stress Redistribution, Exponentially

Truncated LWWWvy Distribution, Anomalous Diffusion

Copyright c© 2023 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

*Ñy�2��3ug,.¥§äk�©È��ïÄ{¤"ÄuFick1�½Æ�Ñ�*Ñ�§

£ã
âf3Ô�¥�*Ñ1�§3ù«�¹e§âf�þ� £��m¤�5'X",§�

õê�¹e§âf*Ñ¬É�0�É�5ÚE,5�K�§��Ù*Ñ1�Ly�~§XM�3

ñ�!è1ÚÙ¦õ�0�¥*Ñ [1–3]!�Ô3|�¥�*Ñ [4]!�í3É�¥�Ñ$±9[�

SÔ��D4 [5]!/eY6Ä [6]!/��*Ñ [7]�y�§  LyÑ�~*Ñ�ÄåÆ1�"

�~*Ñ�A:�dâf�þ� £��m�'X�x§Ly��Æ�/ªµ
〈

(x− x (t))
2
〉
∝ tα§

��êα < 1�§éAg*Ñ¶��êα > 1 �éA�*Ñ [8]"

�x�~*Ñ��.kéõ§X2Â©ê�*Ñ�§ [9]!ëY�m�Åir�. [10, 11]Ú2

ÂK���§ [12]"Ù¥§ëY�m�Åir�.´ÏLïÄ�þâf��Å$Ä5Æ5ïÄ�~

*Ñ��«��{§3ÄåÆY²þJø
����£ã [13]"§�Ä
âf��Å���mÚ

�Åa�Ú��VÇ©Ù"ÄuëY�m�Åir�.§�±£ãj*Ñy�(α < 1)§Ù¥²;

�~f´a�Ú�äkpd©Ù§�Å���mäk�Æ©Ù"3ù«�¹e§�±�Ñ2Â�

m©ê�*Ñ�§"Ó�§�*Ñy�(α > 1)�²;~f´a�Ú�äkuÑ��Ý�Lévy�1

½äk�©Ù±Y�m�Lévy1r [14]§���mÑl����ê©Ù"3ù«�¹e§�±
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�Ñ2Â�m©ê�*Ñ�§"d	§Æö��ïÄ
V©ê�*Ñ�§ [15]!N-©ê�*Ñ�

§ [16]!©Ù�*Ñ�§ [17]!�ä©ê*Ñ�§ [18, 19]�2Â*Ñ�§"ù
2Â*Ñ�§�

±�Ð/£ã�~*Ñy�§¿3ØÓ+��ïÄ¥u���^"

�©ÄuëY�m�Åir�nØµe§ïÄ���mdSAå©Ù°Ä [20]¿�äk�

äLWvy©Ù [21]�a�Ú�¤����~*Ñy�"ÏL2Â©ê��ê��Åir�PÁØ3

÷*4�eí�
�A�2Â*Ñ�§§¿éÙ�~*Ñ5�?1
?Ø"

2. ý��£

(1)©ê��êµ äkPÁØ�2Â©ê��ê [22, 23]�?�(Riemann-Liouvulle(R-L))/ª�

(RLGη,tf) (t) =
d

dt

∫ t

0

η (t− t′)f (t′) dt′, (1)

ÊÏ(Caputo)/ª�

(CGγ,tf) (t) =

∫ t

0

γ (t− t′)df (t′)

dt′
dt′, (2)

Ù¥η (t)Úγ (t)�PÁØ¼ê§�Ùäk�Æ/ªη (t) = γ (t) = t−α/Γ (1− α)§0 < α < 1�§©

Oòz�·�Ù��R-L©ê��ê

RLD
α
t f (t) =

1

Γ (1− α)

d

dt

∫ t

0

(t− t′)−αf (t′) dt′, (3)

ÚCaputo©ê��ê

CD
α
t f (t) =

1

Γ (1− α)

∫ t

0

(t− t′)−α df (t′)

dt′
dt′. (4)

Ó�§·��ÑRiemann-Liouvulle�m©ê� [23]�ý�ê

RL
a Dα

xf =
1

Γ (1− α)

d

dx

∫ x

a

(x− x′)−αf (x′) dx′, (5)

Úmý�ê

RL
x Dα

b f =
−1

Γ (1− α)

d

dx

∫ b

x

(x′ − x)
−α
f (x′) dx′. (6)

(2) ëY�m�Åirµ b�âf�a�Ú�λ (x)����mϕ (t)´Õá��ÅCþ"Ψ (t)L«

���mtâfvku)a��VÇ�Ý¼ê§=)�¼ê§·�k

Ψ (t) =

∫ ∞
t

ϕ (τ)dτ = 1−
∫ t

0

ϕ (τ)dτ. (7)
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�p (x, t)Lãâf3t��?ux?�VÇ�Ý§j (x, t)L«âf3t��fÐ��x?�VÇ�

Ý§·�kXe�²ï�§

p (x, t) =

∫ t

0

j (x, t− τ) Ψ (τ)dτ + p (x, 0) Ψ (t) , (8)

Ù¥j (x, t)÷v�§

j (x, t) =

∫ t

0

∫ ∞
−∞

j (x− y, t− τ)λ (y)ϕ (τ)dydτ + p (x, 0)ϕ (t) . (9)

|^Ψ (s) = [1− ϕ (s)] /s±9òÈ5�§é�§(8)Ú(9)?1Fourier-LaplaceC�§�±�

�p (x, t)3Fourier-Laplace�me£ãâfVÇ©Ù÷v�Montroll-Weiss�§ [24]

p (k, s) =
1− ϕ (s)

s

p (k, 0)

1− λ (k)ϕ (s)
. (10)

Ù¥p (k, s)L«p (x, t)�Fourier-LaplaceC�§ϕ (s)L«ϕ (t) �LaplaceC�§λ (k)Úp (k, 0)©O

L«λ (x)Úp (x, 0)�FourierC�"

3(10)ª�ÒüýÓ�~�sϕ (s) p (k, s)§�n���

sp (k, s)− p (k, 0) =
sϕ (s)

1− ϕ (s)
[λ (k)− 1] p (k, s) , (11)

½ÂmýPÁØ

η (s) :=
ϕ (s)

1− ϕ (s)
. (12)

d�k2Â���m

ϕ (s) =
1

1 + 1/η (s)
, (13)

Ù¥η (s)Aäk5� [22]

lim
s→0

1

η (s)
= 0. (14)

òa�Ú��FourierC�L«�λ (k) = eΛ(k)§Λ (k)´A��ê"3÷*4�k → 0 �§

kλ (k) ' 1 + Λ (k)"|^L{df (t) /dt} = sf (s)− f (0)�òÈ5�é(11)ª?1Fourier-Laplace_

C��±��?�/ª�2Â*Ñ�§

∂p (x, t)

∂t
=

d

dt

∫ t

0

η (t− t′)F−1 {Λ (k) p (k, t′)} dt′. (15)

�§�)3Fourier-Laplace�me�±L«�

p (k, s) =
1

s

p (k, 0)

1− η (s) Λ (k)
. (16)
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aq/§ò(11)ªU��

1− ϕ (s)

sϕ (s)
[sp (k, s)− p (k, 0)] = [λ (k)− 1] p (k, s) , (17)

½Â�ýPÁØ

γ (s) :=
1− ϕ (s)

sϕ (s)
, (18)

d�k2Â���m

ϕ (s) =
1

1 + sγ (s)
, (19)

3÷*4�k → 0e§|^L{df (t) /dt} = sf (s)− f (0)�òÈ5�é(17)ª?1Fourier-Laplace_

C�§�±��ÊÏ/ª�2Â*Ñ�§

∫ t

0

γ (t− t′)∂p (x, t′)

∂t′
dt′ = F−1 {Λ (k) p (k, t)} . (20)

5¿�§�(13)�(19)ª¤L«�ü����m��§=÷v

sγ (s) =
1

η (s)
, (21)

�÷vA½�Ð�^��§���ü«/ª�2Â*Ñ�§(15)�(20)AT´�d� [22]"

(3) Mittag-Leffer(M-L)¼êµ M-L¼ê32Â©ê��©�§¥äk��^§Ù¥nëê

�M-L¼ê�½ÂdPrabhakar [25]0�Xe

Eδ
α,β (z) =

∞∑
k=0

(δ)k
Γ (αk + β)

zk

k!
, (22)

ùp(δ)k = Γ (δ + k) /Γ (δ)L«�þ��¦"�δ = 1�M-L¼êòz�Vëê/ª§�δ = 1,

β = 1�§M-L¼êòz�üëê/ª"

nëêM-L¼ê�LaplaceC�äkXe5�

L
{
tβ−1Eδ

α,β (±atα)
}

=
sαδ−β

(sα ∓ a)
δ
, R (s) > |a|1/α. (23)

d	§M-L¼ê�kNõí2/ª§Xõ�M-L¼ê§½ÂXe

E(a1,a2,··· ,aN ),b (z1, z2, · · · , zN ) =
∞∑
j=1

k1+k2+···kN=j∑
ki≥0,i=1,2,··· ,N

j!

ΠN
i=1 (ki!)

ΠN
i=1(zi)

ki

Γ
(
b+

∑N
i=1 aibi

) . (24)
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3. ïÄSN

�
ÓPSAå©ÙL§�ÚOA5�ïÄa�Ú��2ÂLévy©Ù¼ê�ÍÜK�§Ä

uëY�m�Åir�nØµe§�!?Ø�Å���mdSAå©Ù°Ä�äk�äLévy©

Ùa�Ú���~*Ñy�"

�[êâÚ¢SÚOêâL²SAå©Ù3ëY¯��m����m©ÙäkΓ©Ù/

ª [20, 26]§=

ϕ (t) =
tγ−1

Γ (γ)
e−t, (25)

d�k

η (s) =
1

(s+ 1)
γ − 1

, (26)

|^(23)ª§�±��PÁØ�

η (t) = e−ttγ−1Eγ,γ (tγ) . (27)

b�a�Ú��Ã��©©Ù¼êa§�A�A�¼êäkLévy-KhintchineL� [27]§ÙA

�¼ê��êdeª�Ñ

Λ (k) = lnλ (k) = aik − 1

2
σ2k2 +

∫ ∞
−∞

[
eikx − 1− iku (x)

]
w (x) dx, (28)

Ù¥Λ�A�¼ê��ê§a�~ê§σ > 0§u (x)�9Ï¼ê§ÙäN/ªØK�È©�

�§^±�Ø�È¼ê�Û5§�yÈ©Âñ"w (x)�Lévy�Ý§�x
©Ù�A:§÷

v
∫

min {1, x2}w (x) dx < ∞"Lévy-KhintchineL��©)�ÙK$Ä§��aL§±9EÜ

�ÑtL§"�Lévy�Ý��§òz���©Ù"

duLévy�Ý�x
©Ù�A:§éA�Lévy�Ýd�ê�ä�LévyL§�Ñ��±���

A�A��ê [21]§

ΛET = iak − 1

2
σ2k2 − c

2 cos (απ/2)

 (1 + θ) (λ+ ik)
α

+ (1− θ) (λ− ik)
α − 2λα,

(1 + θ) (λ+ ik)
α

+ (1− θ) (λ− ik)
α − 2λα − 2ikαθλα−1,

(29)

ëê÷v0 < α 6 2§c > 0§−1 6 θ 6 1§±9λ > 0"

d�k

F−1{ΛETp(k, t)} = −V ∂p (x, t)

∂x
+
σ2

2

∂2p (x, t)

∂x2
+ cDα,λ

x p (x, t)− νp (x, t) . (30)

Ù¥Dα,λ
x ´α�λ-�ä©ê��ê§½Â�

Dα,λ
x = le−λx−∞D

α
xe

λx + reλxxD
α
∞e
−λx, (31)
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�0 < α < 1�§V = a§�1 < α < 2�§V = a− ξ,±9

ξ = − cαθλα−1

cos (απ/2)
, ν = − cλα

cos (απ/2)
. (32)

ò(27)Ú(30)ª�\(15)ª§�±��dSAå©Ù°Ä�äk�ê�äLévy©Ùa�Ú�

3÷*4�eéA�2Â*Ñ�§

∂p (x, t)

∂t
=

∂

∂t

∫ t

0

e−(t−t′)(t− t′)γ−1
Eγ,γ

(
(t− t′)γ

)
×
{
−V ∂p (x, t′)

∂x
+
σ2

2

∂2p (x, t′)

∂x2
+ cDα,λ

x p (x, t′)− νp (x, t′)

}
dt′.

(33)

�
éÙ�~*Ñ5�?1ïÄ§·��±O�âf £�ÚOA5"|^ [21]

〈xn (t)〉 = L−1

{
(−i)n ∂

n

∂kn
p (k, s)

}∣∣∣∣
k=0

, (34)

·��±O�Ù��Ý�

〈x (t)〉 = V L−1

{
s−1

(1 + s)
γ − 1

}
= V e−ttγEγ,γ+1 (tγ) , (35)

��Ý� 〈
x2 (t)

〉
= 2χL−1

{
s−1

(1 + s)
γ − 1

}
+ 2V 2L−1

{
s−1

[(1 + s)
γ − 1]

2

}
= 2χe−ttγEγ,γ+1 (tγ) + 2V 2e−tt2γE2

γ,2γ+1 (tγ) ,

(36)

þ� £�

σ2 (t) =
〈
x2 (t)

〉
− 〈x (t)〉2

= 2χe−ttγEγ,γ+1 (tγ) + V 2e−tt2γ
{

2E2
γ,2γ+1 (tγ)− e−t{Eγ,γ+1 (tγ)}2

}
.

(37)

Ù¥

χ =
σ2

2
+

cα |α− 1|
2 |cos (απ/2)|λ2−α . (38)

ã 1�Ñ
ØÓ�ä�êλe���mdSAå©Ù°Ä§a�Ú�Ñl�ê�äLévy©Ù

�þ� £��m�üC1�"�±wÑ3á�me§Ly�j*Ñ§3��me§Ly��~

*Ñ"�X�ä�êªu0§*Ñ�ÝòªuÃ¡§��ä�ê�u0�§þ� £òuÑ"ù�C

zNy
SAå©Ù¤éAPÁØ�PÁ�A��mCz�K�§Ó���A
ù«���m

�a�Ú�eÍÜK���^"

5¿�§�§(33)�Ñ
äk?�/ª©ê��ê�dSAå©Ù°Ä�äk2Âa�Ú

��2Â*Ñ�§§�âüaPÁØ�m��d'X(21),�±aq��ÊÏ/ª�2Â*Ñ�§"
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�(29)ª¥��ärÝc = 0,�a = 0�§a�Ú�òz����pd©Ù§d��§òz�=dS

Aå©Ù°Ä�2Â*Ñ�§ [20]"

Figure 1. The evolution of mean squared displacement over time when the waiting time follows a gamma
distribution with different truncation parameters λ and the jump length follows a truncated exponential
LWvy distribution. Here, γ = 0.5, α = 0.5, a = 0.5, σ = 1, and c = 1

ã 1. ØÓ�ä�êλe���mÑlΓ©Ù§a�Ú�Ñl�ê�äLévy©Ù�þ� £��m�üC1�"
Ù¥γ = 0.5§α = 0.5§a = 0.5§σ = 1§c = 1

4. (Ø

�~*Ñy�2��3uäkÉ�5ÚE,5�0�¥§ÙA:Ly�þ� £��m��

�5'X§XM�3ñ�!è1ÚÙ¦õ�0�¥*Ñ!�Ô3|�¥�*Ñ!�í3É�¥�

Ñ$±9[�SÔ��D4!/eY6Ä!/��*Ñ�y�§  LyÑ�~*Ñ�ÄåÆ

1�"÷*4�e�äk©ê��ê�2Â*Ñ�§��xù
�~*Ñy�Jø
�O(�Ô

�DÑ�.§3¢Só§¥äk��ïÄ¿Â"�©ÄuëY�m�ÅirnØµe§&?


�Å���mdSAå©Ù°Ä��~*Ñ§Ù¥�Åa�Ú�Ñl�ê�äLWvy©Ù"·�

£�
ëY�m�ÅirnØ�Ä��n§¿|^È©C���
Montroll-Weiss �§§£ã
â

fVÇ3Fourier-Laplace �m¥�1�"ÏLMontroll-Weiss �§Ú2Â©ê��ê�½Â§·

�í�
�A�äk�m�m©ê��ê�2Â*Ñ�§§¿éÙ�~*ÑA5?1
ïÄ§�

«
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Lévy Walks. Physical Review A, 40, 3964-3973. https://doi.org/10.1103/PhysRevA.40.3964

[15] Liu, J., Zhu, Y., He, P., et al. (2017) Transient Bi-Fractional Diffusion: Space-Time Coupling

Inducing the Coexistence of Two Fractional Diffusions. The European Physical Journal B, 90,

Article No. 70. https://doi.org/10.1140/epjb/e2017-80060-5

[16] Cecconi, F., Banavar, J.R. and Maritan, A. (2000) Scaling Behavior in a Nonlocal and Non-

linear Diffusion Equation. Physical Review E, 62, R5879-R5882.

https://doi.org/10.1103/PhysRevE.62.R5879

DOI: 10.12677/aam.2023.1212503 5135 A^êÆ?Ð

https://doi.org/10.1016/j.jhydrol.2022.128872
https://doi.org/10.1371/journal.pone.0109784
https://doi.org/10.1016/j.physa.2019.02.018
https://doi.org/10.1029/2001JB001645
https://doi.org/10.1088/0305-4470/27/10/017
https://doi.org/10.1103/PhysRevE.53.5872
https://doi.org/10.1103/PhysRevA.40.3964
https://doi.org/10.1140/epjb/e2017-80060-5
https://doi.org/10.1103/PhysRevE.62.R5879
https://doi.org/10.12677/aam.2023.1212503


Æ©À

[17] Chechkin, A., Sokolov, I.M. and Klafter, J. (2012) Natural and Modified Forms of Distributed-

Order Fractional Diffusion Equations. In: Klafter, J., Lim, S.C. and Metzler, R., Eds., Frac-

tional Dynamics: Recent Advances, World Scientific Publishing, 107-127.

https://doi.org/10.1142/9789814340595 0005

[18] Liemert, A. and Kienle, A. (2015) Fundamental Solution of the Tempered Fractional Diffusion

Equation. Journal of Mathematical Physics, 56, Article 113504.

https://doi.org/10.1063/1.4935475

[19] Sabzikar, F., Meerschaert, M.M. and Chen, J. (2015) Tempered Fractional Calculus. Journal

of Computational Physics, 293, 14-28. https://doi.org/10.1016/j.jcp.2014.04.024

[20] Cleland, J. and Williams, M.A.K. (2021) Anomalous Diffusion Driven by the Redistribution

of Internal Stresses. Physical Review E, 104, Article 014123.

https://doi.org/10.1103/PhysRevE.104.014123

[21] Cartea, A. and del-Castillo-Negrete, D. (2007) Fluid Limit of the Continuous-Time Random
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