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Abstract

Based on the upper and lower solution method and Brouwer degree theory, we es-

tablish the existence of multiple positive solutions for the following boundary value

problems {
42u(t− 1) + f(u)4u(t) + ϕ(t)um(t) + r(t)

uµ(t)
= s, t ∈ [1, T ]Z,

u(0) = u(T ),4u(0) = 4u(T )

where f : (0,+∞) → (0,+∞) is continuous, ϕ : Z → R, r : Z → (0,∞) are T -periodic

functions, T > 3 is a positive integer, m and µ are two positive constants and 0 < m ≤
1, s ∈ R is a parameter.
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1. Úó

�©�§���a���§,3²LÆ! >´©Û!ÄåXÚ! )ÔÆ��¡kX2��

A^(ë� [1, 2]).

2012c,êX��< [3]|^��¼ê��
5�ÚØÄ:nØ¼�
Xe¯K{
42y(n− 1) + a(n)y(n) + f(n, y(n)) = 0, n ∈ [1, T ]Z,

y(0) = y(T ),4y(0) = 4y(T )
(1.1)

üCþ±Ï)��35,Ù¥ a : [1, T ]Z → (∞, 0] � a(n) 6≡ 0, f : [1, T ]Z × R→ R ëY.
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2015c, He�< [4]|^ØÄ:nØÚC©�{¼�
¯K 4(p(t− 1)4u(t− 1)) + q(t)u(t) = f(t, u(t)), t ∈ [1, T ]Z,

u(0) = u(T ),4u(0) = 4u(T )
(1.2)

ÎÒCz)Ú�)�3�¿©5,Ù¥ f : [1, T ]Z × R → R ëY, p : [0, T ]Z → (0,∞)÷v p(0) =

p(T ), q : [1, T ]Z → (0,∞) ÷v max
t∈[1,T ]Z

q(t) > 0.

2006c, BereanuÚMawhin [5]|^ÿÀÝnØÚþe)�{ïÄ
¯K D2xm + fm(xm) = s, m ∈ [2, n− 1]Z,

x1 = xn, Dx1 = Dxn

(1.3)

õ�)��35,¦�y²
�3 ς > 0¦�¯K (1.3)©O3λ ∈ (0, ς)! λ = ς ½λ = ς�,vk

�)! ��k���)½��kü��).

2021c,�a�< [6]ÏLþe)�{ÚÿÀÝnØïÄ
��lÑ±Ï>�¯K 4
2u(t− 1) + f4u(t) + g(t, u(t)) = s, t ∈ [1, T ]Z,

u(0) = u(T − 1),4u(0) = 4u(T − 1)
(1.4)

)��ê�ëê s�'X,Ù¥ g : [1, T ]Z × R→ R´ëY¼ê, f ≥ 0´~ê, t ≥ 2 �ê, s ∈ R.

g,/, f�'uu�¼ê, g(t, u) kÛ5�,��lÑ±Ï>�¯K 4
2u(t− 1) + f(u)4u(t) + g(t, u) = s, t ∈ [1, T ]Z,

u(0) = u(T ),4u(0) = 4u(T )
(1.5)

´Ä�3aq�(J?ùp f : (0,+∞) → R´ëY¼ê, g(t, u) : [1, T ]Z × R → R �ëY¼ê�
3u = 0?äkáÚ.Û5, s ∈ R´ëê.

Ambrosetti-Prodi¯K´�©�§¥�²;¯K��,T¯KdAmbrosettiÚProdi [7]31972

cïÄ��5ý�Dirichlet¯K)��ê�JÑ.d�ùa¯KÉ�NõÆö�'5¿éd?1


�þïÄ.AO/, 1986cFabry �< [8] ?Ø
��ëY±Ï>�¯K u′′ + f(u)u′ + g(t, u) = s,

u(0) = u(2π), u′(0) = u′(2π)
(1.6)

)��35,Ù¥ g´ëY�T -±Ï¼ê�é t��÷vr�5^�,¿��(Ø:�3 s0 ∈ R,
¦�¯K (1.6) 3 s < s0 �Ã),3 s = s0 ���k��),3 s < s0 ���kü�).ù�

(J�¡�A.P.(J.NõÆö3r�5^�e¼�
ØÓ>�¯K�A.P.(J,ë�©z

[6, 9, 10]. 2019c, Feltrin�< [8]$^ÿÀÝnØÚþe)�{~f
��ëY±Ï>�¯K (1.6)

�3A.P.(J���5�é t�r�5^�. 2022cCheng�< [11]í2� g(t, u)kÛ5��/,
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�Û5�lÑ±Ï¯K�A.P.(Jÿ�kïÄ¤J.

Éþãó��éu [3–11],�©�Ä
�káÚ.Û5±Ï>�¯K 4
2u(t− 1) + f(u)4u(t) + ϕ(t)um(t) + r(t)

uµ(t)
= s, t ∈ [1, T ]Z,

u(0) = u(T ),4u(0) = 4u(T )
(1.7)

�õ�)��35,Ù¥ f : (0,+∞)→ (0,+∞)ëY,ϕ : Z→ RÚ r : Z→ (0,+∞)�T -±Ï¼

ê,T > 3��½��ê,m,µ´ü��~ê,� 0 < m ≤ 1, s ∈ R´ëê.

2. ý��£

�ZL«�ê8, a, b ∈ Z� a < b, [a, b]Z = {a, a+ 1, · · · , b}, � b < a�,
b∑

s=a

u(s) = 0.

-T ∈ Z�T > 3, 4u(t) = u(t + 1) − u(t)�c��©�f.PE = {u : [0, T + 1]Z →
R|u(0) = u(T ),4u(0) = 4u(T )}, ØJ�yE U�ê ‖u‖∞ := max

t∈[1,T ]Z
|u(t)| �¤Banach�m.

-X = {u : [0, T + 1]Z → R}, KXU�ê ‖u‖1 =
T∑
t=1

|u(t)|�¤Banach �m.

é?¿�½�u ∈ E,Pu = 1
T

T∑
t=1

u(t).

e¡�Ñ�©��
½ÂÚÚn.ÄkÚ\¯K (1.7)�þe)�½Â.

½Â2.1 �α, β ∈ X,eα÷v 4
2α(t− 1) + f(α(t))4α(t) + ϕ(t)αm(t) + r(t)

αµ(t)
≥ s,

α(0) = α(T ),4α(0) ≥ 4α(T )
(2.1)

K¡α�¯K (1.7)�e).eβ÷v 4
2β(t− 1) + f(β(t))4β(t) + ϕ(t)βm(t) + r(t)

βµ(t)
≤ s,

β(0) = β(T ),4β(0) ≤ 4β(T )
(2.2)

K¡β�¯K (1.7)�þ).e^� (2.1)!^� (2.2)¥�1��Ø�ªî�¤á,Kα, β©O¡�

¯K (1.7)�î�e)Úî�þ).

-Fs(u(t)) = −f(u)4u(t)−ϕ(t)um(t)− r(t)
uµ(t)

+ s, ´� Fs : [1, T ]Z×R×R→ R �ëY¼ê.

½Â

Λ := {u ∈ E : ‖4u(t)‖∞ < 1}.

½ÂÝK�fP : E → E,

Pu(t) := u(0)
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ÚQ : E → E,

Qu(t) :=
1

T

T∑
s=1

u(s), t ∈ [0, T + 1]Z

±9�5�fK : E → E,

Ku(t) :=
t−1∑
s=1

u(s), t ∈ [1, T + 1]Z.

-

Ξ := Pu+QFs(u) +KFs(u),

ØJ�y�fΞ : E → E�ëY.

aq ( [12],½n1])�y²L§�±ïáXe(J.

Ún2.1�α(t)Úβ(t)©O´¯K (1.7)�î�þ)Úî�e),¦�é t ∈ [0, T +1]Zkα(t) <

β(t),@o¯K (1.7)�3���)u(t)¦�

α(t) < u(t) < β(t), ∀t ∈ [1, T ]Z.

d	, BrouwerÝ [13] deg(I − Ξs,Ωα,β, 0) = −1, Ù¥

Ωα,β := {u ∈ Λ : α(t) < u(t) < β(t), t ∈ [0, T + 1]Z}.

y² � γ(u(t)) : R→ R(t ∈ [0, T + 1]Z)´ëY¼ê�½Â�

γ(u(t)) =


β(t), u(t) > β(t),

u(t), α(t) ≤ u(t) ≤ β(t),

α(t), u(t) < α(t).

-F (t, u(t)) = f(γ(u(t))4γ(u(t)) + ϕ(t)(γ(u(t)))m + r(t)
(γ(u(t)))µ

− s, t ∈ [1, T ]Z.

e¡�Ä9Ï¯K 4
2u(t− 1) + F (t, u(t))− [u(t)− γ(u(t))] = 0, t ∈ [1, T ]Z,

u(0) = u(T ),4u(0) = 4u(T )

)��35,¿y²XJu(t)´9Ï¯K�),@oα ≤ u(t) ≤ β(t),�u(t)´¯K (1.7)�).

�� ∃t ∈ [0, T + 1]Z, ¦�α(t) − u(t) > 0, l ∃t∗ ∈ [0, T + 1]Z, ¦�α(t∗) − u(t∗) =

max
t∈[0,T+1]Z

(α(t)− u(t)) > 0.

� t∗ = 0�,α(t∗)− u(t∗) = α(0)− u(0) = α(T )− u(T ), Ïd,� t∗ = 0Ú t∗ = T �¤�(J

��.

� t∗ = T + 1�,
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α(t∗)− u(t∗) = α(T + 1)− u(T + 1) = max
t∈[0,T+1]Z

(α(t)− u(t)), (2.3)

d±Ï>�^�u(0) = u(T )!4u(0) = 4u(T )Úα(0) = α(T )!4α(0) ≥ 4α(T ),��u(1) =

u(T+1), α(1) ≥ α(T+1),K��α(1)−u(1) ≥ α(T+1)−u(T+1),ù� (2.3)gñ,Ïd, t∗ 6= T+1.

� t∗ ∈ [1, T ]Z�,

α(t∗ + 1)− α(t∗) ≤ u(t∗ + 1)− u(t∗), α(t∗)− α(t∗ − 1) ≥ u(t∗)− u(t∗ − 1).

=

4α(t∗) ≤ 4u(t∗), 4α(t∗ − 1) ≥ 4u(t∗ − 1).

�

42α(t∗ − 1) ≤ 42u(t∗ − 1)

= −F (t∗, u(t∗)) + [u(t∗)− γ(u(t∗))]

< −f(u(t∗))4u(t∗)− ϕ(t∗)um(t∗)− r(t∗)

uµ(t∗)
+ s

≤ 42α(t∗ − 1),

gñ.Ïdé ∀t ∈ [1, T ]Z,kα(t) ≤ u(t);Ón�y�é ∀t ∈ [1, T ]Z, ku(t) ≤ β(t).�α, β÷v�^

�î��,kα(t) < u(t) < β(t).

Ún2.2 b�ϕ = 1
T

T∑
t=1

ϕ(t) > 0, ¿� f(u)
um
üN4~,@o¯K (1.7)k�)�7�^�

� s > 0 .

y² �u(t)´¯K (1.7)�?¿�).3 (1.7)ü>ÓØ±um(t),��

42u(t∗ − 1)

um(t)
+
f(u(t))4u(t)

um(t)
+ ϕ(t) +

r(t)

uµ+m(t)
=

s

um(t)
. (2.4)

é (2.4)l 1�T ¦Ú©,��

T∑
t=1

42u(t∗ − 1)

um(t)
+

T∑
t=1

f(u(t))4u(t)

um(t)
+

T∑
t=1

ϕ(t) +
T∑
t=1

r(t)

uµ+m(t)
=

T∑
t=1

s

um(t)
. (2.5)

?�Ú,|^©ÜÚ©,��

T∑
t=1

42u(t∗ − 1)

um(t)
= −

T∑
t=1

4u(t)4(
1

um(t)
)

=
T∑
t=1

4u(t)
4um(t)

um(t)um(t+ 1)

=
T∑
t=1

(4u(t))2
um−1(t+ 1) + um−2(t+ 1)u(t) + · · ·+ um−1(t)

um(t)um(t+ 1)

≥ 0

(2.6)
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Ú

T∑
t=1

f(u(t))

um(t)
4u(t) = −

T∑
t=1

u(t+ 1)4(
f(u(t))

um(t)
) ≥ 0,

T∑
t=1

r(t)

uµ+m(t)
> 0. (2.7)

ò (2.6)Ú (2.7)�\ (2.5),·���

0 < Tϕ <
T∑
t=1

s

um(t)
, (2.8)

ÏdÒ�� s > 0.

�e5,·�ïá¯K (1.7)�)�k��O.

Ún2.3 b�ϕ > 0 ¤á,?�Ú,b�±e^�¤á:

(H1) �3~ê γ1 > 0,¦� inf
u∈(0,+∞)

f(u) ≥ γ1 > 0,� γ1 >
T
2
‖ ϕ ‖∞ +2. @oé¯K (1.7)�

?Û���)u(t),Ñ�3ü�~ê 0 < d1,s < d2,s < +∞,¦�

d1,s < u(t) < d2,s, ∀t ∈ [0, T + 1]Z. (2.9)

y²�u(t)´¯K (1.7)����).dÚn (2.2)�� s > 0.b� t1 ∈ [0, T+1]Z, ¦�u(t1) :=

min{u(t) : t ∈ [0, T + 1]Z},Ïdk4u(t1) ≥ 0,4u(t1 − 1) ≤ 0,42u(t1 − 1) ≥ 0. l

42u(t− 1)|t=t1 = 4u(t1)−4u(t1 − 1) ≥ 0. (2.10)

d (1.9)Ú f > 0�

42u(t1 − 1) = s− ϕ(t1)u
m(t1)−

r(t1)

uµ(t1)
− f(u(t1))4u(t1) < s+ |ϕmin|um(t1)−

rmin

uµ(t1)
, (2.11)

Ù¥ϕmin := min{ϕ(t) : t ∈ [1, T ]Z}, rmin := min{r(t) : t ∈ [1, T ]Z}.XJu(t1) < ( rmin

2|ϕmin|+1
)

1
m+µ , @

o�±��

|ϕmin|um(t1) <
rmin

2uµ(t1)
. (2.12)

ò (2.12)�\ (2.11),��

0 ≤ 42u(t1 − 1) < s+
rmin

2uµ(t1)
− rmin

uµ(t1)
= s− rmin

2uµ(t1)
.

ù¿�X

u(t1) > (
rmin

2s
)

1
µ .

l,

u(t1) ≥ min{(rmin

2s
)

1
µ , (

rmin

2|ϕmin|+ 1
)

1
m+µ }.
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d	,�3��·���êK¦�

(
rmin

2s+K
)

1
µ < min{(rmin

2s
)

1
µ , (

rmin

2|ϕmin|+ 1
)

1
m+µ }, ∀s ∈ (0,+∞).

Ïd,k

u(t1) > (
rmin

2s+K
)

1
µ := d1,s. (2.13)

@o,éu¤k t ∈ [0, T + 1]Z, ¯K (1.7)�z���)Ñ÷vu(t) > d1,s,� s 7→ d1,süN4~.

�e5,�O¯K (1.7)��)�þ..Äk,�Ä ‖u‖∞ ≥ 1.l (2.8)���3��: η ∈
[0, T + 1]Z,¦�

Tϕ <
Ts

um(η)
,

=

u(η) < (
s

ϕ
)

1
m := A. (2.14)

3 (1.7)ü>Ó�¦±4u(t)¿l 1�T þ¦Ú©,��

T∑
t=1

42u(t− 1)4u(t) +

T∑
t=1

f(u(t))(4u(t))2 +

T∑
t=1

ϕ(t)um(t)4u(t) +

T∑
t=1

r(t)

uµ(t)
4u(t) =

T∑
t=1

s4u(t).

(2.15)

?�Ú,��
T∑
t=1

s4u(t) =

T∑
t=1

s(u(t+ 1)− u(t)) = 0. (2.16)

d±Ï>�^���

T∑
t=1

42u(t− 1)4u(t) =
T∑
t=1

(4u(t)−4u(t− 1))4u(t)

=

T∑
t=1

((4u(t))2 −4u(t− 1)4u(t))

=
T∑
t=1

(4u(t))2 + (4u(t− 1))2 − 24u(t− 1)4u(t)

2
− (4u(0))2

2
+

(4u(T ))2

2

=
1

2

T∑
t=1

(4u(t)−4u(t− 1))2

≤ 1

2

T∑
t=1

(|4u(t)|+ |4u(t− 1)|)2

≤ 1

2

T∑
t=1

(2 max
t∈[1,T ]Z

{|4u(t)|, |4u(t− 1)|})2

= 2

T∑
t=1

|4u(t)|2.

(2.17)
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ò (2.16)�\ (2.15),��

T∑
t=1

f(u(t))(4u(t))2 = −
T∑
t=1

42u(t− 1)4u(t)−
T∑
t=1

ϕ(t)um(t)4u(t)−
T∑
t=1

r(t)

uµ(t)
4u(t).

�ªü>�ýé�k

|
T∑
t=1

f(u(t))(4u(t))2| = | −
T∑
t=1

42u(t− 1)4u(t)−
T∑
t=1

ϕ(t)um(t)4u(t)−
T∑
t=1

r(t)

uµ(t)
4u(t)|,

=

|
T∑
t=1

f(u(t))(4u(t))2| ≤ |
T∑
t=1

42u(t− 1)4u(t)|+ |
T∑
t=1

ϕ(t)um(t)4u(t)|+ |
T∑
t=1

r(t)

uµ(t)
4u(t)|.

d(H1)¥ inf
u∈(0,+∞)

f(u) ≥ γ1 > 0��

γ1

T∑
t=1

|4u(t)|2 ≤ |
T∑
t=1

42u(t− 1)4u(t)|+ |
T∑
t=1

ϕ(t)um(t)4u(t)|+ |
T∑
t=1

r(t)

uµ(t)
4u(t)|.

ÏLA^HölderØ�ª (2.13),Ú (2.17),��

γ1

T∑
t=1

|4u(t)|2 ≤ 2

T∑
t=1

|4u(t)|2 + ‖ϕ‖∞‖u‖m∞|
T∑
t=1

4u(t)|+ ‖r‖∞
(d1,s)µ

|
T∑
t=1

4u(t)|

≤ 2

T∑
t=1

|4u(t)|2 + ‖ϕ‖∞‖u‖m∞T
1
2 (

T∑
t=1

|4u(t)|2) 1
2 +

‖r‖∞
(d1,s)µ

T
1
2 (

T∑
t=1

|4u(t)|2) 1
2

≤ 2
T∑
t=1

|4u(t)|2 + ‖ϕ‖∞‖u‖m∞T
1
2 (

T∑
t=1

|4u(t)|2) 1
2 +

(2s+K)‖r‖∞
rmin

T
1
2 (

T∑
t=1

|4u(t)|2) 1
2 .

5¿k 0 < m ≤ 1Ú ‖u‖∞ ≥ 1, Ïd

γ1

T∑
t=1

|4u(t)|2 ≤ 2
T∑
t=1

|4u(t)|2 +‖ϕ‖∞‖u‖∞T
1
2 (

T∑
t=1

|4u(t)|2) 1
2 +

(2s+K)‖r‖∞
rmin

T
1
2 (

T∑
t=1

|4u(t)|2) 1
2 .

(2.18)

�â (2.14)9±Ï>�^���
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‖u‖∞ = max
t∈[0,T+1]Z

|u(t)|

= max
t∈[η,η+T+1]Z

|u(t)|

=
1

2
max

t∈[η,η+T+1]Z
(|u(t)|+ |u(t− T )|)

=
1

2
max

t∈[η,η+T+1]Z
(|u(η) +

t−1∑
s=η

4u(s)|+ |u(η)−
η−1∑
s=t−T

4u(s)|)

≤ A+
1

2
(
t−1∑
s=η

|4u(s)|+
η−1∑
s=t−T

|4u(s)|)

≤ A+
1

2

t−1∑
s=t−T

|4u(t)|

≤ A+
1

2

T∑
t=1

|4u(t)|

≤ A+
T

1
2

2
(

T∑
t=1

|4u(t)|2) 1
2 .

(2.19)

A^ (2.18)Ú (2.19),�í�

γ1

T∑
t=1

|4u(t)|2 ≤ 2

T∑
t=1

|4u(t)|2 + ‖ϕ‖∞(A+
T

1
2

2
(

T∑
t=1

|4u(t)|2) 1
2 )T

1
2 (

T∑
t=1

|4u(t)|2) 1
2

+
(2s+K)‖r‖∞

rmin

T
1
2 (

T∑
t=1

|4u(t)|2) 1
2

= 2

T∑
t=1

|4u(t)|2 +
T

2
‖ϕ‖∞

T∑
t=1

|4u(t)|2

+
T

1
2 (‖ϕ‖∞Armin + (2s+K)‖r‖∞)

rmin

(

T∑
t=1

|4u(t)|2) 1
2 .

d(H1)¥½Â� γ1 >
T
2
‖ϕ‖∞ + 2, ��

(
T∑
t=1

|4u(t)|2) 1
2 ≤ T

1
2 (‖ϕ‖∞Armin + (2s+K)‖r‖∞)

rmin(γ1 − T
2
‖ϕ‖∞ − 2)

. (2.20)

d (2.19)Ú (2.20)���B := γ1 − T
2
‖ϕ‖∞ − 2, k

‖u‖∞ ≤ A+
T‖ϕ‖∞Armin + T (2s+K)‖r‖∞

2rmin(γ1 − T
2
‖ϕ‖∞ − 2)

=
2AB + ‖ϕ‖∞A+ T (2s+K)‖r‖∞

rmin

2B
:= W.

(2.21)
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d (2.21)��W ∈ (0,+∞).5¿� s ∈ (0, 1]�,

‖u‖∞ < W.

� s > 1�,

‖u‖∞ < Ws
1
m .

Ïd,é¤k s ∈ (0,+∞)Ø�ª

W (s+ 1)
1
m > max{Ws

1
m ,W}

Ñ¤á.

-

d2,s := W (s+ 1)
1
m ,

@oéu¤k t ∈ [1, T + 1]Z,¯K (1.7)�z��)Ñ÷vu(t) < d2,s.

XJ ‖u‖∞ ≤ 1,@oé¤k t ∈ [0, T + 1]Z, u(t) < d2,sÑ¤á.Ïd,3 ‖u‖∞ ≤ 1½ ‖u‖∞ ≥ 1

��¹e,k

u(t) < d2,s, ∀t ∈ [0, T + 1]Z,

¿� s 7→ d2,s´4O�.

nþ¤ã,éu¯K (1.7)�z��)u(t),Ñ�3ü�~ê d1,sÚ d2,s,¦�

d1,s < u(t) < d2,s, ∀t ∈ [0, T + 1]Z,

Ù¥ s 7→ d1,süN4~, s 7→ d2,süN4O.

3. Ì�(J

e¡�Ñ�©�Ì�(J.Äk,�Ñ�
b�:

(A1) ϕmin < 0, 0 < W < ( rmin

|ϕmin|)
1

m+µ ;

(A2) ϕ > 0� γ1 >
T
2
‖ϕ‖∞ + 2, Ù¥ γ13Ún 2.3�(H1)¥®½Â;

(A3) ϕmin = 0� 0 < ϕ < 2γ1
T
.

XJϕ > 0� 0 < W < ( rmin

|ϕmin|)
1

m+µ , @odÚn 2.3��¯K (1.7)�z��)u(t)÷v

(
rmin

2s+K
)

1
µ < u(t) < W (s+ 1)

1
m , ∀t ∈ [0, T + 1]Z.

-

h0,s := min{ϕ(t)um(t) +
r(t)

uµ(t)
}, ∀(t, u) ∈ [1, T ]Z × [d1,s, d2,s]. (3.1)
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du s 7−→ h0,s�O�ϕ > 0,��

h0,s ≥ −|ϕmin|dm2,s +
rmin

dµ2,s
= −|ϕmin|Wm(s+ 1) +

rmin

W µ(s+ 1)
µ
m

.

�ÄØ�ª

−|ϕmin|Wm(s+ 1) +
rmin

W µ(s+ 1)
µ
m

> s,

=

|ϕmin|Wm+µ(s+ 1)
m+µ
m +W µ(s+ 1)

µ
m s < rmin. (3.2)

XJb�(A1)¤á½ϕmin = 0, @oéu s = 0, (3.2)¤á.�â¼ê�k.5,���3��~

êω,¦�éz� s ∈ [0, ω), (3.2)¤á.¯¢þ,éz� s ∈ [0, ω),Ñkh0,s > s.(Ü (3.1)��

ϕ(t)um(t) +
r(t)

uµ(t)
≥ h0(s) > s, ∀(t, s, u) ∈ [1, T ]Z × [0, ω)× [d1,s, d2,s]. (3.3)

d^� r(t) > 0, t ∈ [1, T ]Z�

lim
u→0

(ϕ(t)um(t) +
r(t)

uµ
(t)) = +∞, ∀t ∈ [1, T ]Z.

Ïd��éz� s ∈ (0,+∞),�3~ê

γs := min{1, (
rmin

‖ϕ‖∞ + s
)

1
µ }, (3.4)

¦�

ϕ(t)um(t) +
r(t)

uµ(t)
> s, ∀(t, u) ∈ [1, T ]Z × (0, γs). (3.5)

w, s 7→ γsüN4~.

nþ,�©�Ì�(JXe:

½n3.1 �b�(A1)-(A2)¤á½b�(A3)¤á,@o�3��~ê s0 ∈ (0,+∞) ¦�

(i) � s < s0�,¯K (1.7)vk�);

(ii) � s = s0�,¯K (1.7)��k���);

(iii) � s > s0�,¯K (1.7)��kü��).

e¡y²½n 3.1,·�ÏLA�9Ï·K5�¤.e¡�¦b�(A1)-(A2)¤á½b�(A3)¤á.

Ún3.1 ��3��~ê s0 ∈ (0,+∞),¦�éz� s < s0, ¯K (1.7)vk�).

y² �u(t)´¯K (1.7)�?¿���),dÚn 2.3�

d1,s < u(t) < d2,s,

Ù¥ d1,s, d2,s3Ún 2.3�y²L§¥®½Â.Pu(t1) = min
t∈[0,T+1]Z

u(t), Kd (3.3)ª�
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42u(t− 1)|t=t1 = s− [ϕ(t1)u
m(t1) +

r(t1)

uµ(t1)
]− f(u(t1))4u(t1) ≤ s− h0(s) < 0, ∀s ∈ [0, ω),

ù�ª (2.10)¥42u(t− 1)|t=t1 ≥ 0gñ.ùÒ¿�Xé¤k� s ∈ [0, ω),¯K (1.7)vk�).

ÏLÚn 2.2�� s > 0´¯K (1.7)k�)�7�^�,=éz�� s < 0,¯K (1.7) vk�

).Ïd,éz� s < ω,¯K (1.7)vk�).

�~ê ζ ∈ (d1,0, d2,0),½Â

h1 := max{ϕ(t)ζm +
r(t)

ζµ
: t ∈ [0, T + 1]Z}.

dÚn 2.3�, s 7→ d1,s üN~, s 7→ d2,s üNO,�é s ∈ (0,+∞),k (d1,0, d2,0) ⊂ (d1,s, d2,s)

�h1 > h0,s.(Ü (3.4)Ú (3.5), ���3~ê 0 < ρ < min{d1,s, d2,s} ¦�

ϕ(t)ρm +
r(t)

ρµ
> s, t ∈ [0, T + 1]Z.

Ïd,α(t) ≡ ρ´¯K (1.7)�î�e),¿�éz� s > h1,k

ϕ(t)ζm +
r(t)

ζµ
≤ h1 < s, t ∈ [0, T + 1]Z.

@o,éuz� s ∈ (h1,+∞), β ≡ ζ(t)´¯K (1.7)�î�þ).ÏLÚn 2.1��,¯K (1.7)���

3���)u(t),é ∀s ∈ (h1,+∞)÷v

ρ < u(t) < ζ, ∀t ∈ [0, T + 1]Z.

y3,½Â8Ü

S := {s ∈ R|¯K(1.7)��k���)}.

w,,S´����8Ü.-

s0 = inf S. (3.6)

dþãy²��ω ≤ s0 ≤ h1. (Ø�y.

Ún3.2 éz� s > s0,¯K (1.7)��k���).

y² dª (3.6)Úe(.�½Â��,éu?¿ ε > 0,�3σ ∈ S¦�σ − s0 < ε.Ïd,éu?

¿ s > s0,�3σ ∈ [s0, s)¦�¯K (1.7)k���)uσ(t),÷v

42uσ(t− 1) + f(uσ(t))4uσ(t) + ϕ(t)umσ (t) +
r(t)

uµσ(t)
= σ < s.

w,uσ(t)´ (1.7)���î�þ).
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?�Ú,éu t ∈ [0, T + 1]Z,-~ê 0 < ασ < min{d1,s, d2,s} �ασ < minuσ(t),K��

ϕ(t)αmσ (t) +
r(t)

αµσ
(t) > s, t ∈ [1, T ]Z.

ØJwÑασ´¯K (1.7)���î�e).dÚn 2.1,¯K (1.7)��k���)us(t)÷v

ασ < us(t) < uσ(t), ∀t ∈ [1, T ]Z.

Ïd,é?¿�½� s > s0,¯K (1.7)��k���).

�e5,� s3��4«mSCz�,ïá¯K (1.7)¤k�)�k��O.

Ún3.3 éz� s > s0, �3ü�~ê 0 < d̂1,s < d̂2,s < +∞, ¦�éu s ∈ [s0, s],¯K (1.7)

�z��)u(t),÷v

d̂1,s < u(t) < d̂2,s, ∀t ∈ [0, T + 1]Z.

y² �é?¿�½� s ∈ [s0, s], u(t)´¯K (1.7)���),KdÚn 2.3�

min{u(t) : t ∈ [0, T + 1]Z} > d1,s, max{u(t) : t ∈ [0, T + 1]Z} < d2,s.

d	,du s 7→ d1,süN~� s 7→ d2,süNO,l,k

d1,s < u(t) < d2,s, ∀t ∈ [0, T + 1]Z.

l,XJ-8Ü d̂1,s := d1,s Ú d̂2,s := d2,s, @oéz� s ∈ [s0, s], k

d̂1,s < d1,s < u(t) < d2,s < d̂2,s, ∀t ∈ [0, T + 1]Z.

s 7→ d̂1,süN~� s 7→ d̂2,süNO.

Ún3.4 éuz� s > s0,¯K (1.7)���3ü��).

y² ÏLÚn 3.1,éuz� s < s0,¯K (1.7)vk�).

- s > s0¿�½Â±e8Ü

Σs := {u ∈ Λ : min{γs, d̂1,s} < u(t) < d̂2,s, |4u(t)| < 1, ∀t ∈ [0, T + 1]Z}.

dÿÀÝ�½Â��:

deg(I − Ξs,Σs, 0) = 0, ∀s < s0. (3.7)

du�f I −Ξs3k.m8Σs ⊆ Λþ½ÂûÐ,éuz� s < s,$^ÝnØ�ÓÔØC5±9

ª (3.7),��

deg(I − Ξs,Σs, 0) = 0, ∀s ≤ s.

éz� ε > 03^� s = s0 + εe,�Ä¯K (1.7)����)βε(t),Ù�35dÚn 3.2®y.X
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J s0 + ε < s < s, @oαε(t) ≡ min{γs, d̂1,s} Úβε(t)©O´¯K (1.7) �î�e)Úî�þ),¿

�éu¤k t ∈ [0, T + 1]Z,kαε(t) < βε(t). dÚn 3.3��

Ω1
ε := {u ∈ Λ : αε(t) < u(t) < βε(t), |4u(t)| < a, ∀t ∈ [0, T + 1]Z},

´Σs�f8.ÏdkΩ1
ε ⊆ Σs ⊆ Λ.

d	,éu s ∈ (s0 + ε, s], Brouwer Ý deg(I − Ξs,Σs, 0) Ú deg(I − Ξs,Ω1
ε, 0) Ñ´½ÂûÐ�.

�âÚn 2.1k

deg(I − Ξs,Ω1
ε, 0) = −1, ∀s ∈ (s0 + ε, s].

-Ω2 := Σs\Ω1
ε. dÝnØ��Ø5,��

deg(I − Ξs,Ω2, 0) = deg(I − Ξs,Σs, 0)− deg(I − Ξs,Ω1
ε, 0) = 1, ∀s ∈ (s0 + ε, s].

d ε�?¿5�,éu ∀s ∈ (s0 + ε, s],¯K (1.7)���3ü��).

½n3.1�y² A^Ún 3.1,�y�½n 3.1�(i);

ey� s = s0�,¯K (1.7)��k���).�ω < s0 < σ,� {sn}´«m (s0, σ)þüN4~

�ªu s0�ê�.é?¿���ên,���3���T -±Ï)usn , ¦�

42usn(t− 1) + f(usn(t))4usn(t) + ϕ(t)umsn(t) +
r(t)

uµsn(t)
= sn,

w,, ‖4usn‖∞ ≤ 1.-n → ∞,�âArzela-Ascoli½n,¯K (1.7)3 s = s0?��k���).=

½n 3.1�(ii)÷v¶

ÏLÚn 3.4,½n 3.1� (iii)éw,¤á.

4. o(�Ð"

�©�M#53u?Ø
 g(t, u)kÛ5�,��lÑ±Ï>�¯K�A.P.(J,��
Xe(

Ø: 3b�^�

(A1) ϕmin < 0, 0 < W < ( rmin

|ϕmin|)
1

m+µ ;

(A2) ϕ > 0� γ1 >
T
2
‖ϕ‖∞ + 2, Ù¥ γ13Ún 2.3�(H1)¥®½Â;

(A3) ϕmin = 0� 0 < ϕ < 2γ1
T

e,�3��~ê s0 ∈ (0,+∞),¦�¯K (1.7)©O3 s < s0, s = s0½ s > s0�,vk�)! ��

k���)½��kü��).�©�Û�53ué fÚ f(u)
um
���,ùp f : (0,+∞) → (0,+∞),

� f(u)
um
üN4~, �
?Ø��.3dÄ:þ,8��ïÄ��´?Ø� f : (0,+∞) → R�¯

K (1.7) �A.P.(J.
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~1 �Äe�±Ï>�¯K 4
2u(t− 1) + 8u4u(t) + 1

8
cos tu

1
2 (t) + t

u
1
2 (t)

= s, t ∈ [1, 7]Z,

u(0) = u(7),4u(0) = 4u(7)

Ù¥T = 7, f(u) = 8u, ϕ(t) = 1
8

cos t, r(t) = t,m = 1
2
, µ = 1

2
.

÷v^�(A1),=ϕmin = − 1
8

cos 3 = 0.12375 < 0, 0 < W < ( rmin

|ϕmin|)
1

m+µ
= ( 1

|− 1
8 cos 3|)

1
1
2
+ 1

2 = 8.08087.

÷v^�(A2),=ϕ = 1
7

7∑
t=1

1
8

cos 3 = 0.00854 > 0, γ1 >
7
2

cos 6 + 2 = 5.36060.

~2 �Äe�±Ï>�¯K{
42u(t− 1) + 5u4u(t) + | cos π

4
t|u 1

2 (t) + t
u2(t)

= s, t ∈ [1, 4]Z,

u(0) = u(4),4u(0) = 4u(4)

Ù¥T = 4, f(u) = 5u, ϕ(t) = | cos π
4
t|, r(t) = t,m = 1

2
, µ = 2.

÷v^�(A3). ϕmin = | cos π
4
· 2| = 0.

du γ1 >
T
2
‖ϕ‖∞ + 2, � 2γ1

T
= 2γ1

4
> 1

2
· (2‖ϕ‖∞ + 2) = ‖ϕ‖∞ + 1 = 2, ϕ = 1

T

T∑
t=1

ϕ(t) =

1
4

4∑
t=1

| cos π
4
t| = 1+

√
2

4
< 2, l÷v 0 < ϕ < 2γ1

T
.

Ä7�8

I[g,�ÆÄ7�cÄ7(No12361040)§Ü����Æ�c���ïUåJ,Oy���

8(NWNU-LKQN2020-20)"
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