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Abstract

This paper mainly considers a class of fractional optimization problems where the

numerator is a sum of a convex nonsmooth continuous function and a nonconvex

smooth function, while the denominator is a convex nonsmooth function. We first give

the first-order optimality condition of the problem, and then a new algorithm, called

proximal gradient-subgradient algorithm with nonmonotonic line search (NL-PGSA),

is proposed for solving the fractional optimization problems. Moreover, the global

convergence of the entire sequence generated by NL-PGSA algorithm has been proven

based on the Kurdyka- Lojasiewicz property. Finally, some numerical experiments on

the l1/l2 sparse signal recovery problems are conducted to demonstrate the efficiency

of the proposed algorithm.
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1. Úó

�©Ì��Ä�´�aAÏ�©ª`z¯K§Ù/ª�:

min

{
f(x) + h(x)

g(x)
: x ∈ Ω := {x ∈ Rn : g(x) 6= 0}

}
, (1.1)

Ù¥f, g, h : Rn → R := (−∞,+∞] ¿÷vXeb�µ

b�^�1.1.

(i) f´T�à¼ê§ke.¿�3Ùk��þ´ëY�¶
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(ii) h´��äkLipschitzëYFÝ�ëY��¼ê§=�3��Lipschitz ~êL, ÷v

||∇h(x)−∇h(y)‖ ≤ L‖x− y‖, ∀x, y ∈ Rn.

(iii) g´��¢�à¼ê¶

(iv) f + h3Rnþ´�K�§3Rn \ Ω þØ�u0, g > 0 3dom(f) ∩ Ω. d	§·��b�¯

K(1.1)��`)�3¿U
��"

©ª`z¯K´��z½��z��½õ�¼ê'��8I¯K§©ª`z¯K3Nõ+�

ÑkØÓ�A^§X<ó�U [1–3]§Ã�>Ï& [4–7]§²LÆ [8] �"Ïd§�éù�¯KNõ

ÆöJÑ
�
k���{"Ù¥§ëê�{´©ª`z¯K¥~^�g�§¦´¦)©ª`z

¯K¥�«(¹��{§¦^ëê�{§·��±á=y²¯K(1.1)��`)x? ∈ Rn �d�e�
¯K��`)

min {f(x) + h(x)− c?g(x) : x ∈ Ω} , (1.2)

Ù¥c?�L¯K(1.1)��`��c? = f(x?)+h(x?)
g(x?)

, T�{�`:´¦�±¦)�5��©ª`z

¯K§�":�éw,§¯K(1.1) ��Û�`)Ø´��"�
�Ñù�(J§kÆöJÑ


Dinkelbach’s�{ [9], T�{d�cS��¼ê�ck��c?§äNS�µe�

xk+1 ∈ argmin {f(x) + h(x)− ckg(x) : x ∈ Ω} , (1.3)

Ù¥ck = f(xk)+h(xk)
g(xk)

, 'uT�{��[Øã§�ë�©z [10–12]. ,§l¯K(1.3)��§T8

I¼ê��à¼ê§����Û)�'�(J"

�C§Bot�< [13]òCàFÝ�{({¡PG)A^u�¼êg�ëY����¯K(1.1), äNS

�µe�

xk+1 ∈ argmin

{
f(x) + h(x)− ck

〈
∇g
(
xk
)
, x
〉

+
1

2ηk

∥∥x− xk∥∥2
: x ∈ Ω

}
, (1.4)

Ù¥ck = f(xk)+h(xk)
g(xk)

, ηk > 0. l(1.4)��§þãS�¢Sþæ^
g(x)3xk?��5Ðm",§

lê�5U5w§�¯K5�'���§CàFÝ�{��Ý�é�ú"�
JpÂñ�Ý§N

õïÄ<
æ^
�«üÑ§¿JÑ
�
p���{"

Zhang�< [14]JÑ
�«CàFÝgFÝ��{({¡PGSA)5)ûù�¯K§�{�S�

µe�

xk+1 ∈ argmin

{
f(x) +

〈
∇h
(
xk
)
− ckyk+1, x− xk

〉
+

1

2αk

∥∥x− xk∥∥2
: x ∈ Ω

}
, (1.5)

Ù¥yk+1 ∈ ∂g(xk), 0 < αk ≤ 1/L, ck = f(xk)+h(xk)
g(xk)

. ·��±w�§þãS�æ^�´h(x) −
ckg(x)��5Ðm§ùTÐ´αkf�Cà�f"d	§�
\��{§�ö�JÑ
�«��|¢

�CàFÝgFÝ�{({¡PGSA-L), ��yÂñ5§�¦Ú�0 < αk <
1
L

, �T�{�6à´

�L���§Ú�¬��§ÏdÂñ�Ý�é�ú"
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�©É�©z [14]�éu§3f´à¼ê�cJe§æ^
,�«�ª�BB Ú�¿?�ÚU

?
Ú����§3¼ê÷vKurdyka- Lojasiewicz5��^�e§�±�y�{�Âñ5"

2. ý��£

e¡{ü0���©�'��
ÎÒ�½Â"

½ÂRn�n�îª�m§〈·, ·〉�IOSÈ§‖·‖, ‖·‖1©O�îª�ê�l1�ê§8ÜSþ�«5
¼êIS(x)½Â�

IS(x) :=

{
0, if x ∈ S,
+∞, otherwise.

(2.1)

éu��*Ð�¢�¼êψ : Rn → (−∞,+∞], Ùk���domψ := {x ∈ Rn : ψ(x) <∞} .
e∀x ∈ Rn, Ñ÷vψ > −∞�dom(ψ)��§Kψ�T�¼ê"�½����48S ⊆ Rn,

�dist(·, S) : Rn → RL«x �S�ål¼ê§=dist(x, S) := infy∈S ‖x− y‖ ,∀x ∈ Rn.

½Â2.1. (Kurdyka- Lojasiewicz5� [15]) �¼êψ : Rn → R̄�T��e�ëY¼ê§ x̂ ∈
dom(∂ψ), XJ�3η ∈ (0,+∞], x̂���+�O9÷veã^��]¼êφ : [0, η) → R+ :=

[0,+∞)

(i) φ(0) = 0,

(ii) φ3(0, η)þëY���φ′ > 0,

(iii) ∀x ∈ O ∩ {x ∈ Rn : ψ(x̂) < ψ(x) < ψ(x̂) + η}, φ′(ψ(x)− ψ(x̂))·dist (0, ∂ψ(x)) ≥ 1¤á.

K¡ψ3:x̂?÷vKurdyka- Lojasiewicz5�({¡KL5�)"

3. Ì��{9½n

3�!¥§·�ò¬�Ñ�{�äNS�µe§¿�y�{�Âñ5y²"�{B§½Â¼

êF , äN/ªXeµ

F (x) :=


f(x)+h(x)

g(x)
, if x ∈ Ω ∩ dom(f),

+∞, else,

Ù¥f, g, h�¯K(1.1)¥�8I¼ê§Ïd�±ò¯K(1.1)��±e/ªµ

min {F (x) : x ∈ Rn} . (3.1)

3Ð«�{�c§·�k�Ñ¯K(1.1)����`5^�"e�½Â�©z [?] ¥'u½:

�½Â�ª�Ó"
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½Â3.1. b�x? ∈ dom(F ), c? = F (x?), e

0 ∈ ∂f(x?) +∇h(x?)− c?∂g(x?). (3.2)

Kx?´F�½:"

�e5§·�ò�Ñ�{NL-PGSA���µe"

Ú½0 Ñ\x0 ∈ dom(F ), a > 0, 0 < t < 1, N ≥ 0. �k = 0.

Ú½1 O�yk+1 ∈ ∂g(xk), ck = f(xk)+h(xk)
g(xk)

,

ÀJαk,0 ∈ (0, 2
L

).

Ú½2 �m = 0, 1, . . .,�

αk = αk,0t
m,

x̃k+1 ∈ proxαkf (xk − αk∇h(xk) + αkcky
k+1).

ex̃k+1 ∈ dom(F )�

F
(
x̃k+1

)
≤ max

[k−N ]+≤i≤k
ci −

a

2

∥∥x̃k+1 − xk
∥∥2

2
, (3.3)

-xk+1 = x̃k+1=Ú½3.

Ú½3 -k ← k + 1=Ú½1.

�âØ�ª(3.3)��§�N = 0�§
{
F (xk) : k ∈ N

}
´üN�§�N > 0�§

{
F (xk) : k ∈ N

}
´ØüN�"�{B§æ^PÒ4x = xk − xk−1, 4h = ∇h(xk)−∇h(xk−1), 'uëêαk,0 �)¤

�ªXeµ

αk,0 =

 max
{
α,min

{
ᾱ, |〈∆x,∆h〉|‖∆h‖22

}}
, if 〈∆x,∆h〉 6= 0,

ᾱ, else.
(3.4)

�e5§·��ÑXeÚn§TÚn�±?�Ú�Ï·��y�{�Âñ5"

Ún3.2. �
{
xk : k ∈ N

}
´NL-PGSA�)û¯K(1.1) ¤)¤�S�:�§K

f(xk+1) + h(xk+1) + (
1

αk
− L

2
)
∣∣∣∣xk+1 − xk

∣∣∣∣2 ≤ ckg(xk+1), (3.5)

�∀k ∈ N ,
{
xk
}
⊆ dom(F ).

y². ·�æ^êÆ8B{?1y²§ÄkÐ©:x0 ∈ dom(F ), �∀k ∈ N , Ñkx0, x1, · · ·, xk ∈
dom(F )§dNL-PGSA�S�µe±9Cà�f�½Â§��

1

αk

(
xk − xk+1 − αk∇h

(
xk
)

+ αkcky
k+1
)
∈ ∂f

(
xk+1

)
,
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�âb�1.1, f´à¼ê§�±��

f
(
xk+1

)
+

1

αk

〈
xk − xk+1 − αk∇h

(
xk
)

+ αkcky
k+1, xk − xk+1

〉
≤ f

(
xk
)

?�Ú�n�

f
(
xk+1

)
+
〈
xk+1 − xk,∇h

(
xk
)
− ckyk+1

〉
+

1

αk

∥∥xk+1 − xk
∥∥2

2
≤ f

(
xk
)
, (3.6)

d	§∇h´LipschitzëY¼ê§��

h(xk+1) ≤ h(xk) +
〈
∇h(xk), xk+1 − xk

〉
+
L

2

∣∣∣∣xk+1 − xk
∣∣∣∣2 , (3.7)

g´à¼ê§�∀k ∈ N , ck = f(xk)+h(xk)
g(xk)

≥ 0, Ïd

ckg(xk) +
〈
cky

k+1, xk+1 − xk
〉
≤ ckg(xk+1). (3.8)

ò(3.6), (3.7)Ú(3.8)�\§(Ückg(xk) = f(xk)+h(xk)
g(xk)

g(xk) = f(xk) + h(xk), �

f(xk+1) + h(xk+1) + (
1

αk
− L

2
)
∣∣∣∣xk+1 − xk

∣∣∣∣2 ≤ ckg(xk+1),

�xk+1 /∈ dom(F ) = Ω∩dom(f),Ïdg(xk+1) = 0,�âb�1.1, f+h ≥ 0,d�{NL-PGSA�

�§0 < αk <
2
L

, (Ü(3.5), ��xk+1 = xk, ù�xk ∈ dom(F )gñ§Ïd∀k ∈ N , xk+1 ∈ dom(F ).

Ún�y" �

/ÏÚn3.2§?�Ú��±e�(J"

Ún3.3. �
{
xk : k ∈ N

}
´NL-PGSA)¤�S�§K

(i) ∀k ∈ N , F
(
xk+1

)
+ ( 1

αk
− L

2
)
‖xk+1−xk‖2
g(xk+1)

≤ F
(
xk
)
¶

(ii) limk→∞
‖xk+1−xk‖2
g(xk+1)

= 0;

(iii) limk→∞ F
(
xk
)

= limk→∞ ck = c?;

y². ·�Äky²(i), �âÚn3.2, ±9F (xk+1) = ck+1 = f(xk+1)+h(xk+1)
g(xk+1)

�g(xk+1) > 0 ��

F
(
xk+1

)
+ (

1

αk
− L

2
)

∥∥xk+1 − xk
∥∥2

g(xk+1)
≤ F

(
xk
)
, (3.9)

�e5§·�y²(ii), òØ�ª(3.9)ü>�klk = 0�K ¦Ú§��

F
(
xK+1

)
+

K∑
k=0

(
1

αk
− L

2
)

∥∥xk+1 − xk
∥∥2

g(xk+1)
≤ F

(
x0
)
. (3.10)
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Äuþª±90 < αk <
2
L

,��
∑K

k=0( 1
αk
− L

2
)
‖xk+1−xk‖2
g(xk+1)

k.,-K →∞,��limk→∞
‖xk−xk−1‖2
g(xk+1)

=

0.

�â(i)Ú(ii),��(iii)¤á" �

�e5§·�©ÛNL-PGSA�Âñ5§3·��b�e§·�Äky²éuz�	ÜÌ�§

Ù'é�SÜÌ�7L3k�gS�Sª�"·�Äk�Ñe�b�"

b�^�3.1. é?¿�c0 ∈ R, Y²8{x ∈ Rn : F (x) ≤ c0} k."

b�^�3.2. f3Ùk��þ´ÛÜLipschitzëY�"

b�^�3.3. g3Ωþ´��ëY��¼ê�∇g´LipschitzëY�"

Ún3.4. 3b�3.1¤á�^�e§�M := sup {g(x) : x ∈ lev(F (x), c0)}, K

(i) 3õêTgS�¥§�{NL-PGSA�13Ú¬3αk ≥ α̂�ª�§Ù¥ëêα̂ = 2t
L+αM

, T :=⌈
− log(α̂(aM+L))

log t
+ 1
⌉
¶

(ii) ∀k ∈ N , kxk ∈ lev(F, c0)�
{
xk : k ∈ N

}
´k.�¶

(iii) S�
{
F (xl(k)) : k ∈ N

}
´�O�"

y². Äk·�y²(i), �âÚn3.3¥�(3.10)§��∀k ∈ N , F (xk) ≤ F (x0), /Ïb�3.1, �±

��
{
xk : k ∈ N

}
´k.�"d	§Ï�g´à¼ê§�g´ëY¼ê§Ïd�3M ≥ 0, ¦�é?

¿�k ∈ N , kg(xk) ≤ M , �â�{NL-PGSA�S�µe§αk,0 <
2
L

, Ïd�{3S�TÚ��§

é?¿�k ∈ N , kαk ≤ 2
L+αM

= α̂/t.

�e5§·�ékæ^êÆ8B{§w,x0 ∈ lev(F, c0), �xi ´d�{S��)�:§¿

�xi ∈ lev(F, c0), i = 0, 1, · · ·, k, �
y²(i), I�`²�αk ≤ α̂/t �§kx̃k+1 ∈ dom(F ), �eª

¤á

F
(
x̃k+1

)
≤ ck −

a

2

∥∥x̃k+1 − xk
∥∥2

2
, (3.11)

dÚn3.3(i), ±9αk ≤ 2
L+αM

< 2
L

, ��x̃k+1 ∈ dom(F ), ¿�

F
(
xk+1

)
≤ ck − (

1

αk
− L

2
)

∥∥xk+1 − xk
∥∥2

g(xk+1)
≤ ck −

αM

2

∥∥xk+1 − xk
∥∥2

g(xk+1)
, (3.12)

dþª��F
(
x̃k+1

)
≤ ck ≤ c0, Ïdx̃k+1 ∈ lev (F, c0), d	§/Ïg

(
x̃k+1

)
≤ M , �d(3.12)�

�(3.11).

�e5§·�y²xk+1 ∈ lev (F, c0), �{üå�§½Â

l(k) := max
{
j : j ∈ arg max

{
F
(
xi
)

: [k −N ]+ ≤ i ≤ k
}}

, (3.13)
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/Ïþã½Â±9(3.3)§��∀i ≤ k, F (xi+1) ≤ F
(
xl(i)

)
, Ïd§

F
(
xl(i+1)

)
= max

[i+1−N ]+≤j≤i+1
F
(
xj
)

= max

{
F
(
xi+1

)
, max

[i+1−N ]+≤j≤i
F
(
xj
)}

≤ max
{
F
(
xi+1

)
, F
(
xl(i)

)}
= F

(
xl(i)

)
.

(3.14)

�F
(
xk+1

)
≤ F

(
xl(k)

)
≤ F

(
xl(0)

)
= c0.Ún�y" �

eãü�½n=©z [14]¥½n5.2�½n5.3, ½n3.5L²NL-PGSA�fS�´Âñ�"½

n3.6L²NL-PGSA´�ÛÂñ�"

½n3.5. 3b�1.1,b�3.1¤á�cJe,�
{
xk : k ∈ N

}
´NL-PGSA)¤�S�,K

{
xk : k ∈ N

}
�?¿à:Ñ´F��.:"

½n3.6. 3b�1.1, 3.1, 3.2±9b�3.3¤á�cJe§�F3Ùk��¥�?¿�:Ñ÷

vKL5�§
{
xk : k ∈ N

}
´NL-PGSA)¤�S�§K

∑∞
k=1

∥∥xk+1 − xk
∥∥

2
< +∞�

{
xk : k ∈ N

}
Â

ñ�F��.:"

4. ê�¢�

3ê�ÿÁ¥§·�Ì��Ä±e��å�l1/l2DÕ&Ò¡E¯Kµ

min

{
‖x‖1
‖x‖

: Ax = b, x ≤ x ≤ x̄, x ∈ Rn
}
, (4.1)

Ù¥x, x̄ ∈ Rn©O�LÄ:&Ò�e��þ�§ÏLÚ\vëêλ > 0, þã��å�`z¯K�

e�¯K�dµ

min

{
λ‖x‖1 + 1

2
‖Ax− b‖2

‖x‖
: x ≤ x ≤ x, x ∈ Rn

}
. (4.2)

w,§¯K(4.2)´¯K(1.1)�A~§äN5`§f´¼êλ‖x‖1 �«5¼ê3
{x ≤ x ≤ x̄, x ∈ Rn}þ�Ú§h = 1

2
‖Ax − b‖2, g = ‖x‖, Ω = {x ∈ Rn : g(x) 6= 0}, ùpA ∈ Rm×n,

b ∈ Rm. du8I¼ê´�a©ª`z¯K§Ï��(�©1�¼ê��"§(Üg¼ê�äN/

ª§d�Ð�:ØU��"�þ"3ùp§·�æ^ý¢&Òx̃5)¤Ð�x0. �e5§·��E


�«DÕÝ���K�ý¢&Òx̃ ∈ Rn, ·��ÅÀJ�����K�|±f8§Ù��©lÝ

���2D, ¿3T8Üþ)¤��|±�þṽ ∈ Rn, sgn�LIOÎÒ¼ê§�x̃ = sgn(ṽ). ��§

�b ∈ Rm, b = Ax̃, x = −2× 1n, x̄ = 2× 1n, ùp1n�L¤k©þÑ�u1�n��þ"

�e5§·�I��Ñx̃÷v¯K(4.2)���7�5^�"Äkx̃ 3¯K(4.2)?�¼ê�

�c̃ = λ
√
K, Ï�x̃ ∈ ∂‖ · ‖1(x̃)�∇ (‖ · ‖2) (x̃) = x̃/

√
K, K0 ∈ ∂ (λ‖ · ‖1) (x̃)− c̃∇ (‖ · ‖) (x̃). d	§
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x < x̃ < x̄, Ax̃ = b, ��

0 ∈ ∂
(
λ‖ · ‖1 + ι{x∈Rn:x≤x≤x̄}

)
(x̃) +AT (Ax̃− b)− c̃∇ (‖ · ‖) (x̃).

ù¿�Xx̃�¯K(4.2)��`)"·�ò�{NL-PGSA��{PGSA-L [14], ?1'�§�e

5§·�ò�Ñ�{�äNëê��"

· NL-PGSA. L = ‖A‖2, Ð©Ú�α0,0 = 1/L, α = 10−3, t = 0.5, N = 4.

· PGSA-L. ·�ÀJ�Ú�ëê�©z [14]��"

3�e5�¢�¥§��ê©O�(m,n)=(512,8192)Ú(m,n)=(640,10240), ÀJØÓ�DÕÝD =

{1, 5, 10, 15}, K = {12, 16} 5ÿÁl1/l2DÕ&Ò¡E¯K"3z�(D,K) ��¥§·�Xþã¤

ã�Å)¤100gêâ§¿�â100gêâ�²þ(J'�þãü«�{"ü«�{zgÀ��

Ð��x0 = x̃ + 0.4ξ, ùpξ ∈ RnÙ©þ÷v[−1, 1] �þ!©Ù§�S�gê��1000½‖xk −
xk−1‖/max{1, ‖xk‖} ≤ 10−5�S�ª�"XL 1ÚL 2¤«§·��Ñü«�{3S�gê§CPU

�m(±¦�ü )ÚS�ª���¼ê�"lL¥·��Ñ(Ø§·���{Ly�Ð"

Table 1. Solving problem (4.2) when (m,n) = (512, 8192), λ = 5× 10−4

L 1. )û¯K(4.2), (m,n) = (512, 8192), λ = 5× 10−4

iter time F val

l1/l2 PGSA-L l1/l2 NL-PGSA l1/l2 PGSA-L l1/l2 NL-PGSA l1/l2 PGSA-L l1/l2 NL-PGSA

D=1,K=12 482 402 2.23297 2.21622 0.098759 0.0907651

D=1,K=16 484 406 2.24221 2.21645 0.098803 0.0906339

D=5,K=12 483 403 2.23481 2.21423 0.098282 0.0907574

D=5,K=16 482 403 2.24031 2.22685 0.098458 0.0908579

D=10,K=12 482 401 2.23166 2.21356 0.098117 0.0907067

D=10,K=16 483 402 2.23102 2.21256 0.098973 0.0905531

D=15,K=12 486 402 2.23308 2.21204 0.098665 0.0909149

D=15,K=16 483 402 2.23208 2.21072 0.098606 0.0902784

Table 2. Solving problem (4.2) when (m,n) = (640, 10240), λ = 5× 10−4

L 2. )û¯K(4.2), (m,n) = (640, 10240), λ = 5× 10−4

iter time F val

l1/l2 PGSA-L l1/l2 NL-PGSA l1/l2 PGSA-L l1/l2 NL-PGSA l1/l2 PGSA-L l1/l2 NL-PGSA

D=1,K=12 483 404 3.44432 2.99739 0.192345 0.1917892

D=1,K=16 487 402 3.43452 2.99816 0.193024 0.1915356

D=5,K=12 482 403 3.44371 2.99515 0.192964 0.1912004

D=5,K=16 483 404 3.44735 2.99225 0.192718 0.1911423

D=10,K=12 485 405 3.44345 2.99341 0.192343 0.1911445

D=10,K=16 482 403 3.44462 2.99235 0.192274 0.1911234

D=15,K=12 482 403 3.44351 2.99532 0.192494 0.1912451

D=15,K=16 483 405 3.66209 2.53988 0.254709 0.0563043
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