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Abstract

Under the background of the risk model related to two types of insurance business, the

optimal investment reinsurance of the joint benefits of the insurer and the reinsurer

is studied. Assuming that the insurer can buy proportional reinsurance from the

reinsurer and invest in a financial market consisting of risk-free and risk assets, the

reinsurer can use the expected premium principle to charge premiums and reduce risk

by investing in risk-free assets. Under the mean-variance criterion, the expressions of

the optimal investment strategy and the optimal reinsurance strategy and the optimal

value function of the combined returns are obtained by solving the extended Hamilton-

Jacobi-Bellman equation system, and the validity of the result is verified by example.
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1. 0�

y��x½|d�xúiÚ2�xúi|¤§üöÏL2�x�péX"éu�xúi5`§

ºx+n´����¯K"XÛÀJÝ]õ��¦ÚÅ §±9	ïõ�Ú�oa.�2�x

�8(��`Ý]2�x¯K§��xúiÏ¦�`�Ý]2�xüÑ¤����É'5�9

:"

3�`Ý]2�x¯K¥§�~�¦^�8I¼êk»�VÇ��zOK!Ï"�^��z

OK±9þ�-��OK"©z [1–4]Ñ´3»�VÇ��zOKeïÄ�xúi�`üÑ¯K"é

uÏ"�^��zOK§©z [5]éÙ?1
ïÄ¶©z [6]b��xúi�Ä�¢�L§�Ì¤£

�ÙK$Ä§3Ø���åe§ïÄ
ªàãLÏ"�ê�^��z¯K"©z [7] 3CEV�.

¥§�ÄªàãL¥��zýÏ��ê�^§ïÄ
2�xÝ]¯KÚ=Ý]¯K"éuþ�-�

�OKe�xúi��`Ý]2�x¯K§©z [8] Äg�Ñ
ïÄ¶©z [9]3þ�-��OKe

ïÄ
Ý]2�x¯KÚXÝ]¯K��`üÑ¶©z [10]ïÄ
a�*Ñ7K½|¥äkÝ]Ú
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2�x��xúi�þ�- ���`¯K"

þãÑ´l�xúi��ÝÑuïÄ�`üÑ�§�´3y¢)¹¥§�3Ó����xú

iÚ2�xúi�8ì§X¥I2�x(8ì)�°k�úi�§�X©z [11]�ã�°2�xÜ�

�9V�§=�xúiÚ2�xúi§32�x�`/ª�IOe§éÙ¥���`�2�xü

Ñ§é,��5`�UØ´�`�§¤±§3�`Ý]2�x�ïÄ¥§�Ä�xúiÚ2�x

úiV�´Ün�"©z [12, 13]�Ä
�xúiÚ2�xúiV��|Ã§éüö�Ó)�ÚJ

|�VÇ?1
ïÄ"©z [14]ïÄ
dCEV�.ï��ºx]�§±��z�xV��ªàã

L�ê�^�OK§�Ñ
�`Ý]2�xüÑ¶3dÄ:þ§©z [15, 16]ïÄ
ØÓ`zOK

e§�xúiÚ2�xúi��`üÑ"©z [17]A^Ä�5y�{ÚéónØ§ïÄ
Ó��Ä

�xúiÚ2�xúi|Ã��`2�xÝ]üÑ"éu�xúiÚ2�xúiV�Æ��¯K§

©z [18]�Ñ
ïÄ"©z [19]ïÄ
�xúiÚ2�xúiB�þïÝ]2�xüÑÚªÏ��

éB�þïÝ]2�xüÑ�K�"

d	§�X<��x¿£�ØäOr§±9é�x���k�õ��5zI¦§�xúi�

x«�Ö�5�E,§x«�a.��5�õ§Xwx!Æx!¿	x!��x�"ù
x«

�U¬Ó�)�§'X¿	xÚ��x"�Xé2�x��\ïÄ§©z [20]�Ä
ü«äk�

'5�x«�Ö§3���¤�ne§|^�Å��nØ§�Ñ
ªàãLÏ"�ê�^��z

OKeEÜÑtºx�.ÚÙK$Äºx�.��`'~2�xüÑÚ�¼ê�µ4L�ª"©

z [21]�3þ�-��OKe§ïÄ
äka�*Ñºx]��7K½|��`2�xÝ]¯K§

Ù¥�xºxdEÜÑtL§ï�§ü�a�L§d���ÓÀÂ'é§Äu�Å�5�g��

nØ§�Ñ
HJB�§Ê5)��`üÑÚ�¼ê�wªL�ª"Äu±þë�©z�ïÄÚ&

?§�©òÓ��Ä�xúiÚ2�xúiV�§3Ï"�¤�neïÄäküa��x«�Ö

�ºx�.§8I¼êæ^þ�-��OK§é�`Ý]2�x¯K?1
&?"

2. �.Úb�

b�(Ω,F, {Ft}t≥0,P)´���6{Ft}t≥0���VÇ�m§Ù¥6{Ft}t≥0÷vÏ~^�µm
ëY!4O!{Ft}t≥0�¹¤kP-�Ñ8"3�©¥§¤k��ÅCþÑ½Â3VÇ�m¥"

2.1. J{L§

-X = {Xi, i = 1, 2, ...}§Y = {Yi, i = 1, 2, ...}´�xúi�üaØÓ�x«§�äk�'
5"X = {Xi, i = 1, 2, ...}ÚY = {Yi, i = 1, 2, ...}´ÕáÓ©Ù���ÅCþ§©Ù¼ê©O
�F1(x)§F2(y)§�X ≤ 0 �§F1(x) = 0§�X > 0�§0 ≤ Fi(x) ≤ 1¶�Y ≤ 0 �§F2(y) = 0§

�Y > 0�§0 ≤ F2(y) ≤ 1"Xi ´1�ax«1ig�¢���§Ùþ��E(Xi) = µ11§��Ý

�E(X2
i ) = µ12¶Yi´1�ax«1ig�¢���§Ùþ��E(Yi) = µ21§��Ý�E(Y 2

i ) = µ22"

üax«���t �o¢��L(t)�

L(t) =

Ñ1(t)∑
i=1

Xi +

Ñ2(t)∑
i=1

Yi = L1(t) + L2(t).
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Ù¥Ñ1(t)ÚÑ2(t)�(0, T ]S1�ax«Ú1�ax«¢�u)�gê§�X§YÕá§�¢�gê

��'5Xeµ

Ñ1(t) = N1(t) +N(t), Ñ2(t) = N2(t) +N(t),

Ù¥§N1(t)§N2(t)§N(t)ÑlPoisson©Ù��pÕá§rÝ©O�λ1 > 0§λ2 > 0§λ > 0§

Ni(t)§i = 1, 2L«�¢�1iax«�¢�gê§N(t) L«Ó�¯�¥Ó�¢�üax«�¢�

gê§=¢�u)�gê(Ñ1(t), Ñ2(t)) ÏL�Ó�PoissonCþN(t)�'"u´§dþã�½§�

xúi�J{L§�

R(t) = x0 + ct− L(t)

= x0 + ct− L1(t)− L2(t)

= x0 + ct−
N1(t)+N(t)∑

i=1

Xi −
N2(t)+N(t)∑

i=1

Yi (2.1)

Ù¥x0 ≥ 0´�xúi�Ð©J{§c´�¤Ç(ü �mS�xúi��¤Â\)"

2.2. 2�x�.

�
ü$²Eºx§½úi²E§#N�xúi3��xÜÓ�Ä:þ§ÏL\¾©�Ü

Ó§òÙ¤«ú�Ü©ºxÚI?�Ù¦�xúi?1=£§=	ï2�x"b��xúi�2

�xúi	ï'~2�x§éuüaØÓ�x«�Ö§�xúi�g3'~©O�q1tÚq2t§ù

pqit ∈ [0, 1]§i = 1, 2§=éu��tu)�¢��XiÚYi§�xúi�Gq1tXiÚq2tYi§2�xú

i�G�{�n��(1 − q1t)XiÚ(1 − q2t)Yi"b�2�xúi��¤Ç�δ(q1t, q2t)§UìÏ"�
¤�nÂ��¤§K

δ(q1t, q2t) = (1 + η1)(1− q1)a1 + (1 + η2)(1− q2)a2. (2.2)

Ù¥a1 = (λ1 +λ)E(X)§a2 = (λ2 +λ)E(Y )§ηi�2�xúiéu1iax«�S�KÖ(i = 1, 2)"

2.3. 7K½|

�xúiØ
ÏL	ï2�x=£ºx	§��±37K½|?1Ý]§5Jp���U

å"b�7K½|d��Ãºx]�(Å )Ú��ºx]�(�¦)|¤"3t��§Ãºx]��d

�S0(t)� {
dS0(t) = rS0(t)dt,

S0(t) = S0.
(2.3)

Ù¥r > 0´Ãºx]�(Å )�|Ç¶ºx]��d�S1(t)�{
dS1(t) = S1(t)[βdt+ σdW (t)],

S1(t) = S1.
(2.4)
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Ù¥β�ºx]�(�¦)�£�Ç§σ�ºx]�(�¦)�ÅÄÇ§W (t)´��IO�ÙK$Ä§

�Xi§Yi§N1(t)§N2(t)§N(t)Õá"

2.4. ãLL§

�©¥§�xúi�±Ý]uÃºx]�Úºx]�§2�xúi�±Ý]uÃºx]�5

5;ºx"3t��§�π(t)��xúiÝ]uºx]��7�§�xúi�ãLL§R1t�

dR1t = [c+ r(R1t − π)− δ(q1t, q2t)]dt+ π[βdt+ σdW (t)]− q1tdL1(t)− q2tdL2(t). (2.5)

2�xúi�ãLL§R2t�

dR2t = [rR2t + δ(q1t, q2t)]dt− (1− q1t)dL1(t)− (1− q2t)dL2(t). (2.6)

�©�
Ó�o��xúiÚ2�xúi�|Ã§òüö�ãLL§±α ∈ [0, 1]\�§P

�Rt = αR1t + (1 − α)R2t"�\�Xêα = 0�§Rt�x
2�xúi�ãLL§§�\�X

êα = 1�§Rt �x
�xúi�ãLL§§�α����x
�`üÑ�ÏéL§¥�xúi�

|Ã'§��K�ý�xúi�|Ã§��K�ý2�xúi�|Ã",��¡§·��

±n)¤���xúiÚ��2�xúiáuÓ���x8ì§α Ú(1 − α)©O�üö¤±k�

�°'~§Rt��x8ì�ãLL§"Ïd§d�Búª§·�k

dRt = [rRt + αc+ α(β − r)π + (1− 2α)δ(q1t, q2t)] + ασπdW (t)−
2∑
i=1

[1− α− (1− 2α)qit]dLi(t)

= {rRt + αc+ α(β − r)π + (1− 2α)[(1 + η1)(1− q1)a1 + (1 + η2)(1− q2)a2]}dt

+ ασπdW (t)−
2∑
i=1

[1− α− (1− 2α)qit]dLi(t). (2.7)

dþª��§�α = 1
2
�§ãLL§�q1t§q2tÃ'§Ù�`2�xüÑ�?¿�§��©3α 6= 1

2

�α ∈ (0, 1)�Ä:þÏ¦�`üÑ"

½Â 2.1 XJüÑQ = (q1t, q2t, π(t))´'u6{Ft}t≥0-·A��ÅL§§�÷v±e^�µ

1. éu6{Ft}t≥0§(q1s, q2t, π(t))´ÌS�ÿ�¶

2. é∀s ∈ [t, T ]§0 ≤ qis ≤ 1, i = 1, 2§E[
∫ T
t

(q21s + q22s + π(s)2)] < +∞¶

3. (Q,RQt )´�Å�©�§(2.7)���)"

KüÑQ = (q1t, q2t, π(t))��NNüÑ§¤k�NNüÑ�8ÜP�Q"

3. ½ÂÚÚn

�â©z [22]§·�3Æ�Øµee��x8ì�ï
��Ý]2�x¯K§�x8ì�8I

´��zªà��T�ãLÏ"§b�Ù�^¼êæ^þ�-��OK§=é∀(t, x) ∈ ([0, T ] × R)§
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8I¼ê�

sup
Q∈Q

J(t, x,Q) = sup
Q∈Q
{Et,x[RQT ]− γ

2
V art,x[RQT ]}. (3.1)

Ù¥Et,x[·] = E[·|RQt = x]§V art,x[·] = V ar[·|RQt = x]§x´Ð©J{§γ > 0�ºx��Xê"

PC1,2´��¼ê�m§÷vé∀ψ(t, x) ∈ C1,2§ψ§ψt§ψxÚψxx´[0, T ] × Rþ�ëY¼ê§
Ù¥ψt�ψét����§ψxÚψxx�ψéx����Ú���§�

AQψ(t, x) = ψt + {rx+ cα+ α(β − r)π + (1− 2α)[(1 + η1)(1− q1)a1 + (1 + η2)(1− q2)a2]}ψx

+
1

2
α2σ2π2Vxx + λ1E[ψ(t, x− (1− α− (1− 2α)q1)X)− ψ(t, x)]

+ λ2E[ψ(t, x− (1− α− (1− 2α)q2)Y )− ψ(t, x)]

+ λE[ψ(t, x− (1− α− (1− 2α)q1)X − (1− α− (1− 2α)q2)Y )− ψ(t, x)], (3.2)

½Â 3.1 (þïüÑ) XJQ ∈ R+ ×R+ ×R§h > 0Ú(t, x) ∈ [0, T ]×R§

lim inf
h→0

J(t, x,Q∗)− J(t, x,Qh)

h
≥ 0.

Ù¥

Qh(s, x̃) =

 Q, s ∈ [t, t+ h], x̃ ∈ R,

Q∗(s, x̃), s ∈ [t+ h, T ], x̃ ∈ R,

KQ∗(t, x)�þïüÑ§�A�þï�¼ê�

V (t, x) = J(t, x,Q∗) = Et,x[RQ
∗

T ]− γ

2
V art,x[RQ

∗

T ]. (3.3)

Ún 3.1 (�y½n) �é¯K(3.1)§XJ�3ü�¢¼êU(t, x), g(t, x) ∈ C1,2([0, T ]×R)÷ve

�HJB�§|µ

sup
Q∈Q
{AQU(t, x)−AQ γ

2
g(t, x)2 + γg(t, x)AQg(t, x)} = 0, (3.4)

U(T, x) = x, (3.5)

AQ
∗
g(t, x) = 0, (3.6)

g(T, x) = x. (3.7)

Ù¥

Q∗ = arg sup
Q∈Q
{AQU(t, x)−AQ γ

2
g(t, x)2 + γg(t, x)AQg(t, x)}, (3.8)
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KV (t, x) = U(t, x)§Et,x[RQ
∗

T ] = g(t, x)§�`üÑ´Q∗"

þã½n�y²§�©z [22]¥�½n4.1"

4. �.¦)

�!§·�3þ�-��OKe�¦)�x8ì��`Ý]Ú2�xüÑ"b�U(t, x)Úg(t, x)´

ü�÷v½n3.1¥^��¼ê§u´(3.4)Ú(3.6)�±�¤Xe/ªµ

sup
Q∈Q
{Ut + {rx+ cα+ α(β − r)π + (1− 2α)[(1 + η1)(1− q1)a1 + (1 + η2)(1− q2)a2]}Ux

+
1

2
(Uxx − γgx(t, x)2)α2σ2π2 − (λ1 + λ2 + λ)[U(t, x) +

γ

2
g(t, x)2]

+ λ1E[U(t, x− θ1X)− γ

2
g(t, x− θ1X)(g(t, x− θ1X)− 2g(t, x))]

+ λ2E[U(t, x− θ2Y )− γ

2
g(t, x− θ2Y )(g(t, x− θ2Y )− 2g(t, x))]

+ λE[U(t, x− θ1q1X − θ2Y )− γ

2
g(t, x− θ1X − θ2Y )(g(t, x− θ1X − θ2Y )− 2g(t, x))] = 0, (4.1)

gt + {rx+ cα+ α(β − r)π + (1− 2α)[(1 + η1)(1− q1)a1 + (1 + η2)(1− q2)a2]}gx

+
1

2
α2σ2π2gxx + λ1E[g(t, x− θ1X)− g(t, x)]

+ λ2E[g(t, x− θ2Y )− g(t, x)]

+ λE[g(t, x− θ1X − θ2Y )− g(t, x)] = 0, (4.2)

Ù¥θi = 1− α− (1− 2α)qi, i = 1, 2"�âBjorkÚMurgoci (2010)±9½n3.1¥^�§·�ßÿ)

Xeµ

U(T, x) = A(t)x+B(t), A(T ) = 1, B(T ) = 0,

g(T, x) = a(t)x+ b(t), a(T ) = 1, b(T ) = 0,

éÙ¦�©��µ

Ut(T, x) = Ȧ(t)x+ Ḃ(t), Ux(T, x) = A(t), Uxx(T, x) = 0, (4.3)

gt(T, x) = ȧ(t)x+ ḃ(t), gx(T, x) = a(t), gxx(T, x) = 0, (4.4)
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Ù¥§Ȧ(t) = dA(t)/dt§Ḃ(t) = dB(t)/dt§ȧ(t) = da(t)/dt§ḃ(t) = db(t)/dt§�\(4.1)�

A(t)[rx+ cα+ α(β − r)π + (1− 2α)((1 + η1)(1− q1)a1 + (1 + η2)(1− q2)a2)] + Ḃ(t)

Ȧ(t)x−A(t)θ1a1 −A(t)θ2a2 −
γ

2
a(t)2(θ21b

2
1 + θ22b

2
2 + 2θ1θ2λµ11µ21 + α2σ2π2) = 0. (4.5)

Ù¥b21 = (λ1 + λ)E(X2)§b22 = (λ2 + λ)E(Y 2)"-

f(q1, q2) = −γ
2
a(t)2θ21b

2
1 −

γ

2
a(t)2θ22b

2
2 −A(t)θ1a1 −A(t)θ2a2 − γa(t)2θ1θ2λµ11µ21

+A(t)(1− 2α)(1 + η1)(1− q1)a1 +A(t)(1− 2α)(1 + η2)(1− q2)a2. (4.6)

K 

∂f(q1,q2)
∂q1

= (2α− 1)(−γa(t)2θ1b
2
1 +A(t)η1a1 − γa(t)2θ2λµ11µ21),

∂f(q1,q2)
∂q2

= (2α− 1)(−γa(t)2θ2b
2
2 +A(t)η2a2 − γa(t)2θ1λµ11µ21),

∂2f(q1,q2)
∂q21

= −γa(t)2(2α− 1)2b21,

∂2f(q1,q2)
∂q22

= −γa(t)2(2α− 1)2b22,

∂2f(q1,q2)
∂q1q2

= −γa(t)2(2α− 1)2λµ11µ21.

(4.7)

f(q1, q2)�HessianÝ
�±L«�µ ∂2f(q1,q2)
∂q21

∂2f(q1,q2)
∂q1∂q2

∂2f(q1,q2)
∂q1∂q2

∂2f(q1,q2)
∂q21

 =

 −γa(t)2(2α− 1)2b21 −γa(t)2(2α− 1)2λµ11µ21

−γa(t)2(2α− 1)2λµ11µ21 −γa(t)2(2α− 1)2b22


�â�Ü-��]Ø�ª§·���b21b

2
2 = (λ1+λ)E(X2)(λ2+λ)E(Y 2) > λ2µ2

11µ
2
21§�γ

2a(t)4(2α−
1)2(b21b

2
2−λ2µ2

11µ
2
21) > 0§¤±f(q1, q2)�HessianÝ
�½§=f(q1, q2)´'uq1§q2�à¼ê"u

´ 
−γa(t)2θ1b

2
1 +A(t)θ1a1 − γa(t)2θ2λµ11µ21 = 0,

−γa(t)2θ2b
2
2 +A(t)θ2a2 − γa(t)2θ1λµ11µ21 = 0.

(4.8)

K 
θ1 = A(t)(−a2η2λµ11µ21+a1b

2
2η1)

γa(t)2(b21b
2
2−λ2µ2

11µ
2
21)

,

θ2 = A(t)(−a1η1λµ11µ21+a2b
2
1η2)

γa(t)2(b21b
2
2−λ2µ2

11µ
2
21)

.

(4.9)

dθi = 1− α− (1− 2α)qi, i = 1, 2§·�kqi = θi−(1−α)
2α−1 , i = 1, 2"�â(4.5)§��

π̃ =
A(t)(β − r)
αγa(t)2σ2

, (4.10)
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òq1, q2, π̃�\(4.5)Ú(4.2)§k

(Ȧ(t) + rA(t))x+ Ḃ(t) +A(t)(αc− (1 + η1)αa1 − (1 + η2)αa2) +
A(t)2

2γa(t)2
ξ = 0, (4.11)

(ȧ(t) + ra(t))x+ ḃ(t) + a(t)(αc− (1 + η1)αa1 − (1 + η2)αa2) +
A(t)2

γa(t)2
ξ = 0, (4.12)

Ù¥

ξ = a21η
2
1b

2
2 + a22η

2
2b

1
2 − 2a1a2η1η2λµ11µ21 +

(β − r)2

σ2
, (4.13)

��(4.11)Ú(4.12)¤á§K

Ȧ(t) + rA(t) = 0, A(T ) = 1,

Ḃ(t) +A(t)(αc− (1 + η1)αa1 − (1 + η2)αa2) +
A(t)2

2γa(t)2
ξ(t) = 0,

ȧ(t) + ra(t) = 0, a(T ) = 1,

ḃ(t) + a(t)(αc− (1 + η1)αa1 − (1 + η2)αa2) +
A(t)2

γa(t)2
ξ(t) = 0.

)þã�©�§§k

A(t) = er(T−t), (4.14)

B(t) = (αc− (1 + η1)αa1 − (1 + η2)αa2)
1

r
(er(T−t) − 1) +

1

2γ
ξ(T − t), (4.15)

a(t) = er(T−t), (4.16)

b(t) = (αc− (1 + η1)αa1 − (1 + η2)αa2)
1

r
(er(T−t) − 1) +

1

γ
ξ(T − t). (4.17)

ò(4.14)Ú(4.16)�\(4.9)§��

q1 =
1

2α− 1
[
−a2η2λµ11µ21 + a1b

2
2η1

γer(T−t)(b21b
2
2 − λ2µ2

11µ
2
21)
− (1− α)], (4.18)

q2 =
1

2α− 1
[
−a1η1λµ11µ21 + a2b

2
1η2

γer(T−t)(b21b
2
2 − λ2µ2

11µ
2
21)
− (1− α)]. (4.19)

Pm1 = −a2η2λµ11µ21 + a1b
2
2η1,m2 = −a1η1λµ11µ21 + a2b

2
1η2§q{ü�y��

a2λµ11µ21
a1b22

<
a2b

2
1

a1λµ11µ21
"-ti0(t̂i0, t̃i0)´¦�qi = 0(q̂i = 0, q̃i = 0)¤á��m:§ti1(t̂i1, t̃i1)´¦�qi = 1(q̂i =

1, q̃i = 1) ¤á��m:§t0i ´¦�qi(T − t) = 0 ¤á��m:§i = 1, 2§t0̃i´¦�q̃i(T − t) = 0
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¤á��m:i = 1, 2§u´·��±��Xeü�½nµ

½n 4.1 e 1
2
< α < 1§K�`2�xüÑ(q∗1 , q

∗
2)�

£1¤�η1 >
a2b

2
1

a1λµ11µ21
η2 >

a2λµ11µ21

a1b22
η2 �§=£m1 > 0,m2 < 0¤

(q∗1 , q
∗
2) =



(0, 0), t ≤ t̂10

(q̂1, 0), t̂10 < t < t̂11

(1, 0), t ≥ t̂11

(4.20)

Ù¥q̂1 = 1
2α−1 [−γe

r(T−t)(1−α)λµ11µ21+η1a1
γer(T−t)b21

− (1− α)]

£2¤� a2b
2
1

a1λµ11µ21
η2 > η1 >

a2λµ11µ21

a1b22
η2 �§=£m1 > 0,m2 > 0¤

em1 ≥ m2§k

(q∗1 , q
∗
2) =



(0, 0), t ≤ t̂10

(0, q̂2), t̂10 < t ≤ t20

(q1, q2), t20 < t < t11

(1, q̃2), t11 ≤ t < t̃21

(1, 1), t ≥ t̃21

(4.21)

Ù¥q̂2 = 1
2α−1 [−γe

r(T−t)(1−α)λµ11µ21+η1a1
γer(T−t)b22

− (1− α)]§q̃2 = 1
2α−1 [−γe

r(T−t)αλµ11µ21+η2a2
γer(T−t)b22

− (1− α)]¶

em1 < m2§k

(q∗1 , q
∗
2) =



(0, 0), t ≤ t̂20

(0, q̂2), t̂20 < t ≤ t10

(q1, q2), t10 < t < t21

(q̃1, 1), t21 ≤ t < t̃11

(1, 1), t ≥ t̃11

(4.22)

Ù¥q̂2 = 1
2α−1 [−γe

r(T−t)(1−α)λµ11µ21+η2a2
γer(T−t)b22

− (1− α)]§q̃1 = 1
2α−1 [−γe

r(T−t)αλµ11µ21+η1a1
γer(T−t)b21

− (1− α)]¶

£3¤� a2b
2
1

a1λµ11µ21
η2 >

a2λµ11µ21

a1b22
η2 > η1 �§=(m1 < 0,m2 > 0)

(q∗1 , q
∗
2) =



(0, 0), t ≤ t̂20

(0, q̂2), t̂20 < t < t̂21

(0, 1), t ≥ t̂21

(4.23)
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½n 4.2 e0 < α < 1
2
§K�`2�xüÑ(q∗1 , q

∗
2)�

£1¤�η1 >
a2b

2
1

a1λµ11µ21
η2 >

a2λµ11µ21

a1b22
η2 �§=£m1 > 0,m2 < 0¤

(q∗1 , q
∗
2) =



(1, 1), t ≤ t̃11

(q̃1, 1), t̃11 < t < t̃10

(0, 1), t ≥ t̃10

(4.24)

Ù¥q̃1 = 1
2α−1 [−γe

r(T−t)αλµ11µ21+η1a1
γer(T−t)b21

− (1− α)]

£ii¤� a2b
2
1

a1λµ11µ21
η2 > η1 >

a2λµ11µ21

a1b22
η2 �§=£m1 > 0,m2 > 0¤

em1 ≥ m2§k

(q∗1 , q
∗
2) =



(1, 1), t ≤ t̃11

(1, q̃2), t̃11 < t ≤ t21

(q1, q2), t21 < t < t10

(0, q̂2), t10 ≤ t < t̂20

(0, 0), t ≥ t̂20

(4.25)

Ù¥q̃2 = 1
2α−1 [−γe

r(T−t)αλµ11µ21+η1a1
γer(T−t)b22

− (1− α)]§q̂2 = 1
2α−1 [−γe

r(T−t)(1−α)λµ11µ21+η2a2
γer(T−t)b22

− (1− α)]

em1 < m2§k

(q∗1 , q
∗
2) =



(1, 1), t ≤ t̃21

(1, q̃2), t̃21 < t ≤ t11

(q1, q2), t11 < t < t20

(q̂1, 0), t20 ≤ t < t̂10

(0, 0), t ≥ t̂10

(4.26)

Ù¥q̃2 = 1
2α−1 [−γe

r(T−t)αλµ11µ21+η2a2
γer(T−t)b22

− (1− α)]§q̂1 = 1
2α−1 [−γe

r(T−t)(1−α)λµ11µ21+η1a1
γa(t)2b21

− (1− α)]

£iii¤� a2b
2
1

a1λµ11µ21
η2 >

a2λµ11µ21

a1b22
η2 > η1 �§=£m1 < 0,m2 > 0¤

(q∗1 , q
∗
2) =



(1, 1), t ≤ t̃21

(1, q̃2), t̃21 < t < t̃20

(1, 1), t ≥ t̃20

(4.27)
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5 4.1 XJEÜPossionL§L1(t)ÚL2(t)©Ù�Ó§=λ1 = λ2§µ11 = µ21§µ12 = µ22§u´a1 =

a2§b21 = b22§K(4.9)¥�2�xúiéu11ax«�S�KÖη1Úéu12ax«�S�KÖη2�

��§kθ1=θ2§?�Úq∗1 = q∗2¶�2�xúiéu11ax«�S�KÖη1Úéu12 ax«�

S�KÖη2Ø���§kη1θ1 = η2θ2

½n 4.3 �é¯K(3.1)§·�d(4.10)ª���`Ý]üÑ�π∗ = (β−r)
αγer(T−t)σ2§�`2�xüÑ

d½n4.1Ú½n4.2�Ñ§��`�¼êV(t,x) �

£1¤��`2�xüÑ(q∗1 , q
∗
2) = (q1, q2)�§

V (t, x) = er(T−t)x+ (αc− (1 + η1)αa1 − (1 + η2)αa2)
1

r
(er(T−t) − 1) +

1

2γ
ξ(T − t) (4.28)

Ù¥ξ = a21η
2
1b

2
2 + a22η

2
2b

1
2 − 2a1a2η1η2λµ11µ21 + (β−r)2

σ2

£2¤��`2�xüÑ(q∗1 , q
∗
2) = (0, 0)�§

V (t, x) = ((1− 2α)(1 + η1)a1 + (1− 2α)(1 + η2)a2 − (1− α)a1 − (1− α)a2)
1

r
(er(T−t) − 1)

αc
1

r
(er(T−t) − 1) + er(T−t)x− γ

4r
(e2r(T−t) − 1)(1− α)2(b21 + b22 + 2λµ11µ21)

+
1

2γ

(β − r)2

σ2
(T − t) (4.29)

£3¤��`2�xüÑ(q∗1 , q
∗
2) = (0, q̂2)�§

V (t, x) = (αc− (1 + η2)αa2 + (1− 2α)(1 + η1)a1 −
(1− α)λµ11µ21η2a2

b22
)
1

r
(er(T−t) − 1)

− (1− α)a1
1

r
(er(T−t) − 1) + er(T−t)x− γ

4r
(e2r(T−t) − 1))(1− α)2[b21 −

λ2µ2
11µ

2
21

b22
]

+
1

2γ
[
(β − r)2

σ2
+
η22a

2
2

b22
](T − t) (4.30)

£4¤��`2�xüÑ(q∗1 , q
∗
2) = (q̂1, 0)�§

V (t, x) = (αc− (1 + η1)αa1 + (1− 2α)(1 + η2)a2 −
(1− α)λµ11µ21η1a1

b21
)
1

r
(er(T−t) − 1)

− (1− α)a2
1

r
(er(T−t) − 1) + er(T−t)x− γ

4r
(e2r(T−t) − 1))(1− α)2[b22 −

λ2µ2
11µ

2
21

b21
]

+
1

2γ
[
(β − r)2

σ2
+
η21a

2
1

b21
](T − t) (4.31)
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£5¤��`2�xüÑ(q∗1 , q
∗
2) = (q̃1, 1)�§

V (t, x) = er(T−t)x+ (αc− (1 + η1)αa1 − αa2 −
αλµ11µ21η1a1

b21
)
1

r
(er(T−t) − 1)

− γ

4r
(e2r(T−t) − 1))α2[b22 −

λ2µ2
11µ

2
21

b21
] +

1

2γ
[
(β − r)2

σ2
+
η21a

2
1

b21
](T − t) (4.32)

£6¤��`2�xüÑ(q∗1 , q
∗
2) = (1, q̃2)�§

V (t, x) = er(T−t)x+ (αc− (1 + η2)αa2 − αa1 −
αλµ11µ21η2a2

b22
)
1

r
(er(T−t) − 1)

− γ

4r
(e2r(T−t) − 1))α2[b21 −

λ2µ2
11µ

2
21

b22
] +

1

2γ
[
(β − r)2

σ2
+
η22a

2
2

b22
](T − t) (4.33)

£7¤��`2�xüÑ(q∗1 , q
∗
2) = (1, 1)�§

V (t, x) = er(T−t)x+ (αc− αa1 − αa2)
1

r
(er(T−t) − 1) +

1

2γ

(β − r)2

σ2
(T − t)

− γ

4r
(e2r(T−t) − 1)α2(b21 + b22 + 2λµ11µ21) (4.34)

5. ê�©Û

ù�Ü©¥§·�òÏLê�~f�`²ëêé�`üÑ�K�"b�λ = 1, λ1 = 2, λ2 =

3, T = 10, r = 0.03, α = 0.6, µ11 = 0.045, µ11 = 0.053, µ21 = 0.045, µ22 = 0.055, η1 = 0.35, η2 =

0.35, γ = 0.5, σ = 0.25"ëêXkCz§,�`²"

ã 1`²�`2�xüÑ(q∗1 , q
∗
2)�X�mt�O�O�§3vk�Ä��¹e§�xúi¬

éüax«�2�xÝ\O\"ã 2¥n^�©O�σ = 0.25§0.35§0.45��`Ý]üÑ�§

�`Ý]üÑπ∗�XÅÄÇσ�O�~�§σ���§ºx]��ÂÃÅÄÒ¬��§¤±§�

ºx���Ó�§�xúi3ºx]�þ�Ý]7�¬~�§��`2�xüÑ�ÅÄÇσÃ'§

�`2�xüÑ�ºx]�ëêÃ'"

e¡·��©Ûëêé�`2�xüÑq∗1�K�§éq
∗
2�©Û�±aq�Ñ"ã 3�n^�

L«ºx��Xêγ = 0.5§0.51§0.52���`2�xüÑq∗1��§�γ���§�`2�xü

Ñ��§g3'~��§=�xúi���ºx�§��ï2�x§42�xúi«ú�õ�º

x"ã 4�n^�L«ºx��Xêγ = 0.5§0.51§0.52���`Ý]üÑ�§�γ��§=

ºx��§Ý�p�§�`Ý]üÑπ∗��§�xúi¬~�3ºx]�þ�Ý]"

ã 5L«�`2�xüÑq∗1�ëêλ�'X§n^�©O�λ = 1§1.5§2§�λ���§�`

2�xüÑq∗1��"du�©�Ä��xúiÚ2�xúi�éÜÂÃ§���xúi¢�gêO

õ�§2�xúiÒ¬áý�É�xúi	ï�õ�2�x§��`Ý]üÑ�ëêλ Ã'�`Ý

]üÑ��x�ÖëêÃ'"ã 6¥�n^�L«ëêα = 0.6§0.7§0.8��`2�xüÑq∗1�

�§�α���§�xúi¤Ó�ãL'�p§é2�xúi�Ý\'~�"
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Figure 1. The effect of t on optimal reinsurance strategy

ã 1. té�`2�xüÑ�K�

Figure 2. The effect of γ on optimal reinsurance strategy

ã 2. γé�`2�xüÑ�K�

Figure 3. The effect of γ on optimal investment strategy

ã 3. γé�`Ý]üÑ�K�.

Figure 4. The effect of σ on optimal investment strategy

ã 4. σé�`Ý]üÑ�K�

Figure 5. The effect of λ on optimal reinsurance strategy

ã 5. λé�`2�xüÑ�K�

Figure 6. The effect of α on optimal investment strategy

ã 6. αé�`Ý]üÑ�K�
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(ȧ(t) + ra(t))x+ ḃ(t) + a(t)(αc− (1 + η2)αa2 + (1− 2α)(1 + η1)a1 −
(1− α)λµ11µ21η2a2

b22
)

− a(t)(1− α)a1 +
A(t)

γa(t)
[
(β − r)2

σ2
+
η22a

2
2

b22
] = 0, (6.15)

DOI: 10.12677/pm.2021.1111208 1868 nØêÆ

https://doi.org/10.12677/pm.2021.1111208


�xx �

aq£1¤¥){§·��±���`�¼ê

V (t, x) = (αc− (1 + η2)αa2 + (1− 2α)(1 + η1)a1 −
(1− α)λµ11µ21η2a2

b22
)
1

r
(er(T−t) − 1)

− (1− α)a1
1

r
(er(T−t) − 1) + er(T−t)x− γ

4r
(e2r(T−t) − 1))(1− α)2[b21 −

λ2µ2
11µ

2
21

b22
]

+
1

2γ
[
(β − r)2

σ2
+
η22a

2
2

b22
](T − t) (6.16)

£4¤òq∗1 = q̂1, q
∗
2 = 0, π∗�\(4.5)Ú(4.2)§k
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+ (ȧ(t) + ra(t))x+
A(t)

γa(t)
[
(β − r)2

σ2
+
η21a

2
1

b21
] = 0, (6.18)

aq£1¤¥){§·��±���`�¼ê

V (t, x) = (αc− (1 + η1)αa1 + (1− 2α)(1 + η2)a2 −
(1− α)λµ11µ21η1a1

b21
)
1

r
(er(T−t) − 1)

− (1− α)a2
1

r
(er(T−t) − 1) + er(T−t)x− γ

4r
(e2r(T−t) − 1))(1− α)2[b22 −

λ2µ2
11µ

2
21

b21
]

+
1

2γ
[
(β − r)2

σ2
+
η21a

2
1

b21
](T − t) (6.19)

£5¤òq∗1 = q̃1, q
∗
2 = 1, π∗�\(4.5)Ú(4.2)§k
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