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Abstract

In this paper, we proved the uniqueness of the solution of the initial value problem of

incompressible Navier-Stokes equation with only horizontal fractional dissipation in

the anisotropic Sobolev function spaceH2α−2,s(R3), where 1
2
< α ≤ 1, α

2
< s < 2α− α

2
. The

key of the proof is to give the product formula of the function when (α, s, t) satisfies

the appropriate range, and then the conclusion is obtained by using Fourier analysis

technique.
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1. Úó

�©Ì��Ä±e R3 þ=kY²©ê�ÑÑ�Ø�Ø ©ê���É5 Navier-stokes �§

Ð�¯K 

∂tυ + νh(−4h)αυ + (υ · ∇)υ +∇p = 0, x ∈ R3, t ∈ (0,∞),

divv = 0, x ∈ R3, t ∈ (0,∞),

v|t=0 = v0, x ∈ R3,

(1.1)

Ù¥, ∆h = ∂2
1 + ∂2

2 ��mCþ x = (x1, x2, x3) �Y² Laplacian�©�f, υ = (υ1, υ2, υ3)L«6

N��Ý, p L«Øå, ~ê 1
2
< α ≤ 1 9 νh > 0 ©OL«Y²ÑÑrÝÚY²Ê5Xê.

Cc5§M Paicu, J-Y Chemin Ú P Zhang �<3��É5�m¥ïÄ
n� Navier-Stokes

�§)��N·½5. 2000c, J-Y Chemin, B Desjardins, I GallagherÚ E Grenier3©z[1]¥ï

Ä
3�mH0,s(R3)¥� s > 1
2
���É5Navier-Stokes�§�)´�3�,� s > 3

2
�)´��

�. 2002c, D Iftimie3©z[2]¥y²
� s > 1
2
�, )3�m H0,s(R3)¥Q´�3��´���.

1999c, D Iftimie3©z[3]¥ïÄ
n� Navier-Stokes�§�±w¤´�� Navier-Stokes�§
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���6Ä, ¿¼�
3 ‖ω0‖Xexp(‖v0‖2L2(T2)/Cν
2) ≤ Cν ^�eT�§)��Û�35. 2002c,

M Paicu3©z[4]¥�Ñ3�.�m H0, 12 (R3))��35¯K�y². 2007c, J-Y CheminÚ P

Zhang3©z[5]¥0�
��É5K�I Besov-Sobolev.�m¿y²
��É5 Navier-Stokes

�§�Ð�v
��)��N·½5(J. 2009c, M PaicuÚ M Majdoub3©z[6]¼�
^=

^�e, � s > 1
2
���É5 Navier-Stokes �§3�m Hs(R3) ¥)��3��5. 2011c, P

Zhang ÚM Paicu3©z[7]¥ïÄ
��É5 Navier-Stokes�§3��É5 Besov-Sobolev�m

B
− 1

2 ,
1
2

4 ¥)�·½5. 2015c, Y Ding, X Sun3©z[8]¥^p$ª©)y²
 Navier-Stokes�§

3 Besov�m¥f)���5. 2019c, de Oliveira, H B 3©z[9]¥y²
�k��5��É5

ÊÝ�2Â Navier-Stokes�§f)��35. 2020c, Y Liu, M PaicuÚ P Zhang3©z[10]¥

ïÄ
\�^�e)��3��5. é Cauchy¯K (1.1)®k�þ©zéÙ?1
2��ïÄ.

2021c, X Sun, H Liu 3©z[11]¥^n�5�O�{y²
©ê���É5 Navier-Stokes�§

3 Sobolev�m¥f)���5. 2021c, F Li, B Yuan 3©z[12]¥ïÄ
äk©ê�Ü©ÑÑ

�n�2Â Navier-Stokes�§)��N·½5, Ù¥ α ≥ 5
4
, Ì�´$^ü���f�Oy²


Hs(R3) ¥� s > 5
2
��)´���Û). 2021c, M Abidin, Jie Chen 3©z[13]¥ïÄ
©ê�

Ø�Ø  Navier-Stokes �§3�.C�I Fourier-Besov-Morrey �m FṄ
s(·)
p(·),h(·),q(R3) ¥)��

N·½5, Ù¥ s(·) = 4− 2α − 3
p(·) ,

1
2
< α ≤ 1. 2021c, Z Lou, Q Yang, J He, K He 3©z[14]¥

y²
©ê�Ø�Ø  Navier-Stokes �§ Cauchy ¯K3�. Fourier-Herz �m¥��)Û)�

�35, Ù¥ 1
2
< α < 5

4
. éuXÚ (1.1), ©ê��©�f (−∆)α(α > 0)ÏL FourierC�½Â

�: F [(−∆)αv](t, ξ) = |ξ|2αFv(t, ξ). Ù¥ F(v)�¼ê(½©Ù) v � FourierC�. �{Bå�·

�P Λ = (−∆)
1
2 .�©Ì��Ä� α ∈ (1/2, 1] �, ©ê���É5 Navier-Stokes �§3��É5

Sobolev¼ê�m H2α−2,s(R3) ¥)���5, Ù¥ α
2
< s < 2α− α

2
. duR�Ê5����, ��

R�����ê�����. ÏdïÄ(JÌ�´'ué¡�
∫
v3∂3ω · Λ−α3 ��O.

2. ý��£

½Â 2.1 [2]é ∀(s, s′) ∈ R2 , ½Â�àg��É5 Sobolev �m Hs,s′ �ê�

‖f‖2
Hs,s′

=

∫
R3

|ξh|2s|ξ3|2s
′
|f̂(ξ)|2dξ <∞,

Ù¥f ��O2Â©Ù, ξh = (ξ1, ξ2) ∈ R2 � ξ = (ξ1, ξ2, ξ3) �Y²©þ.

�
{B, ·�P�ê ‖f‖
Hs,s

′ � ‖ · ‖s,s′ . ∂
∂xj
L«� ∂j , Λ3 = (1− ∂2

3
)

1
2 . w,, é∀s, s′ ∈ R,

Λ3 ´ Hs,s′ � Hs,s′−1 þ��å�f. A ' B ⇔ A
B

= C(C > 0), 〈x〉 = (1 + |x|2) 1
2 .

½n 2.2 [2] � s, t ≤ 1, s + t > 0, � s
′
, t
′ ≤ 1

2
, s
′

+ t
′
> 0. e f ∈ Hs,s

′

, g ∈ Ht,t
′

, K

fg ∈ Hs+t−1,s
′
+t
′
− 1

2 ��3~ê C > 0 ¦�

‖fg‖s+t−1,s′+t′− 1
2
≤ C‖f‖s,s′‖g‖t,t′ .

Ún 2.3 � 1
2
< α ≤ 1, s, t ≤ 1, s + t > 0, � s

′
> α

2
. e f ∈ Hs,s

′

, g ∈ Ht,−α2 , K
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fg ∈ Hs+t−1,−α2 ��3~ê C > 0

‖fg‖s+t−1,−α2 ≤ C‖f‖s,s′‖g‖t,−α2 .

y �f ∈ Hs,s′ , g ∈ Ht,−α2 , du

‖fg‖s+t−1,−α2 = (2π)−3‖〈ξh〉s+t−1〈ξ3〉−
α
2 f̂ ∗ ĝ(ξ)‖L2 .

�âéó�{,

(2π)3‖fg‖s+t−1,−α2 = sup
‖h‖L2≤1

∫
〈ξh〉s+t−1〈ξ3〉−

α
2 f̂ ∗ ĝ(ξ)h(ξ)dξ

= sup
‖h‖L2≤1

∫∫
〈ξh + ηh〉s+t−1〈ξ3 + η3〉−

α
2 f̂(ξ)ĝ(η)h(ξ + η)dξdη.

?�Úk,

(2π)3‖fg‖s+t−1,−α2 ≤ sup
‖h‖L2≤1

∫∫
2|ξh|≥|ηh|

〈ξh + ηh〉s+t−1〈ξ3 + η3〉−
α
2 f̂(ξ)ĝ(η)h(ξ + η)dξdη︸ ︷︷ ︸

I1

+ sup
‖h‖L2≤1

∫∫
2|ξh|≤|ηh|

〈ξh + ηh〉s+t−1〈ξ3 + η3〉−
α
2 f̂(ξ)ĝ(η)h(ξ + η)dξdη︸ ︷︷ ︸

I2

. (2.1)

éu I1, $^ Hölder Ø�ª, k

I1 =

∫∫
2|ξh|≥|ηh|

〈ξ3 + η3〉−
α
2
〈ξh + ηh〉s+t−1

〈ηh〉t
f̂(ξ)〈ηh〉tĝ(η)h(ξ + η)dξdη

≤
∫∫
〈ξ3 + η3〉−

α
2

(∫∫
2|ξh|≥|ηh|

〈ξh + ηh〉2(s+t−1)

〈ηh〉2t
|f̂(ξ)|2dξhdηh︸ ︷︷ ︸

I3

×
∫∫
〈ηh〉2t|ĝ(η)|2|h(ξ + η)|2dξhdηh

) 1
2

dξ3dη3.

��O I3, ·�Äk'u ηh È©�∫
2|ξh|≥|ηh|

〈ξh + ηh〉2(s+t−1)

〈ηh〉2t
dηh =

∫
|ηh|≤

|ξh|
2

〈ξh + ηh〉2(s+t−1)

〈ηh〉2t
dηh

+

∫
ξh
2 ≤|ηh|≤2|ξh|

〈ξh + ηh〉2(s+t−1)

〈ηh〉2t
dηh.
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e |ηh| ≤ |ξh|2 , K 〈ξh + ηh〉 ' 〈ξh〉. e ξh
2
≤ |ηh| ≤ 2|ξh|, K 〈ηh〉 ' 〈ξh〉. u´,

∫
|ηh|≤

|ξh|
2

〈ξh + ηh〉2(s+t−1)

〈ηh〉2t
dηh ' 〈ξh〉2(s+t−1)

∫
|ηh|≤

|ξh|
2

1

〈ηh〉2t
dηh ≤

C

1− t
〈ξh〉2s

� ∫
ξh
2 ≤|ηh|≤2|ξh|

〈ξh + ηh〉2(s+t−1)

〈ηh〉2t
dηh '

1

〈ξh〉2t
∫
|ξh|
2 ≤|ηh|≤2|ξh|

〈ξh + ηh〉2(s+t−1)dηh

≤ C

〈ξh〉2t
∫
|ζ|≤3|ξh|

〈ζ〉2(s+t−1)dζ ≤ C

s+ t
〈ξh〉2s,

ùp·��
CþO� ζ = ξh + ηh.

�â I3 �½Â, ·���

I3 ≤ C
∫
〈ξh〉2s|f̂(ξ)|2dξh,

'uCþ (ξ3, η3) $^ Hölder Ø�ª, dd�� I1 ��O:

I1 ≤ C
∫∫ (∫

〈ξh〉2s〈ξ3〉2s
′
|f̂(ξ)|2dξh

∫
|h(ζ, ξ3 + η3)|2dζ

) 1
2

×
(
〈ξ3 + η3〉−α〈ξ3〉−2s

′
∫
〈ηh〉2t|ĝ(η)|2dηh

) 1
2

dξ3dη3.

l

I1 ≤ C‖f‖s,s′‖h‖L2(

∫
〈ηh〉2tϕ(η3)|ĝ(η)|2dη)

1
2 , (2.2)

Ù¥

ϕ(η3) =

∫
1

〈ξ3 + η3〉α〈ξ3〉2s
′ .

e¡·��O ϕ,

∫
|ξ3|≥2|η3|

1

〈ξ3 + η3〉α〈ξ3〉2s
′ dξ3 '

∫ ∞
2|η3|

1

〈ξ3〉2s
′+1

dξ3

'
∫ ∞
2|η3|

1

〈(1 + ξ3)〉2s
′+1

dξ3 ≤
C

〈η3〉2s
′ ≤

C

〈η3〉α
,

∫
|ξ3|≤ |η3|2

1

〈ξ3 + η3〉α〈ξ3〉2s
′ dξ3 '

1

〈η3〉α
∫
|ξ3|≤ |η3|2

1

〈ξ3〉2s
′ dξ3 ≤

C

(s′ − 1
2
)〈η3〉α

,

∫
|η3|
2 ≤|ξ3|≤2|η3|

1

〈ξ3 + η3〉α〈ξ3〉2s
′ dξ3 '

1

〈η3〉2s
′

∫
|η3|
2 ≤|ξ3|≤2|η3|

1

〈ξ3 + η3〉α
dξ3

≤ C

〈η3〉2s
′

∫
|ζ|≤3|η3|

1

〈ζ〉α
dζ

≤ C

(s′ − 1
2
)〈η3〉α

,
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l�

ϕ(η3) ≤ C〈η3〉−α,

òþª�\ (2.2), ��±e�O

I1 ≤ C‖f‖s,s′‖g‖t,−α2 ‖h‖L2 . (2.3)

���O I2, d Hölder Ø�ª,

I2 ≤ (T1T2)
1
2 ,

Ù¥

T1 =

∫∫
〈ξh〉2s〈ξ3〉2s

′
|f̂(ξ)|2|h(ξ + η)|2dξdη

�

T2 =

∫∫
2|ξh|≤|ηh|

〈ξh + ηh〉2(s+t−1)

〈ξh〉2s
〈ξ3 + η3〉−α

〈ξ3〉2s
′ |ĝ(η)|2dξdη.

w,, T1 = ‖h‖2L2‖f‖2s,s′ . �
�O T2, Äk'u ξh Ú ξ3 È©. Ó I3 ��O, k

∫
2|ξh|≤|ηh|

〈ξh + ηh〉2(s+t−1)

〈ξh〉2s
dξh ' 〈ηh〉2(s+t−1)

∫
2|ξh|≤|ηh|

1

〈ξh〉2s
dξh ≤

C
1
2
− s
〈ηh〉2t.

Ïd,

T2 ≤ C‖g‖t,−α2 .

u´��

I2 ≤ C‖f‖s,s′‖g‖t,−α2 ‖h‖L2 , (2.4)

(Ü (2.1)(2.3)(2.4), Ún 2.3�y.

3. Ì�½n9y²

½n 3.1 � 1
2
< α ≤ 1, α

2
< s < 2α − 1

2
, vÚ ṽ´�§ (1.1)�AuÐ� v0 ∈ H2α−2,s(R3) �

ü�), �

υ, υ̃ ∈ L∞
(

[0, T ];H2α−2,s
)
∩ L2

(
[0, T ];H3−2α,s

)
.

K υ = υ̃.

y - ω = υ − υ̃, 3�§ü>é ω¦± Λ−α3 ω, ,�3 (ε, t)× R3þ?1È©, - ε→ 0 k

∥∥ω(t)
∥∥2
0,−α2

+ 2νh

∫ t

0

(∥∥Λα1ω(τ)
∥∥2
0,−α2

+
∥∥Λα2ω(τ)

∥∥2
0,−α2

)
dτ

= −2

∫ t

0

∫
R3

ω(τ, x) · ∇υ̃(τ, x) · Λ−α3 ω(τ, x)dτdx− 2

∫ t

0

∫
R3

υ(τ, x) · ∇ω(τ, x) · Λ−α3 ω(τ, x)dτdx.

(3.1)
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�
{zÎÒ, ·�P υ(τ, x)� υ , Ù¦ÎÒaq, e¡O�

∫
ω · ∇υ̃ · Λ−α3 ωdx =

∫
(ω1∂1υ̃ + ω2∂2υ̃) · Λ−α3 ωdx︸ ︷︷ ︸

L1

+

∫
ω3∂3υ̃ · Λ−α3 ωdx︸ ︷︷ ︸

L2

(3.2)

Ú ∫
υ · ∇ω · Λ−α3 ωdx =

∫
(υ1∂1ω + υ2∂2ω) · Λ−α3 ωdx︸ ︷︷ ︸

L3

+

∫
υ3∂3ω · Λ−α3 ωdx︸ ︷︷ ︸

L4

. (3.3)

L1 ��O. �âÚn 2.3,

|L1| ≤
∥∥ω1∂1υ̃ + ω2∂2υ̃

∥∥
0,−α2

∥∥Λ−α3 ω
∥∥

1
2 ,
α
2

≤ C
∥∥ṽ∥∥

3−2α,s

∥∥ω∥∥
0,−α2

∥∥ω∥∥
α,−α2

.
(3.4)

L2 ��O. �â½n 2.2,

|L2| ≤
∥∥ω3∂3ṽ

∥∥
−α, 2s−1−α

2

∥∥Λ−α3 ω
∥∥
α,−2s+1+α

2

≤ C
∥∥ω3

∥∥
α−1, s2−

1
4

∥∥∇ṽ∥∥
2−2α, s2−

α
2 + 1

4

∥∥ω∥∥
α,−2s+1−α

2

≤ C
∥∥ṽ∥∥

3−2α,s

∥∥ω3

∥∥
α−1, s2−

1
4

∥∥ω∥∥
α,−α2

,

(3.5)

Ù¥, ∥∥ω∥∥
α−1, s2−

1
4

≤
∥∥ω∥∥

α−1, s2−
5
4

+
∥∥∂3ω3

∥∥
α−1, s2−

5
4

≤
∥∥ω∥∥

0,−α2
+
∥∥ω∥∥

α,−α2
.

L3 ��O. �âÚn 2.3,

|L3| ≤
∥∥υ1∂1ω + υ2∂2ω

∥∥
− 1

2 ,−
α
2

∥∥Λ−α3 ω
∥∥

1
2 ,
α
2

≤
∥∥v∥∥

3−2α,s

∥∥ω∥∥
0,−α2

∥∥ω∥∥
α,−α2

.

(3.6)

L4 ��O. ∫
υ3∂3ω · Λ−αh ωdx

=(2π)−3
∫

̂v3∂3ω(ξ) · ̂Λ−α3 ω(−ξ)dξ

=(2π)−6
∫

1

〈ξ3〉α
v̂3 ∗ ∂̂3ω(ξ) · ω̂(−ξ)dξ

=i(2π)−6
∫∫

η3
〈ξ3〉α

v̂3(ξ − η)ω̂(η) · ω̂(−ξ)dξdη.

(3.7)
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�CþO� (ξ, η)↔ (−η,−ξ), ��

L4 =
i

2
(2π)−6

∫∫ ( η3
〈ξ3〉α

− ξ3
〈η3〉α

)
v̂3(ξ − η)ω̂(η) · ω̂(−ξ)dξdη. (3.8)

Ï�, é ∀x, y ∈ R, 1
2
< α ≤ 1, kXeØ�ª¤á:∣∣∣∣ x

〈y〉α
− y

〈x〉α
∣∣∣∣ ≤ ∣∣x− y∣∣( 1

〈x〉α
− 1

〈y〉α
)
.

�d (3.8)��

|L4| ≤
1

2
(2π)−6

∑
k

∫∫
|ξ3 − η3|

(
1

〈ξ3〉α
+

1

〈η3〉α
)
|v̂3(ξ − η)||ω̂k(η)||ω̂k(−ξ)|dξdη.

2�CþO� (ξ, η)↔ (−η,−ξ), ��

|L4| ≤ (2π)−6
∑
k

∫∫
|ξ3 − η3|
〈ξ3〉α

|v̂3(ξ − η)||ω̂k(η)||ω̂k(−ξ)|dξdη.

Ï� divv = 0, ¤± ξ3v̂3 = −ξ1v̂1(ξ)− ξ2v̂2(ξ), K |ξ3||v̂3| ≤ |ξ1||v̂1(ξ)|+ |ξ2||v̂2(ξ)|. u´,

|L4| ≤ (2π)−6
∑
k

∫∫
|ξ1 − η1||v̂1(ξ − η)|+ |ξ2 − η2||v̂2(ξ − η)|

〈ξ3〉α
|ω̂k(η)||ω̂k(−ξ)|dξdη. (3.9)

- V̂k = |v̂k|, w,, é ∀r, r′, k, k ‖Vk‖r,r′ = ‖vk‖r,r′ . ±Ó���ª, ½Â�þW . $^ (3.7)ª�

��(Ø, ��� (3.9)�d�ªf

|L4| ≤
∫

(|D1|V1 + |D2|V2)W · Λ−α3 Wdx,

Ù¥ |Dk| L«� |ξk| �'��f. dué ∀r, r′, k, ‖|Dk|Vk‖Hr,r′ = ‖∂kVk‖Hr,r′ , ��� L1 �Ó�

�O

|L4| ≤
∫

(|D1|V1 + |D2|V2)W · Λ−α3 Wdx

≤C
∥∥V ∥∥

3−2α,s

∥∥W∥∥
0,−α2

∥∥W∥∥
α,−α2

=C
∥∥v∥∥

3−2α,s

∥∥ω∥∥
0,−α2

∥∥ω∥∥
α,−α2

.

(3.10)

(Ü'Xª (3.1)-(3.6) Ú (3.10) �

∥∥ω(t)
∥∥2
0,−α2

+ 2νh

∫ t

0

(∥∥Λα1ω
∥∥2
0,−α2

+
∥∥Λα2ω

∥∥2
0,−α2

)
dτ

≤C
∫ t

0

∥∥ω∥∥
0,−α2

∥∥ω∥∥
α,−α2

(
∥∥ṽ∥∥

3−2α,s +
∥∥v∥∥

3−2α,s)dτ

+C

∫ t

0

∥∥ω∥∥
0,−α2

∥∥ω∥∥
α,−α2

∥∥ṽ∥∥
3−2α,sdτ.
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|^ Young Ø�ª��

‖ω(t)‖20,−α2 + 2νh

∫ t

0

(‖Λ1ω‖20,−α2 + ‖Λ2ω‖20,−α2 )dτ

≤2νh

∫ t

0

‖ω‖2α,−α2 dτ + C

∫ t

0

‖ω‖20,−α2 (‖ṽ‖23−2α,s + ‖v‖23−2α,s)dτ.

du

‖ω‖2α,−α2 = ‖Λα1ω‖20,−α2 + ‖Λα2ω‖20,−α2 .

?�Ú��

‖ω(t)‖20,−α2 ≤
∫ t

0

‖ω(t)‖20,−α2 h(τ)dτ, (3.11)

Ù¥

h(t) = C(2νh + ‖ṽ‖23−2α,s + ‖v‖23−2α,s).

éúª (3.11)$^ GronwallØ�ª�� ω = 0, lk ṽ = v. ½n 3.1 �y.

Ä7�8
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