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Abstract

This paper introduces the Ding injective Ext-phantom morphisms, discusses basic ho-

mological properties of Ding injective Ext-phantom morphisms, and proves the collec-

tion of all Ding injective Ext-phantom morphisms is an ideal of R-Mod. In particular,
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the equivalent characterization that a morphism of R-modules is a Ding injective-Ext-

phantom morphism is given.
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1. Úó

Phantom��å
u�êÿÀÆ¥ CW -E/�m��� [1]. Phantom��nØ�~aqu

�êÿÀ�n��Æ¥��nØ, Ïd phantom ��Úå
¯õ�êÆ[�2�'5. Neeman

Äg3 [2]¥½Â
n��Æ¥� phantom ��. 2007 c, Herzog 3 [3]¥|^k�L«�Ú

TorR1 (−,−) ò phantom ���Vgí2�?¿����Æþ, ¿½Â R-��� g : X → Y ´

Ext-phantom��,eé?¿�k�L« R-� B, Ext1R(B, g) : Ext1R(B,X) → Ext1R(B, Y )´"Ó

�. 2016c, Mao3 [4]¥&Ä
 phantomÚ Ext-phantom��ýCX�ý�ä��35. 2020c,

Mao3 [5]¥Ú\
 neat-phantomÚ clean-cophantom���Vg.�C, Asadollahi�<3 [6]¥

Ú\
 Gorenstein²" phantom��,ïÄ
p� Gorenstein²" phantom��9§��m�'

X,y²
 Gorenstein²" phantom���n�Úp� Gorenstein²" phantom���n�´�

�ýCXa.���Ñ
p� Gorenstein²" phantom���A^�d�x.

��GorensteinÓNnØ3và�þ�A~, Ding, LiÚMao3 [7,8]¥ïÄ
rGorenstein²

"�ÚGorenstein FP -S��,Ï�Ding, LiÚMao3ù�¡�#Ñó�,ÏdGillespie3 [9,10]¥

¡�� DingÝ�, DingS�Ú Ding²"�,Ù¥ Ding²"�� Gorenstein²"�´���.

ÉþãïÄ�éu, �©Ì�ïÄ
DingS�Ext-phantom ��, y²
 Ding S�Ext-

phantom���a´R-Mod���n�, ¿����ÆR-Mor¥DingS�Ext-phantom ���a

'u�È�ME-*Üµ4.d	,�y²
R-���´��DingS�Ext-phantom����=�§

´F-cophantom��,Ù¥F={R-�á�ÜS�C |é?¿� FP -S� R-� E, HomR(E,C)�Ü}.

2. ý��£

Ø�AO`²,�©¥¤k�� R´(Ü�,�þ�� R-�, R-Mod (Mod-R)L«�(m) R-�

�Æ, R-MorL«� R-�����Æ.
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½Â 2.1 ^R-MorL« R-�����Æ,Ù¥,

(1) R-Mor¥�é�´�R-�Ó�,

(2) R-Mor¥l (M1
f−→M2)� (N1

g−→ N2)���� R-Mod¥���éf (d, s)

(M1
d−→ N1,M2

s−→ N2)

¦�eã

M1
d //

f

��

M2

g

��
N1

s // N2

��.

½Â 2.2 ¡��a I ´ R-Mod�n�,XJ I ÷ve�^�:

(1)é I ¥?¿ü��� f, g : X → Y ,k f + g : X → Y E� I ¥��,

(2) I ¥�?¿�� g : X → Y � R-Mod ¥?¿�� f : A → X, h : Y → B �EÜ��

gf : A→ Y , hg : X → B E� I ¥��.

½Â 2.3 eé?¿�k�L«R-�N ,k Ext1R(N,M) = 0,K¡R-�M ´ FP -S��. FP -S

���a^ FI L«.

½Â 2.4 ¡ R-�M ´ DingS�,XJ�3S� R-���Ü�

I : · · · → I1 → I0 → I0 → I1 → · · ·

Ù¥M ∼= Ker(I0 → I1),¿�é?¿� FP -S� R-� A,k HomR(A, I)�Ü. DingS� R-��a

^ DI L«.

½Â 2.5 � C ´�� R-�a.

¡ R-��� φ : X → Y ´ Y ��� C-ýCX,XJX ∈ C ¿�é?¿��� f : Z → Y ,Ù¥

Z ∈ C,�3�� g : Z → X,¦� φg = f .¡ C-ýCX φ : X → Y ´ Y � C-CX,XJ÷v φg = φ

�gÓ� g´Ó�.éó/,k C-(ý)�ä�½Â.

3. Ì�(J

e¡�Ñ DingS� Ext-phantom���½Â.

½Â 3.1 eé?¿� FP -S� R-� E,p��� Ext1R(E,ψ) : Ext1R(E,A)→ Ext1R(E, Y )´"

Ó�,K¡ R-��� ψ : A→ Y ´ DingS� Ext-phantom��,{P� DI-Ext-phantom.
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5P 3.2 d DingS���½Â�:

(1)S��´ DingS��.

(2)XJ I : · · · → I1 → I0 → I−1 → I−2 → · · · ´S����Ü�,¿é?¿� FP -S�� E,

Hom(E, I)�Ü,@odé¡5�:z��Þ��,Ø,{ØÑ´ DingS��.

(3)XJM ´ DingS��,@oé?¿� FP -S�� E Ú i ≥ 1, ExtiR(E,M) = 0.

dd·�Ú\ DingS� Ext-phantom��.

·K 3.3 � ΨDI �¤k DI-Ext-phantom���a.K ΨDI ´ R-Mod���n�.

y²:� g1, g2 : X → Y ´ ΨDI ¥?¿��.é?¿� FP -S� R-� E,d ΨDI �½Â��:

Ext1R(E, g1) = Ext1R(E, g2) = 0.Ïd,·�k

Ext1R(E, g1 + g2) = Ext1R(E, g1) + Ext1R(E, g2) = 0.

XJ f : A→ X � R-Mod¥��,@ok

Ext1R(E, fg1) = Ext1R(E, f)Ext1R(E, g1) = 0.

XJ h : Y → B � R-Mod¥��,@ok

Ext1R(E, g1h) = Ext1R(E, g1)Ext1R(E, h) = 0

¤± ΨDI ´ R-Mod¥�n�.

e¡·�&? DingS� Ext-phantom����
Ä�5�.

Ún 3.4 DI-Ext-phantom���a'u�Èµ4.

y²:� {fi : Mi → Ni}i∈I ´ R-�¥��q DI-Ext-phantom��.e¡y²é?¿� FP -S

�� E, Ext1R(E,
∏

i∈I fi) = 0.�ÄXe��ã

∏
i∈I Ext

1
R(E,Mi)

∼=

��

∏
i∈I Ext1R(E,fi) // ∏

i∈I Ext
1
R(E,Ni)

∼=

��
Ext1R(E,

∏
i∈I Mi)

Ext1R(E,
∏

i∈I fi)

// Ext1R(E,
∏
i∈I Ni)

Ï� Ext1R(E, fi) = 0,¤±
∏

i∈I Ext1R(E, fi) = 0,= Ext1R(E,
∏

i∈I fi) = 0.

3 R-Mor¥,¡ R-��� α´ j ÏL i�ME-*Ü [11],XJ�3���á�ÜS� 0→ i→
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α→ j → 0,ke�1�Ü�©)ã¦� α = a2a1

0 // I0 // A0
//

a1

��

J0

j

��

// 0

0 // I0
f //

i

��

A
g //

a2

��

J1 // 0

0 // I1 // A1
// J1 // 0

·K 3.5 DI-Ext-phantom���a'uME-*Üµ4.

y² � α : A0 → A1 ´ j ÏL i�ME-*Ü,Xþã¤«,Ù¥ iÚ j ´DI-Ext-phantom�

�.é?¿� FP -S� R-� E ,ò Extn(E,−)�^uþã,kXe1�Ü���ã

Ext1(E, I0) // Ext1(E,A0) //

Ext1(E,a1)

��

Ext1(E, J0)

Ext1(E,j)

��
Ext1(E, I0)

Ext1(E,f) //

Ext1(E,i)

��

Ext1(E,A)
Ext1(E,g) //

Ext1(E,a2)

��

Ext1(E, J1)

Ext1(E, I1) // Ext1(E,A1) // Ext1(E, J1)

Ï� i Ú j ´ DI-Ext-phantom ��, ¤± Ext1(E, i) = 0, � Ext1(E, j) = 0. l��ã��:

Im(Ext1(E, a1)) ⊆ Ker(Ext1(E, g)) = Im(Ext1(E, f)) ⊆ Ker(Ext1(E, a2)),Ïd

Ext1(E,α) = Ext1(E, a2)Extn(E, a1) = 0.� α´ DI-Ext-phantom��.

- F = {R-�á�ÜS� C |é?¿� FP -S� R-� E, HomR(E,C)�Ü} d [ [12],Ún 1.1]

�, F´ Ext�\{f¼f.

Fu�<3 [13]¥Ú\
'u Ext�\{f¼f� phantom��.� F ´ Ext�\{f¼f.

eéu?¿ R-� C, Ext1R(C,ψ) ∈ F(C,Z),Ù¥ Ext1R(C,ψ) : Ext1R(C, Y ) → Ext1R(C,Z) ,K¡ R-

��� ψ : Y → Z � F-cophantom��.

e¡�·K`² R-���´ DI-Ext-phantom����=�§´ F-cophantom��.

·K 3.6 � R´�.é R-��� ψ : A→ Y ,e�^��d:

(1) ψ´�� DI-Ext-phantom��.

(2)e ρ : A→ I ´ A�S�ý�ä,Ké?¿� FP -S� R-� E, ρ÷X ψ�íÑ

0 // A

ψ

��

ρ // I

��

// L // 0

0 // Y // B // L // 0
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^¼f HomR(E,−)�^�E�Ü.

y²: (1)⇒(2)é?¿� FP -S�R-� E,d½Â� Ext1R(E,ψ) = 0.ÏLe¡���ã

HomR(E,L)
θ // Ext1R(E,A)

Ext1R(E,ψ)

��
HomR(E,L) τ

// Ext1R(E, Y )

Ï� τ = 0,¤± 0→ Y → B → L→ 0^¼f HomR(E,−)�^�E�Ü.

(2)⇒(1)b� (2)¤á,é?¿� FP -S� R-� E,�Äe¡���ã

HomR(E,L)
θ // Ext1R(E,A)

Ext1R(E,ψ)

��

// Ext1R(E, I)

��
HomR(E,L) τ

// Ext1R(E, Y ) σ
// Ext1R(E,B)

Ï� Ext1R(E, I) = 0,¤± σExt1R(E,ψ) = 0.qd (2)� σ ´ü�,¤± Ext1R(E,ψ) = 0,= ψ ´�

� DI-Ext-phantom��.

Ä7�8

I[g,�ÆÄ7]Ï�8(11761060).
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