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Abstract

In this paper, we consider the uniform stationary measure of space-inhomogeneous

three state quantum walks on the line and cycles. Firstly, the eigenvalue problem is

solved by transfer matrix and the corresponding uniform stationary measure is given

on the line. In addition, we give the periodic representation of the evolution matrix

under the model on the line. Then, we show the uniform stationary measure of the

cycles by restricting the position space to the cycles.

Keywords

Quantum, Inhomogeneous, Stationary Measure, Uniform Measure

Copyright c© 2022 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

þfi���²;�Åi��þfaqÔ,g 1993cdAharonov [1]JÑ±5,��É�<�

�2�'5 [2–11].þfi�Ì�©�lÑ�mþfi�ÚëY�mþfi�,�©Ì�ïÄlÑ

�mþfi�.þfi��ì?1�Ì�Ny3²ÿÝ,�m²þ4�ÿÝ,f4�ÿÝn��¡,

Ù¥�m²þ4�ÿÝÚf4�ÿÝ©ONy
þfi��ÛÜz�35Ú��1�.lÑ�mþ

fi��²ÿÝ��n)þfi�ì?1���å»,���É'5. 2013c Konno [11]�<

|^)¤¼ê{?nA��¯K,�Ñ
��þ�m�àgü�þfi��²ÿÝ,T²ÿÝ

� �¥�ê5P~¿vk��ÿÝ. 2014cKonno [12]�<ïÄ
��þ�màgn�þfi�

���²ÿÝ��35. 2017c Kawai [13]�<JÑ
ØÓu)¤¼ê{�{zÝ
�{,�Ñ


��þ��màgn�þfi�����²ÿÝ.�éu�àg�/¿vk?Ø,@oéu�

m�àgn�þfi����²ÿÝ´ÄÓ��3,ù´�©ïÄ�Ì�¯K.�©|^ 2019c

Endo [14]�<�=£Ý
�{,?n
üzÝ
�A��¯K¿�Ñ
�A�A��þ,��i�

3��Ú�þ��²ÿÝ.� 2014c Konno [12]�<ïÄ���þàgn�þfi����²

ÿÝ,�©Ø=y²
��þ�àgn�þfi����²ÿÝ�3,��Ñ��
�þ�à

gn�þfi����²ÿÝ9ÙL«,9�Ñ
��þ�àgn�þfi��üzÝ
�±Ï

DOI: 10.12677/pm.2022.128151 1382 nØêÆ

http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.12677/pm.2022.128151


�+�

5L«.

�©�(�Xe:1�ÙÚó.1�Ùý��£,0�
�m�àgn�þfi�Ú��½Â±

9�'�£:.1nÙ,1��!�Ñ
�m�àgn�þfi�3��þ���²ÿÝ��3

5Úþfi�=£Ý
S��±Ï5L«;1��!�Ñ
�m�àgn�þfi�3�þ���

²ÿÝ��359ÙL«.

2. ý��£

þfi���²;�Åi��þf��,O\
�	�Ã5gdÝ.ü��þfi�O\
�

Ã5ÚmÃ5.3dÄ:þ2O\��¥Ã5,Ò��
n��þfi�.n�þfi�Ã5�k�

Ã5�,¥Ã5�,mÃ5�.z���mÚ�,XJi�k�Ã5,K��£Ä�Ú;ei�kmÃ

5,K�m£Ä�Ú;XJi�k¥Ã5,KÊ33�/.Ù¥

|L〉 =


1

0

0

 , |O〉 =


0

1

0

 , |R〉 =


0

0

1

 ,

©OL«L«�, ¥, mÃ5�. �m�àgn�þfi�½Â3�ê8 Z þ, dÃ5��m

|L〉, |O〉, |R〉Ú ��m |x〉 : x ∈ Z?1�x.e¡�Ñ�m�àgn�þfi��½Â

½Â 2.1 [15] �m�àgn�þfi�Ï~d�� 3× 3Ý
 Ux(½,Ù�müzÏLe¡

Ý
½Â:

Ux =


ax bx cx

dx ex fx

gx hx ix

 ∈ U(3),

Ù¥eI x ∈ Z�L �; ax, bx, cx, dx, ex, fx, gx, hx, ix ∈ C. U(3)´ 3× 3Ý
 Ux�8Ü.

� N´K�ê8,þfi�3 N (N ∈ N)�� u x (x ∈ Z)?�VÇÅÌL«�

Ψn(x) = (ΨL
n(x),ΨO

n (x),ΨR
n (x))T ∈ C3,

Ù¥ CL«Eê�.éz� � x, Ψn(x)kXeüzúª

Ψn+1(x) = Px+1Ψn(x+ 1) +OxΨn(x) +Qx−1Ψn(x− 1), (x ∈ Z) (2.1)

Ù¥

Px =


ax bx cx

0 0 0

0 0 0

 , Rx =


0 0 0

dx ex fx

0 0 0

 , Qx =


0 0 0

0 0 0

gx hx lx

 .

= Ux = Px +Rx +Qx,N´�y�m�àgþfi�´�6u ��.
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e¡�Ñþfi�3 n���VÇÅÌ

Ψn =

· · · ,


ΨL
n(−1)

ΨO
n (−1)

ΨQ
n (−1)

 ,


ΨL
n(0)

ΨO
n (0)

ΨQ
n (0)

 ,


ΨL
n(1)

ΨO
n (1)

ΨQ
n (1)

 , · · ·


T

∈ (C3)Z

,kjÝ


Us =



. . .
...

...
...

...
...

...

· · · R−2 P−1 O O O · · ·

· · · Q−2 R−1 P0 O O · · ·

· · · O Q−1 R0 P1 O · · ·

· · · O O Q0 R1 P2 · · ·
...

...
...

...
...

...
. . .


Ù¥

O =


0 0 0

0 0 0

0 0 0

 .

é?¿� n��,djÝ
 U(s),�Ñ��jüz, Ψn = (U(s))nΨ0, n ≥ 0.

�e5�Ñ²ÿÝ�½Â,kÚ\��N� φ : (C3)Z → RZ
+,RZ

+ = [0,∞).�

Ψn = (· · · ,Ψn(−1),Ψn(0),Ψn(1), · · · )

Ù¥

Ψn(−1) = (ΨL
n(−1),ΨO

n (−1),ΨQ
n (−1))T ;

Ψn(0) = (ΨL
n(0),ΨO

n (0),ΨQ
n (0))T ;

Ψn(1) = (ΨL
n(1),ΨO

n (1),ΨQ
n (1))T .

K

φ(Ψ) = [· · · , |ΨL(0)|2 + |ΨO(0)|2 + |ΨR(0)|2, |ΨL(1)|2 + |ΨO(1)|2 + |ΨR(1)|2, · · · ]T ∈ (RZ
+).

é�½� Ψ ∈ (C3)Z,?¿� xk¼ê x→ φ(Ψn(x)), x ∈ Z,¦�

φ(Ψ)(x) = |ΨL(x)|2 + |ΨO(x)|2 + |ΨR(x)|2 (x ∈ Z).

?�Ú�ÑÿÝ ν : Z→ R+, ν(x) = φ(Ψ)(x).N´*	� ν(x)´þfi�3 x?���ÿÝ.
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½Â 2.2 [16] e

Θs = {φ(Ψ0) ∈ RZ+ : ∃Ψ0, s.t.φ((Us)nΨ0) = φ(Ψ0),∀n ≥ 0}.

K¡8Ü Θs¥����þfi��²ÿÝ.

?�Ú�e¡�Ñ��ÿÝ�½Â.

½Â 2.3 e ∃ c > 0,¦� ν(c)(x) = c (x ∈ Z),K ν(c) L«¹ëê c���ÿÝ. Θu L« Zþ
���ÿÝ8,äN/

Θu = {ν : ∃ c > 0, s.t. ν(x) = c, ∀x ∈ Z}.

�e5k�Ñã�½Â,2�Ñ��½Â.

½Â 2.4 [11] e�|8ÜéG = (V,E)÷v V ´��º:8,E´��>8.K¡G = (V,E)

�ã. éü�º: x, y ∈ V ¡���, XJ {x, y} ∈ E, P� x ∼ y. e V ´k�º:8, K¡

G = (V,E)�k�ã.

½Â 2.5 e Cn ´ã G = (V,E) ���ãÓ�, Ù¥ n(n > 0) L«äk n �º:, V =

{1, 2, · · · , n}, E = {{1, 2}, {2, 3} · · · , {n− 1, n}}.K¡ Cn��.

P Ψ0�þfi��Ð©�,äN�

Ψ0 = Ψ0(α, β, γ)

=

· · · ,


ΨL(−2)

ΨO(−2)

ΨR(−2)

 ,


ΨL(−1)

ΨO(−1)

ΨR(−1)

 ,


ΨL(0)

ΨO(0)

ΨR(0)

 ,


ΨL(1)

ΨO(1)

ΨR(1)

 ,


ΨL(2)

ΨO(2)

ΨR(2)

 , · · ·


T

=

· · · ,


0

0

0

 ,


0

0

0

 ,


α

β

γ

 ,


0

0

0

 ,


0

0

0

 , · · ·


T

Ù¥|α|2 + |β|2 + |γ|2 = 1.

Ú\A��¯K U(S)Ψ = λΨ, (λ ∈ C, |λ| = 1).Ï� U(S)´jÝ
,¤±k φ(Ψ) ∈ Θs.

Ún 2.6 [11] � Uy ´¹ yëê��àgn�þfi��jüzÝ
�¤�8Ü, Ψn(x) =

(ΨL
n(x),ΨO

n (x),ΨR
n (x))T ´VÇÅÌ.e�½Ð©� Ψ(0),�A�A��¯K U(S)Ψ = λΨ,KkA

��þ

Ψ(x) =


Πx
y=1D

+
y Ψ(0) (x ≥ 1),

Ψ(0) (x = 0),

Πx
y=−1D

−
y Ψ(0) (x ≤ −1),
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 D±
y ©OL«�

D+
y =


d+

11 d+
12 d+

13

d+
21 d+

22 d+
23

d+
31 d+

32 d+
33


Ú

D−
y =


d−11 d−12 d−13

d−21 d−22 d−23

d−31 d−32 d−33

 .

Ù¥

d+
11 =

(λ− ey)(λ2 − gy−1cy)− gy−1byfy
λ{ay(λ− ey) + bydy}

, d+
12 = −hy−1{byfy + cy(λ− ey)}

λ{ay(λ− ey) + bydy}

d+
13 = − ly−1{byfy + cy(λ− ey)}

λ{ay(λ− ey) + bydy}
, d+

21 =
λ2dy + gy−1(ayfy − cydy)
λ{ay(λ− ey) + bydy}

d+
22 =

hy−1(ayfy − cydy)
λ{ay(λ− ey) + bydy}

, d+
23 =

ly−1(ayfy − cydy)
λ{ay(λ− ey) + bydy}

d+
31 =

gy−1

λ
, d+

32 =
hy−1

λ
, d+

33 =
ly−1

λ

,	�

d−11 =
ay+1

λ
, d−12 =

by+1

λ
, d−13 =

cy+1

λ

d−21 = − ay+1(fygy − lydy)
λ{ly(λ− ey) + hyfy}

, d−22 = − by+1(fygy − lydy)
λ{ly(λ− ey) + hyfy}

d−23 =
λ2fy − cy+1(gyfy − lydy)
λ{ly(λ− ey) + hyfy}

, d−31 = −ay+1{hydy + gy(λ− ey)}
λ{ly(λ− ey) + hyfy}

d−32 = −by+1{hydy + gy(λ− ey)}
λ{ly(λ− ey) + hyfy}

, d−33 = −(λ− ey)(λ2 − gycy+1)− hycy+1dy
λ{ly(λ− ey) + hyfy}

.

3. Ì�(J9Ùy²

�!Ì�ïÄ�m�àg���n�þfi��.,ÙüzÝ
Xe

Ux =


cos θ 0 eωxi sin θ

0 eωxi 0

e−ωxi sin θ 0 − cos θ

 (ωx ∈ [0, 2π), θ ∈ (0, 2π)).

Ù¥ xL« �,AO��ÄéÝ
¥�ëê ωx,�3 φ ∈ [0, 2π),÷v^� ωx − ωx−1 = 2φ, x ∈ Z.
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3.1. ��þi����²ÿÝ9üzÝ
�±Ï5L«

¼�T�.�A��9�A�A��þ,

½n 3.1.1 eüzÝ
÷v U(s)Ψ = λΨ,- λ = eφi,lA��¯KC�� U(s)Ψ = eφiΨ,

Ù¥

Ψ(x) =


Πx
y=1D

+
y Ψ(0) (x ≥ 1),

Ψ(0) (x = 0),

Πx
y=−1D

−
y Ψ(0) (x ≤ −1),

=£Ý
 D±
y �

D+
x =


eφi cos θ 0 eαxi sin θ

0 0 0

e−αxi sin θ 0 −e−φi cos θ


Ú

D−
x =


e−φi cos θ 0 eαxi sin θ

0 0 0

e−αx+1i sin θ 0 −eφi cos θ

 ,

Ù¥ αx = ωx−1 + φ = ωx − φ, ωx ∈ [0, 2π), θ ∈ (0, 2π).q φ(Φ) ∈ Θu ∩Θ,K3��þk��²

ÿÝ.

y²: O�Ù=£Ý
�

D+
x =


λ2−e−ωx−1i sin2 θeωxi

λ cos θ
0 eωxi sin θ

λ

0 0 0
e−ωx−1i sin θ

λ
0 −cosθ

λ



=


e2φi−e(ωx−ωx−1)i sin2 θ

eφi cos θ
0 eωxi sin θ

eφi

0 0 0

e−ωx−1i sin θ
eφi

0 −cosθ
eφi



=


e2φi−e2φi sin2 θ

eφi cos θ
0 e(ωx−φ)i sin θ

0 0 0

e(φ−ωx−1)i sin θ 0 −e−φi cos θ



=


eφi cos θ 0 eαxi sin θ

0 0 0

e−αxi sin θ 0 −e−φi cos θ

 .
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aq�,

D−
x =


cos θ
λ

0 eωxi sin θ
λ

0 0 0
e−ωxi sin θ

λ
0 λ2−e(ωx+1−ωx)i sin2 θ

−λ cos θ



=


cos θ
eφi

0 eωxi sin θ
eφi

0 0 0
e−ωxi sin θ

eφi
0 e2φi−e(ωx+1−ωx)i sin2 θ

−eφi cos θ



=


cos θ
eφi

0 e(ωx−φ)i sin θ

0 0 0

e−(ωx+φ)i sin θ 0 e2φi cos2 θ
−eφi cos θ



=


e−φi cos θ 0 eαxi sin θ

0 0 0

e−αx+1i sin θ 0 −eφi cos θ

 .

N´�y D+
x , D−

x ´jÝ
,dÚn2.6, Ψ(x)��ê� � xÃ'.¤±φ(x) ∈ Θu.Ïd,��

þ�Tþfi�äk��²ÿÝ. �

e¡�Ä��þüzÝ
S� {Ux, x ∈ Z}�±Ï5.

½Â 3.1.2 éuþfi��.�üzÝ
S� {Ux, x ∈ Z},e Ux+n = Ux (n ∈ N),K¡S

� {Ux}äk N �±Ï,ÄKvk±Ï.

íØ 3.1.3 �

Ux =


cos θ 0 eωxi

0 eωxi 0

e−ωxi sin θ 0 − cos θ

 (ωx ∈ [0, 2π), θ ∈ (0, 2π)),

Ù¥ ωx − ωx−1 = 2π
N
.lk ωx+N = 2π + ωx.¤±

Ux+N =


cos θ 0 eωx+N i

0 eωx+N i 0

e−ωx+N i sin θ 0 − cos θ

 =


cos θ 0 eωxi

0 eωxi 0

e−ωxi sin θ 0 − cos θ

 = Ux.

KüzÝ
S� {Ux}± N �±Ï.

3.2. �þi����²ÿÝ

� C2N þ�þfi�ÏLüzÝ
 Ux ?1üz. 3��þþfi��üzd(2.1)ª¤

û½. �þ��müz�faqu U(s) � U
(s)
c . Ùüz�§� Ψn+1 = U

(s)
c Ψn (n ≥ 0),Ψn =

(Ψn(1), · · · ,Ψn(2N)),
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Ù¥ Ψn(1) = (ΨL
n(1),ΨO

n (1),ΨQ
n (1))T ; Ψn(2N) = (ΨL

n(2N),ΨO
n (2N),ΨQ

n (2N))T .

�Ä� C2m þ�m�àgn�þfi�, 3½n3.1¥^ U
(s)
c �O U(s) ?1üzke¡�

(J, Ù¥ 2m (m ∈ N) �Lº:�ê. éu� C2m = (V,E) ,∀m ∈ N, º:8Ú>8©O�

V = {x ∈ Z/mZ}Ú E = {(x, x + 1), (x + 1, x) : x ∈ V }. e¡òþfi��üz��m ���
�� C2mþ.Ùüz�§÷veª

Ψn+1(x) = Px+1Ψn(x+ 1) +OxΨn(x) +Qx−1Ψn(x− 1), (x ∈ Z/mZ).

·K 3.2.1 � C2m (m ∈ N)þ��m�àgn�þfi�,3?¿ � x?�=£Ý
Xe

D+
x =


eφi cos θ 0 eαxi sin θ

0 0 0

e−αxi sin θ 0 −e−φi cos θ

 ωx ∈ [0, 2π), θ ∈ (0, 2π),

Ù¥ ωx − ωx−1 = 2π
m
, ∀x ∈ {1, 2, 3, · · · , 2m}. d�.3� C2m þk��²ÿÝ. éuÐ©�

Ψ(0) = (α, β, γ)T ,��²ÿÝ� ν(Ψ(x)) = |α|2 + |γ|2.Ù¥ α, β, γ ∈ C.

y²: ®� ωx − ωx−1 = 2π
m

,K φ = 2π
m

,¤±

D+
x =


eφi cos θ 0 eαxi sin θ

0 0 0

e−αxi sin θ 0 −e−φi cos θ



=


e
π
m i cos θ 0 eαxi sin θ

0 0 0

e−αxi sin θ 0 −e− π
m i cos θ


qÏ� αx = π

m
+ ωx−1 = ωx − π

m
,?�Ú,�±�� αx+1 − αx = ( π

m
+ ωx)− ( π

m
+ ωx−1) = 2π

m
.¤

±,k

D+
x+1D

+
x =


eφi cos θ 0 eαx+1i sin θ

0 0 0

e−αx+1i sin θ 0 −e−φi cos θ




eφi cos θ 0 eαxi sin θ

0 0 0

e−αxi sin θ 0 −e−φi cos θ

 =


e

2π
m i 0 0

0 0 0

0 0 e
−2π
m i

 .

dd

2m∏
x=1

D+
y =


e

2π
m i 0 0

0 0 0

0 0 e
−2π
m i


m

=


1 0 0

0 0 0

0 0 1

 .

éuÐ©� Ψ(0) = (α, β, γ)T ,k

Ψ(x) =


e

2π
m i 0 0

0 0 0

0 0 e
−2π
m i


m

α

β

γ

 =


α

0

γ

 , ( 1 ≤ x ≤ 2m)
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ν(Ψ(x)) = |α|2 + |γ|2.- |α|2 + |γ|2 = c,k ν(Ψ(x)) = c.dd3� C2mþ����ÿÝ. �

�e5`²��ÿÝáu²ÿÝ8 Θs,é�þ�A��¯K UsΨ = λΨ,�A�� λ = 1. -

νΨ0
n = φ((U(s))n)Ψ0,k

νΨ0
n = (νΨ0

n (1), νΨ0
n (2), νΨ0

n (3), · · · )T .

?�Ú

νΨ0
n = (|α|2 + |γ|2, |α|2 + |γ|2, |α|2 + |γ|2, · · · )T .

�±w�é ∀n ≥ 0,kφ(Ψ0(x)) = νΨ0
n (x) = c. ¤± ν(Ψ) = νΨ0

n ∈ Θs(U).

Ä7�8
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