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Abstract

In this paper, we study the following p−Laplace equation:

−∆pu+ |u|p−2u = Qn(x)|u|q−2u, x ∈ RN ,

where ∆pu = div(|∇u|p−2∇u), p > 1, N ≥ 1, p < q < p∗ = Np
N−p (1 < p < ∞, 1 ≤ N ≤ p).

Qn are bounded functions with self-focusing core supp Q+
n which shrinks to a finite

set of points as n→∞. Via the constraint minimizing method and the concentration

compactness principle, we prove the existence and concentration for ground states.
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1. Úó

�XêÆ!Ôn�g,�Æ�uÐ, p−Lapace �§��´IS	2��ïó�öïÄ�9:

¯K. 3 [1] ¥, Bonanno-Livreay²
 p−Laplace �§n)��35. 3 [2] ¥, Ferrero-Gazzola

y²
g�.O�½��.O����5 p−Laplace �§»�)��35. 3 [3] ¥§ Liu y²


p-��5g�.� p−Laplace�§Ä�)��35. 3 [4] ¥, Costa-Magalhes y²
 p−Laplace

�Ä�§�²�)��35.

�©�Ä p−Laplace �§:

−∆pu+ |u|p−2u = Qn(x)|u|q−2u, x ∈ RN , (En)

Ù¥: N ≥ 1, 1 < p < N , p < q < p∗ := Np
N−p . � n→∞ �, k.¼ê Qn(x) �g�Ø supp{Q+

n }
Â �k�:8.

5 1 éu�§(En), ¡ {x|Qn(x) > 0} Ú {x|Qn < 0} ¥�:©O�gà�Ú�à�. 3©
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z [5] ¥, Buryak-Trapani ïÄ
gà�Ú�à���/, ¿y²
��fÚV�f��35. éu

�CÒ�¼ê���5 �©�§��'(J§ë� [6–9].

� p = 2 �, p−Laplace �§�z�µ

−∆u+ u = Qn(x)|u|q−2u, u ∈ H1
0 (Ω), (1)

Ù¥: Qn(x) CÒ. 3 [10] ¥, Ackermann-Szulkin y²
µ

(i) � n→∞, 8Ü {x ∈ Ω| Qn > 0} Â �: x0 �, �öæ^�å4��{y²
 Laplace �§

(1) Ä�)��35, ¿?�Úy²
ù
Ä�)3 x0 ?'u H1 �ê8¥.

(ii) � n → ∞, 8Ü {x ∈ Ω| Qn > 0} Â �ü�ØÓ�: x1 6= x2 �, �öæ^�ä¼ê�{y

²
� n ¿©��Ä�)��359Ù H1 �ê�8¥5. d�, ù
Ä�)'u H1 �êØ

UÓ�3 x1 Ú x2 ?8¥.

�
?�Ú(½Ä�)'u H1 �ê3 x1 ?�´ x2 ?8¥, Fang-Wang [11] ÒA½��¼ê

Qn(x) é�§(1) ?1
�\ïÄ.e-

Qn(x) =


1, |x| < εn,

−1, |x| ≥ εn,
(q1)

Ù¥: εn → 0. �öæ^�å4��{y²
 (q1) Ä�)��35¿ÏLÚ4��§?1'���

Ä�)'u H1 �ê3 x0 ?8¥. e-

Qn(x) =


s1, x ∈ Br1εn(x1),

s2, x ∈ Br2εn(x2),

−1, Ù§,

(q2)

Ù¥: s1, s2, r1, r2 > 0, x1 6= x2, εn → 0. �öæ^8¥;�ny²
Ä�)'u H1 �ê3 x1 ?

8¥.

É©z Ackermann-Szulkin [10] Ú Fang-Wang [11] �éu, �©�3ïÄ�§ (En) �Ä�)

��35Ú H1 �ê�8¥5"

b� (q1)¤á, ·�kXe½n.

½n 1 (i) (En)���3���Ä�)¶

(ii) � un � (En)����Ä�). �� C�

ϕn := ε
p
q−p
n un(εnx),
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K�3 ϕn �f�, EP� ϕn, ¦� ϕn → ϕu D1,p(RN ), � ϕ´�§

−∆pu = Q(x)|u|q−2u, x ∈ RN ,

����Ä�). ùp

Q(x) =


1, e |x| < 1,

−1, Ù§.

(iii) é?¿� δ > 0,

lim
n→0

ˆ
|x|≥δ

(|∇un|p + |un|p) dx
ˆ
RN

(|∇un|p + |un|p) dx
= 0, lim

n→0

ˆ
|x|≥δ

|∇un|q dx
ˆ
RN
|un|q dx

= 0.

5 2 Sobolev �mD1,p(RN ) := {u| ∇u ∈ Lp(RN ), u ∈ Lp∗(RN )}, Ù¥�ê½Â�

‖u‖D =
(ˆ

RN
|∇u|p dx

) 1
p

.

b� (q2)¤á. Ø���5, Ø�� s1 ≤ s2 ¿½Âβ =
(r1
r2

) qp
q−p−N(s1

s2

) p
q−p

. e

{
s1 = s2,

β < 1

½

{
s1 < s2,

β ≤ 1,
·�kXe½n.

½n 2 (i) (En) ���3���Ä�)¶

(ii) � un � (En)����Ä�). �� C�

ϕn(x) := ε
p
q−p
n un(εnx),

K�3 ϕn �f�, EP� ϕn, ¦�ϕn(x+ x2

εn
)→ ϕ u D1,p(RN ), � ϕ ´�§

−∆pϕ = K2(x)|ϕ|q−2ϕ, x ∈ RN

����Ä�). ùp

K2 =


s2, x ∈ Br2(0),

−1, Ù§;
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(iii) éu?¿� δ > 0,

lim
n→0

ˆ
|x−x2|≥δ

(|∇un|p + |un|p) dx
ˆ
RN

(|∇un|p + |un|p) dx
= 0, lim

n→0

ˆ
|x−x2|≥δ

|un|q dx
ˆ
RN
|un|q dx

= 0.

�©(�Xe: 1�!æ^�å4�y²½n 1; 1n!|^�å4�Ú8¥;�{y²½n

2. ÎÒ`²: C, C1, C2, · · · �L�~ê; Br(y) := {x ∈ RN | |x− y| < r} L«± y �% r ��»�

¥; |u|pL« Lp(RN )¥��ê; Q±(x) = max{±Q(x), 0} L«¼ê Q(x) ��Ü�KÜ.

2. ½n 1�y²

�!æ^�å4��{���§ (En) Ä�)��35, ¿ÏL�4��§'��±��Ä�

)�8¥5§?�¤½n 1��ªy².

Äkò εn  �� ε, �CþO�

ϕ(x) := ε
p
q−pu(εx),

Kd (En) �

−∆pϕ+ εp|ϕ|p−2ϕ = Q(x)|ϕ|q−2ϕ, x ∈ RN . (2)

5¿�

Q(x) =


1, |x| < 1,

−1, |x| ≥ 1.

/ªþ, �§ (2) �4��§�

−∆pϕ = Q(x)|ϕ|q−2ϕ, x ∈ RN . (3)

�Ä�å4�¯K:

I0 = inf

{ˆ
RN
|∇u|p dx

∣∣∣ u ∈ D1,p(RN ),

ˆ
RN

Q(x)|u|q dx = 1

}
.

·�keãÚn.

Ún 1 �3�¼ê u0 ∈ D1,p(RN ) ¦� I03 u0 ?��, ¿� ϕ0 = I
1
q−p
0 u0 ��§ (3) ��Ä

�).

y². � {un} ⊂ D1,p(RN ) � I0 ���4�zS�, @o� n→∞ �,

ˆ
RN
|∇un|p dx→ I0 ,

ˆ
RN

Q(x)|un|q dx = 1, n = 1, 2, · · · .
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Äk, ·�y² I0 > 0. ¯¢þ, d Q(x)�½Â��

ˆ
|x|<1

|un|q dx = 1 +

ˆ
|x|≥1

|un|q dx ≥ 1. (4)

qd HölderØ�ªÚ SobolevØ�ª��

ˆ
|x|<1

|un|q dx ≤ C
(ˆ
|x|<1

|un|p
∗
dx

) q
p∗

≤ C
(ˆ

RN
|∇un|p dx

) q
p

→ CI
q
p

0 . (5)

Ïd, d (4)Ú (5) � I0 ≥ C−p/q > 0.

d I0�½Â, {un}3 D1,p(RN )¥k.. �fS�, EP� {un}, K� n→∞ �

un ⇀ u0u D1,p(RN ), un → u0 a.e.uRN , un → u0uL
r
loc(RN ),∀1 < r < p∗.

5¿� |un|�4�zS�, KØ�� un ≥ 0. Ïdu0 ≥ 0 a.e.u RN . é (4) �e4�, d FatouÚ

n� ˆ
|x|<1

uq0 dx ≥ 1 +

ˆ
|x|≥1

uq0 dx,

= ˆ
RN

Q(x)uq0 dx ≥ 1.

XJ

ˆ
RN

Q(x)uq0 dx > 1, Kd�ê�fe�ëY5�

0 < I0 ≤

ˆ
RN
|∇u0|p dx(ˆ

RN
Q(x)uq0 dx

) p
q

<

ˆ
RN
|∇u0|p dx ≤ lim inf

n→∞

ˆ
RN
|∇un|p dx = I0,

gñ. Ïd, I0 3 u0 ≥ 0 ?��, � u0 6= 0.

- ϕ0 = I
1
q−p
0 u0,K ϕ0 ∈ D1,p(RN ) ÷v

−∆pϕ0 = Q(x)ϕq−10 ≥ 0,

dý��§��K5,

ϕ0 ∈ Cp(B1) ∩ Cp(B̄c
1) ∩ C(RN ).

2dý��§r4���n� ϕ0 > 0. Ïd, �§ (3)�3�Ä�). 2

�e5§�Ä�å4�¯Kµ

Iε = inf

{ˆ
RN

(|∇u|p + εp|u|p) dx
∣∣∣ u ∈W 1,p(RN ),

ˆ
RN

Q(x)|u|q dx = 1

}
.
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éu 0 < ε ≤ 1, aquÚn 1�y², ØJ��eã·K.

·K 1 �3�¼ê uε ∈ W 1,p(RN ) ¦� Iε 3 uε ?���. ?�Ú, ϕε = I
1
q−p
ε uε ��§ (2)

����Ä�).

�
y²�§ (2) Ä�) H1 �ê8¥5, ·��^�keãÚn.

Ún 2 lim
ε→0

Iε = I0.

y². dÚn 1, �3�¼ê u0 ∈ D1,p(RN ) ÷v

ˆ
RN

Q(x)uq0 dx = 1,

ˆ
RN
|∇u0|p dx = I0.

�1w��ä¼ê χ(x) ÷v

0 ≤ χ(x) ≤ 1, χ(x) = 1, x ∈ B1(0), χ(x) = 0, x ∈ Bc
2(0).

- wn = cnχnu0 ∈W 1,p(RN ), Ù¥:

cn =
(ˆ

RN
Q(x)χqnu

q
0 dx

)− 1
q

, χn(x) = χ
(x
n

)
.

du ˆ
RN

Q(x)|wn|q dx = 1,

Kd Iε �½Â�

lim sup
ε→0

Iε ≤ lim sup
ε→0

ˆ
RN

(|∇wn|p + εpwpn) dx =

ˆ
RN
|∇wn|p dx.

5¿�� n→∞�, cn → 1, χnu0 → u0 u D1,p(RN ), = wn → u0 u D1,p(RN ). Ïd, - n→∞,

lim sup
ε→0

Iε ≤
ˆ
RN
|∇u0|p dx = I0.

� uε > 0 � Iε ���¼ê, Kd I0 �½Â�

lim inf
ε→0

Iε = lim inf
ε→0

ˆ
RN

(|∇uε|p + εpupε) dx ≥ lim inf
ε→0

ˆ
RN
|∇uε|p dx ≥ I0.

Ïd, lim
ε→0

Iε = I0. y.. 2

��§ÄuþãO�, ·�y²½n 1.

½n 1 �y². d·K 1, �§ (2) �3�Ä�). ÏLCþO�ØJy²�§ (En) ���3

���Ä�). Ïd, (i) ¤á.

� un ��§ (En) ��Ä�), K ϕεn = ε
p
q−p
n un(εnx) � (2) ��Ä�). Ïd, �3 Iεn ��
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�¼ê uεn ∈W 1,p(RN ) ¦� ϕεn = I
1
q−p
εn uεn . dÚn 2, uεn 3D1,p(RN ) ¥k.. Ïd, 3f��¿

Âe, � εn → 0 �,

uεn ⇀ u0u D1,p(RN ), uεn → u0 a.e. RN , uεn → u0 in Lrloc(RN ), 1 < r < p∗.

du ˆ
|x|<1

uqεn dx = 1 +

ˆ
|x|≥1

uqεn dx. (6)

d Fatou Ún� ˆ
RN

Q(x)uq0 dx ≥ 1.

d�ê�fe�ëY5, Ún 2, Ú I0 �½Â��

ˆ
RN
|∇u0|pdx ≤ lim inf

εn→0

ˆ
RN
|∇uεn |pdx

≤ lim inf
εn→0

ˆ
RN

(|∇uεn |p + εp|uεn |p) dx

= lim
εn→0

Iεn = I0 ≤

ˆ
RN
|∇u0|p dx( ˆ

RN
Q(x)uq0 dx

) p
q

.

Ïd, I0 3 u0 ?���, =

ˆ
RN
|∇u0|pdx = I0 > 0,

ˆ
RN

Q(x)uq0 dx = 1. (7)

?�Ú§·���

lim
ε→0

ˆ
RN
|∇uεn |pdx =

ˆ
RN
|∇u0|pdx, lim

ε→0
εpn

ˆ
RN

upεn dx = 0.

?, dfÂñÚÄ�Ø�ª

|ξ2|p ≥ |ξ1|p + p|ξ1|p−2ξ1 · (ξ2 − ξ1) + C(p)|ξ2 − ξ1|p, ∀ξ1, ξ2 ∈ RN , p > 2

��

lim
ε→0

ˆ
RN
|∇(uεn − u0)|pdx = 0.

- ϕ0 := I
1
q−p
0 u0 ≥ 0, KdÚn 1 �y²L§ØJ�y ϕ0 ��§ (3) ��Ä�). �âÚn 2, �

§ (2)��Ä�) ϕεn 3 D1,p(RN ) ¥Âñ�4��§ (3) ��Ä�) ϕ0. Ïd, (ii) ¤á.

d (6), (7), Ú Brézis-Lieb ÚnØJ��

lim
εn→0

ˆ
RN

uqεn dx =

ˆ
RN

uq0 dx, lim
εn→0

ˆ
RN
|uεn − u0|q dx = 0.
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Ïd, é?¿� δ > 0,

lim
εn→0

ˆ
|x|≤ δ

εn

uqεn dx =

ˆ
RN

uq0 dx.

5¿�

un(x) = ε
− p
q−p

n I
− 1
q−p

εn uεn(ε−1n x),

K� n→ +∞�,

ˆ
|x|≥δ

|un|q dx
ˆ
RN
|un|q dx

≤

ˆ
|x|≥δ

|un|q dx
ˆ
RN

Q
( x
εn

)
|un|q dx

=

ˆ
|x|≥ δ

εn

uqεn dx

ˆ
RN

Q(x)|uεn |qdx
=

ˆ
|x|≥ δ

εn

uqεn dx→ 0.

du

lim
εn→0

ˆ
|x|≤ δ

εn

|∇uεn |pdx =

ˆ
RN
|∇u0|pdx, lim

εn→0
εpn

ˆ
RN

upεndx = 0,

K� n→∞ �, dÚn 2 �

ˆ
|x|≥δ

(|∇un|p + upn) dx

ˆ
RN

(|∇un|p + upn) dx

= I−1εn

ˆ
|x|≥ δ

εn

(|∇uεn |p + εpn|uεn |p) dx→ 0.

Ïd, (iii) ¤á. y.. 2

3. ½n 2�y²

�!ÏL�4��§?1'�, æ^8¥;5�ny²�§ (En) �Ä�)'uH1 �ê3A½

:?8¥, ?�¤½n 2�y².

Ø�b�8¥: x1 = 0,  � εn� ε. �CþO�

ϕ(x) = ε
p
q−pu(εx),

Kd�§ (En) �

−∆pϕ+ εp|ϕ|p−2ϕ = Qε(x)|ϕ|q−2ϕ, x ∈ RN . (8)

Ù¥:

Qε(x) =


s1, x ∈ Br1(0),

s2, x ∈ Br2(x2

ε
),

−1, Ù§.
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dÚn 1�y²L§ØJuy�å4�¯K

Jε = inf

{ˆ
RN

(|∇u|p + εp|u|p) dx
∣∣∣ u ∈W 1,p(RN ),

ˆ
RN

Qε(x)|u|q dx = 1

}

�3����¼ê uε ∈W 1,p(RN ). - ϕε = J
1
q−p
ε uε, Kdý��§��K5nØÚr����n�

� ϕε ´�§ (8) ��Ä�).

aq/, �å4�¯K

J0 = inf

{ˆ
RN
|∇u|p dx

∣∣∣ u ∈ D1,p(RN ),

ˆ
RN

K2(x)|u|q dx = 1

}
.

�3���¼ê u0 ∈ D1,p(RN ), � ϕ0 = J
1
q−p
ε u0 ´4��§

−∆pϕ = K2(x)|ϕ|q−2ϕ, x ∈ RN (9)

��Ä�), Ù¥:

K2(x) =

 s2, x ∈ Br2(0),

−1, Ù§.

Äk§·�y²eãÚn.

Ún 3 lim sup
ε→0

Jε ≤ J0.

y².ØJy² J0 �3���¼ê u0 ∈ D1,p(RN ), K

ˆ
RN

K2(x)up0 dx = 1,

ˆ
RN
|∇u0|p dx = J0.

�1w��ä¼ê χ(x)÷v

0 ≤ χ(x) ≤ 1, χ(x) = 1, x ∈ B1(0), χ(x) = 0, x ∈ Bc
2(0).

-

wn(x) = cnχnu0 ∈W 1,p(RN ),

Ù¥:

χn(x) = χ
(x
n

)
, cn =

(ˆ
RN

K2(x)χqn(x)uq0(x) dx
)− 1

q

.

� Qε(x+ x2

ε
) = s1 �,

∣∣x+ x2

ε

∣∣ < r1. K� ε > 0 ¿©��, é ∀n < 1

2

( |x2|
ε
− r1

)
, k

∣∣∣x
n

∣∣∣ > 2
∣∣∣ x
|x2|
ε
− r1

∣∣∣ > 2
∣∣∣ x
|x2|
ε
− |x+ x2

ε
|

∣∣∣ ≥ 2
|x|
|x|

= 2.
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d� χn(x) = 0. Ïd, d Qε(x) ÚK2(x) �½Â�

ˆ
RN

Qε(x)wqn

(
x− x2

ε

)
dx =

ˆ
RN

Qε

(
x+

x2
ε

)
wqn dx =

ˆ
RN

K2(x)wqn dx = 1.

¤±§d Jε �½Â�

lim sup
ε→0

Jε ≤ lim sup
ε→0

ˆ
RN

[
|∇wn(· − x2/ε)|p + εpwpn(· − x2/ε)

]
dx =

ˆ
RN
|∇wn|p dx.

w,, � n → ∞ �, cn → 1 �χnu0 → u0 u D1,p(RN ), K wn(x) → u0 u D1,p(RN ). Ïd, �

n→∞ �, lim sup
ε→0

Jε ≤ J0. y.. 2

£�

K1(x) =


s1, x ∈ Br1(0),

−1, Ù§,

K2(x) =


s2, x ∈ Br2(0),

−1, Ù§,

½Â

K3(x) =
s2
s1
K1

(r1
r2
x
)

=


s2, x ∈ Br2(0),

−s2
s1
, Ù§.

P

β =
(r1
r2

) qp
q−p−N(s1

s2

) p
q−p

.

·�b�

s1 = s2, β < 1, ½ö s1 < s2, β ≤ 1.

5 3 b� s1 ≤ s2. d K2 Ú K3 �½Â, � x ∈ Br2(0) �,K3(x) = K2(x) = s2; � x /∈ Br2(0)

�, K3(x) < −1 = K2(x). Ïd, K3 ≤ K2.

- uε ∈W 1,p(RN ) ´ Jε ����¼ê, K

ˆ
RN

(|∇uε|p + εp|uε|p) dx = Jε,

ˆ
RN

Q(x)uqε dx = 1.

dÚn 3��, {uε} 3 D1,p(RN ) ¥k.. e¡y²� ε > 0 ¿©��, uε 3
x2

ε
?8¥.

Ún 4 ·�k

lim inf
ε→0

ˆ
Br2

(
x2
ε

) uqε dx > 0, lim
ε→0

ˆ
Br1 (0)

uqε dx = 0.

y². �/ 1

lim
ε→0

ˆ
Br1 (0)

uqε dx =

ˆ
Br2

(
x2
ε

) uqε dx = 0.
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�K

¯¢þ, d s1 > 0, s2 > 0, Ú

s1

ˆ
Br1 (0)

uqε dx+ s2

ˆ
Br2

(
x2
ε

) uqε dx ≥ 1

�, �/ 1 Ø¤á.

�/ 2.

lim inf
ε→0

ˆ
Br1 (0)

uqε dx > 0, lim inf
ε→0

ˆ
Br2

(
x2
ε

) uqε dx > 0.

-

ϕ1,ε =
(rp1s1
rp2s2

) 1
q−p

uε

(r1
r2
x
)
, ϕ2,ε(x) = uε

(
x+

x2
ε

)
, (10)

K

lim inf
ε→0

ˆ
Br2 (0)

β−1
(s2
s1

)
ϕq1,ε dx > 0, lim inf

ε→0

ˆ
Br2 (0)

ϕq2,ε dx > 0.

du ϕ1,ε Ú ϕ2,ε 3 D1,p(RN )¥k., K3f��¿Âe, � ε→ 0 �,

ϕi,ε ⇀ ϕi,0u D1,p(RN ), ϕi,ε → ϕi,0u Lqloc(R
N ), ϕi,ε → ϕi,0 a.e.u RN , i = 1, 2.

éu i = 1, 2, d ϕi,ε > 0 �, ϕi,0 ≥ 0. ?�Ú, ϕi,0 6= 0, i = 1, 2. � ε > 0 ¿©��, é ∀R < |x2|
2ε

,

·�kBR(x2

ε
) ∩BR(0) = ∅. 5¿�

Q−ε (x) = K−1 (x), Q−ε (x+
x2
ε

) = K−2 (x), ∀x ∈ BR(0),

K ˆ
Br1 (0)

Q+
ε u

q
ε dx+

ˆ
Br2

(
x2
ε

)Q+
ε u

q
ε dx

≥ 1 +

ˆ
BR(0)

Q−ε u
q
ε dx+

ˆ
BR

(
x2
ε

)Q−ε uqε dx
= 1 +

ˆ
BRr2

r1

(0)

β−1
(s2
s1

)
K−1

(r1
r2
x
)
ϕq1,ε dx+

ˆ
BR(0)

K−2 ϕ
q
2,ε dx

= 1 +

ˆ
BRr2

r1

(0)

β−1K−3 ϕ
q
1,ε dx+

ˆ
BR(0)

K−2 ϕ
q
2,ε dx

= 1 +

ˆ
BRr2

r1

(0)

β−1K−3 ϕ
q
1,0 dx+

ˆ
BR(0)

K−2 ϕ
q
2,0 dx+ o(1),

ˆ
Br1 (0)

Q+
ε u

q
ε dx+

ˆ
Br2

(
x2
ε

)Q+
ε u

q
ε dx =

ˆ
Br2 (0)

[
β−1K+

3 ϕ
q
1,ε +K+

2 ϕ
q
2,ε

]
dx

=

ˆ
Br2 (0)

[
β−1K+

3 ϕ
q
1,0 +K+

2 ϕ
q
2,0

]
dx+ o(1).
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�K

- R→∞, ·�k

ˆ
Br2 (0)

(
β−1K+

3 ϕ
q
1,0 +K+

2 ϕ
q
2,0

)
dx ≥ 1 +

ˆ
RN

(
β−1K−3 ϕ

q
1,0 +K−2 ϕ

q
2,0

)
dx.

Ïd, ˆ
RN

β−1K3ϕ
q
1,0 dx+

ˆ
RN

K2ϕ
q
2,0 dx ≥ 1.

e¡©n«�¹?Ø:
ˆ
RN

β−1K3ϕ
q
1,0 dx ≥ 1,

ˆ
RN

K2ϕ
q
2,0 dx ≤ 0; (11)

ˆ
RN

β−1K3ϕ
q
1,0 dx ≤ 0,

ˆ
RN

K2ϕ
q
2,0 dx ≥ 1; (12)

ˆ
RN

β−1K3ϕ
q
1,0 dx > 0,

ˆ
RN

K2ϕ
q
2,0 dx > 0. (13)

b� (11)¤á. dÚn 3�

J0 ≥ lim sup
ε→0

Jε

= lim sup
ε→0

ˆ
RN

(|∇uε|p + εp|uε|p) dx

≥ lim sup
ε→0

(ˆ
BR(0)

(|∇uε|p + εp|uε|p) dx+

ˆ
BR

(
x2
ε

)(|∇uε|p + εp|uε|p) dx

)

≥
ˆ
BRr2

r1

(0)

β−1|∇ϕ1,0|p dx+

ˆ
BR(0)

|∇ϕ2,0|p dx.

- R→∞, d β ≤ 1 Ú5 3�

J0 >

ˆ
RN

β−1|∇ϕ1,0|p dx ≥

ˆ
RN

β−1|∇ϕ1,0|p dx(ˆ
RN

β−1K3ϕ
q
1,0 dx

) p
q

=

β
p
q−1
ˆ
RN
|∇ϕ1,0|p dx(ˆ

RN
K3ϕ

q
1,0 dx

) p
q

≥

ˆ
RN
|∇ϕ1,0|p dx(ˆ

RN
K2ϕ

q
1,0 dx

) p
q

≥ J0.

gñ.
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�K

b� (12) ¤á. aqu (11) �?Ø, ·�k

J0 ≥ lim sup
ε→0

ˆ
RN

(|∇uε|p + εp|uε|p) dx

≥
ˆ
RN

β−1|∇ϕ1,0|p dx+

ˆ
RN
|∇ϕ2,0|p dx

>

ˆ
RN
|∇ϕ2,0|p dx ≥

ˆ
RN
|∇ϕ2,0|p dx(ˆ

RN
K2ϕ

q
2,0 dx

) p
q

≥ J0.

gñ.

b� (13)¤á. d5 3, β ≤ 1, Ú J0 �½Â�

ˆ
RN

β−1|∇ϕ1,0|p dx ≥

ˆ
RN
|∇ϕ1,0|p dx(ˆ

RN
K2ϕ

q
1,0 dx

) p
q

(ˆ
RN

β−1K3ϕ
q
1,0 dx

) p
q

≥ J0
(ˆ

RN
β−1K3ϕ

q
1,0 dx

) p
q

.

Ïd, aqu (11) �?Ø, ·�k

J0 ≥ lim sup
ε→0

ˆ
RN

(|∇uε|p + εp|uε|p) dx

≥
ˆ
RN

β−1|∇ϕ1,0|p dx+

ˆ
RN
|∇ϕ2,0|p dx

≥ J0

[(ˆ
RN

β−1K3ϕ
q
1,0 dx

) p
q

+

(ˆ
RN

K2ϕ
q
2,0 dx

) p
q

]
> J0.

gñ.

Ïd, ÏLüØ (11), (12), Ú (13), �/ 2 Ø¤á.

�/ 3

lim inf
ε→0

ˆ
Br1 (0)

uqε dx > 0, lim
ε→0

ˆ
Br2

(
x2
ε

) uqε dx = 0.

d (10) ØJ�� ϕ1,ε ÷v

−∆pϕ+ rp1r
−p
2 εp|ϕ|p−2ϕ = Jεs

−1
1 s2Qε(r

−1
2 r1x)|ϕ|q−2ϕ, x ∈ RN .

- ε→ 0, K ϕ1,0 ∈ D1,P (RN ) ÷v

−∆pϕ = J1K3(x)|ϕ|q−2ϕ, x ∈ RN ,
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�K

Ù¥µ

J1 =

ˆ
RN
|∇ϕ1,0|pdx > 0.

dý��§�K5nØÚr4��n� ϕ1,0 > 0.

5¿3 BR(0)þ, Q−ε =
s1
s2
K−3 �é R <

1

2

(
|x2|
ε
− r2

)
,

ˆ
Br2 (0)

β−1K+
3 ϕ

q
1,0 dx+ o(1) =

ˆ
Br1 (0)

Q+
ε u

q
ε dx+

ˆ
Br2

(
x2
ε

)Q+
ε u

q
ε dx

≥ 1 +

ˆ
BR(0)

Q−ε u
q
ε dx

= 1 +

ˆ
BRr2

r1

(0)

β−1K−3 ϕ
q
1,0 dx+ o(1).

- R→∞, K ˆ
RN

β−1K3ϕ
q
1,0 dx ≥ 1.

Ïd, dÚn 3 �

J0 ≥ lim sup
ε→0

ˆ
RN

(|∇uε|p + εp|uε|p) dx

≥
ˆ
RN

β−1|∇ϕ1,0|p dx ≥

ˆ
RN

β−1|∇ϕ1,0|p dx(ˆ
RN

β−1K3ϕ
q
1,0 dx

) p
q

= β( pq−1)

ˆ
RN
|∇ϕ1,0|p dx(ˆ

RN
K3ϕ

q
1,0 dx

) p
q

>

ˆ
RN
|∇ϕ1,0|p dx(ˆ

RN
K2ϕ

q
1,0 dx

) p
q

≥ J0.

gñ. Ïd, �/ 3Ø¤á.

ÏLüØ�/ 1, 2, 3, ·���

lim inf
ε→0

ˆ
Br2

(
x2
ε

) uqε dx > 0, lim
ε→0

ˆ
Br1 (0)

uqε dx = 0.

y.. 2

�e5§·�y²e¡·K.

·K 2 lim
ε→0

Jε = J0.
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�K

y². dÚn 4�

s2

ˆ
Br2

(
x2
ε

) uqε dx = 1 +

ˆ
RN\
(
Br1 (0)∪Br2

(
x2
ε

)) uqε dx− s1 ˆ
Br1 (0)

uqε dx

= 1 +

ˆ
RN\Br2

(
x2
ε

) uqε dx+ o(1).

d (10) � ˆ
Br2 (0)

K+
2 ϕ

q
2,ε dx = 1 +

ˆ
RN

K−2 ϕ
q
2,ε dx+ o(1).

- ε→ 0, dÛÜ Sobolev;i\½nÚ FatouÚn�

ˆ
Br2 (0)

K+
2 ϕ

q
2,0 dx ≥ 1 +

ˆ
RN

K−2 ϕ
q
2,0 dx, .

Ïd, ˆ
RN

K2ϕ
q
2,0 dx ≥ 1.

d�ê�fe�ëY5, Ún 3, Ú J0 �½Â�

´
RN |∇ϕ2,0|p dx

(
´
RN K2ϕ

q
2,0 dx)

p
q

≤
ˆ
RN
|∇ϕ2,0|p dx ≤ lim inf

ε→0
Jε ≤ lim sup

ε→0
Jε ≤ J0 ≤

´
RN |∇ϕ2,0|p dx

(
´
RN K2ϕ

q
2,0 dx)

p
q

.

Ïd, J0 3 ϕ2,0 ?��, � lim
ε→0

Jε = J0. y.. 2

��§·��¤½n 2 �y².

½n 2 �y². 5¿��§ (8) �3�Ä�), KÏLCþO�ØJy² (En) �3�Ä�).

Ïd, (i) ¤á.

� un > 0 � (En) �Ä�), K ϕεn = ε
p
q−p
n un(εnx) ��§ (8) ��Ä�). Ïd, �3 Jε ��

�¼ê uεn ∈W 1,p(RN ) ¦� ϕεn = J
1
q−p
εn uεn . 5¿�

ϕ2,εn = J
− 1
q−p

εn ϕεn(·+ x2/εn),

�d·K 2 �y²�

lim
εn→0

εpn

ˆ
RN
|ϕ2,εn |pdx = 0,

lim
εn→0

ˆ
RN
|ϕ2,εn |pdx =

ˆ
RN
|ϕ2,0|p dx,

lim
εn→0

ˆ
RN
|∇ϕ2,εn |pdx =

ˆ
RN
|∇ϕ2,0|pdx,

Ù¥: ϕ2,0 � J0 ����¼ê. Ïd, � εn → 0 �, ϕ2,εn → ϕ2,0 u D1,p(RN ) ∩ Lq(RN ). ¤±d·

K 2 �, ϕεn → J
− 1
q−p

0 ϕ2,0 u D1,p(RN ). � (ii) ¤á.
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�K

- εn → 0, é?¿� δ > 0, ·�k

ˆ
RN\Bδ(x2)

|un|q dx
ˆ
RN
|un|q dx

=

ˆ
RN\B δ

εn

(0)

|ϕ2,εn |q dx

ˆ
RN
|ϕ2,εn |q dx

≤ sq2
ˆ
RN\B δ

εn

(0)

uqεn dx→ 0,

ˆ
RN\Bδ(x2)

(|∇un|p + |un|p) dx
ˆ
RN

(|∇un|p + |un|p) dx
= J−1εn

ˆ
RN\B δ

εn

(0)

(|∇ϕ2,εn |p + εpn|ϕ2,εn |p) dx→ 0.

Ïd, (iii) ¤á. y.. 2

Ä7�8

I[g,�ÆÄ7�c�8(11901531); I[3ÆÄ7�/�Ü��8(202008330417); úô�

g,�ÆÄ7:�8(LZ22A010001).
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