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Abstract

In this paper, we study the global existence of L1–solutions for the parabolic–elliptic

Keller–Segel system with Yukawa potential in R2. We give a proof of the global

existence of solutions with total mass M ≤ 8π . The proof is based on extending the

monotonicity method of Wei to γ > 0 system.
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1. Úó

�©Ì�3 R2þïÄ
±e�Ô–ý�. Keller–SegelXÚ:
nt = ∆n− χ(n∇c), (x, t) ∈ Ω× (0,∞),

(−∆ + γ2)c = n, (x, t) ∈ Ω× (0,∞),

n(x, 0) = n0(x), x ∈ Ω,

(1.1)

Ù¥ Ω ⊂ R2´äk1w>.�k.«�½��m R2. TXÚ�[
[ÿ+éÙº��A½zÆÔ

��à8$Ä. xL«�m�I, tL«�m. n(x, t)L«[ÿ�Ý, c(x, t)L«K�[ÿ1��zÆ

Ô�ßÝ. ªz¯aÝXê χ > 0L«[ÿ´�pßÝzÆÔ����£Ä, Ly�1�´áÚ1

�, �� χ < 0L«[ÿ�ü½1�. ~ê γ ≥ 0L«TzÆÔ��ü)Ç. � γ = 0�, XÚ (1.1)

�¡� Patlak–Keller–SegelXÚ. � γ > 0, � x ∈ R2�,

Gγ(x) :=

∫ ∞
0

1

4πτ
e−
|x|2
4τ −γ

2τ dτ

� R2 þ� Yukawa  ³, ÷v c(x) =
∫
R2 G

γ(x − y)n(y) dy ('u Yukawa  ³�L�ª�� [1,

p.164]). 'uTXÚ�)ÔÆ�µÚêÆnØ, �ë� [2–5]. du Keller–SegelXÚ~�^u£ã
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Úýÿ)Ô��«ªz1�, ÏdTXÚ�¡�ªzXÚ. �\�[� Keller–SegelXÚnã��

ë� [6, 7].

3 1992 c, Jäger Ú Luckhaus [8] JÑXÚ (1.1) 3 R2 �k.� Ω þ�)�3���.�

þ: )3��.�¹eu)�», 3æ�.�¹e�Û�3. 3 1995c, Nagai [9]y²
k.�

Ω = {x ∈ R2 | |x| < L}þ�»�)��.�þ� 8π
χ

, ¿��±e(J:

(1) e»�¼ê n0÷v
∫

Ω
n0(x) dx < 8π

χ
, KXÚ (1.1)�»�) n'u�m´�Û�3��Û

k.�.

(2) e»�¼ê n0 ÷v
∫

Ω
n0(x) dx > 8π

χ
, �

∫
Ω
n0(x)|x|2 dxv
�, KXÚ (1.1)�»�) n

3k��mS�».

3 2004c, DolbeaultÚ Perthame [10]|^éê. Hardy–Littlewood–SobolevØ�ª��


��k��O. ��, Dolbeault, PerthameÚ Blanchet [11]|^ [10]�k��O, �K
 Ω´k.

��^���, y²
gdUØ�ª

F [n](t) +

∫ t

0

∫
R2

n(x, t)|∇(lnn(x, t))− χ∇c(x, t)|2 dxds ≤ F [n](0), (1.2)

¿(½ Patlak–Keller–SegelXÚ (1.1)3 R2þ�)�Û�3��`�.�þ�M = 8π
χ

, Ù¥

F [n](t) :=

∫
R2

n(x, t) lnn(x, t) dx− χ

2

∫
R2

n(x, t)c(x, t) dx.

3 2006c, Biler, KarchÚ Laurencot�< [12]��
M ≤ 8π
χ
�¹e Patlak–Keller–SegelX

Ú (1.1)�»�é¡)��Û�35. 3 2008c, Blanchet, CarrilloÚMasmoudi [13]�K)»�

é¡�^�, |^

0 ≤ n0 ∈ L1(R2, (1 + |x|2)dx), n0 lnn0 ∈ L1(R2,dx). (1.3)

Ú (1.2)���
M = 8π
χ
�¹e)��Û�35, �õ
 Patlak–Keller–SegelXÚ (1.1)3 R2 þ

�gd)�µe.

3 2008c, KozonoÚ Sugiyama [14]�|^��Ý^�

‖|x|2n0‖L1(R2) <
1

γ2
· g
(
‖n0‖L1(R2)

8π

)
,

��
M > 8π, χ = 1�¹e�k Yukawa ³�XÚ (1.1)�)3k��mS�», Ù¥ g(s)´

s > 1�4O¼ê. 
�k Yukawa ³�XÚ (1.1)3��m R2 þ� L1–)��Û�35(J8

c�vk²(�y².

�C, Wei [15]�Kb� (1.3), y²
 χ = 1�¹e� Patlak–Keller–SegelXÚ��K L1–§

Ú)´�Û·½�, ��=�o�þM ≤ 8π, �÷v�þÅð

M :=

∫
R2

n(x, 0) dx ≡
∫
R2

n(x, t) dx. (1.4)
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�©í2
Wei [15]�üN5�{, ���� γ > 0�¹e�üN5úª, ¿ò Patlak–Keller–Segel

XÚ (1.1)�§Ú)�5�í2��k Yukawa ³�XÚ (1.1), é�k Yukawa ³�XÚ (1.1)

L1–)��Û�35¯K?1
Ö¿.

±e´�©�Ì�(J.

½½½nnn1.1. b� χ = 1, γ > 0, Ω = R2, � n0(x)´ L1(R2)¥��K¼ê. P T ∗´XÚ (1.1)�

)�)·ªÝ, eM =
∫
R2 n0(x) dx ≤ 8π, K T ∗ =∞.

éuT½n, �©�y²g�´|^�k Yukawa ³�XÚ (1.1)�ÛÜ)�5�(�Ún 2.1

(4))�Egñ.

�©�(�Xe: 31 2!¥, ·�ò0��k Yukawa ³�XÚ (1.1)�§Ú)��'5�,

¿|^Wei [15]��{�Ñ��aq�üN5úª. 31 3!¥, ·�òy²�©�Ì�½n 1.1.

2. O�ó�

3e©¥, ·��½ χ = 1, γ > 0, Ω = R2. ·�k0��©��'½ÂÚØ©¥¬^���


Ún.

·�Ú\�k Yukawa ³�XÚ (1.1)�f)Ú§Ú)�½Â.

½½½ÂÂÂ2.1. eé¤k�u�¼ê ψ ∈ D(R2), k

d

dt

∫
R2

ψ(x)n(x, t) dx =

∫
R2

∆ψ(x)n(x, t) dx

− 1

4π

∫
R2

∫
R2

[∇ψ(x)−∇ψ(y)] · x− y
|x− y|2

P (x, y)n(x, t)n(y, t) dxdy,

K¡ n ∈ Cw([0, T ), L1(R2))´XÚ (1.1)�f), Ù¥

P (x, y) :=

∫ ∞
0

1

η2
e−

1
η−

γ2η|x−y|2
4 dη.

ùp Cw([0, T ), L1(R2)) ´ L∞([0, T ), L1(R2)) �f�m, ¦� t 7→
∫
R2 ψ(x)n(x, t) dx é?¿ ψ ∈

D(R2)Ñ´ëY�.

b�XÚ (1.1)k), K

c(x, s) =

∫
R2

Gγ(x− y)n(y, s) dy

=

∫
R2

∫ ∞
0

1

4πτ
e−
|x−y|2

4τ −γ2τn(y, s) dτdy,

l
�CþO�

η =
4τ

|x− y|2
,
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k

∇c(x, s) =

∫
R2

∫ ∞
0

1

4πτ

(
−x− y

2π

)
e−
|x−y|2

4τ −γ2τn(y, s) dτdy

= − 1

2π

∫
R2

∫ ∞
0

x− y
|x− y|2

1

η2
e−

1
η−

γ2η|x−y|2
4 n(y, s) dηdy

= − 1

2π

∫
R2

x− y
|x− y|2

P (x, y)n(y, s) dy.

(2.1)

½½½ÂÂÂ2.2. ·�¡ n(t)´XÚ (1.1)3 [0, T )þ± n0´Ð��§Ú), XJ

n ∈ Cw([0, T ), L1(R2)), sup
t∈(0,T )

t
1
4 ‖n(t)‖

L
4
3 (R2)

<∞,

� n(t)é?¿ t ∈ (0, T ), ÷ve¡� DuhamelÈ©�§

n(t) = et∆n0 −
∫ t

0

e(t−s)∆
(
n(s)∇c(s)

)
ds,

Ù¥ ∇c(x, s)�L�ª� (2.1), ÷v (−∆ + γ2)c(s) = n(s).

ÚÚÚnnn2.1. �3 ε > 0, ¦�é n0 ∈ L1(R2), k±e(J:

(1)é?¿ T > 0, e supt∈(0,T ) t
1
4 ‖et∆n0‖L 4

3 (R2)
< ε, KXÚ (1.1)3 [0, T )þ�3± n0 �Ð�

�§Ú) n.

(2)é?¿ T > 0,eXÚ (1.1)3 [0, T )þ± n0�Ð��§Ú)÷v supt∈(0,T ) t
1
4 ‖n(t)‖

L
4
3 (R2)

<

2ε, KT)´���.

(3)e n0 ≥ 0, K n ≥ 0.

(4)b� T ∗´§Ú)�)·ªÝ, � T ∗ <∞. e 0 < t < T ∗, k > 1, K

sup
s∈(0,k(T∗−t))

s
1
4 ‖es∆n(t)‖

L
4
3 (R2)

≥ ε.

�
y²Ún 2.1, ·�k�Ñ��V�5�O.

ÚÚÚnnn2.2. é?¿ T > 0, ½Â

‖n‖X := sup
t∈(0,T )

t
1
4 ‖n(t)‖

L
4
3 (R2)

, ‖n‖Y := sup
t∈(0,T )

‖n(t)‖L1(R2),

B(n,m)(t) :=

∫ t

0

e(t−s)∆(n∇cm) ds,

Ù¥

∇cm(x, t) := − 1

2π

∫
R2

x− y
|x− y|2

P (x, y)m(y, t) dy.

e n,m÷v ‖n‖X , ‖m‖X <∞, K�3~ê C > 0, ¦�

‖B(n,m)‖X∩Y ≤ C‖n‖X‖m‖X ,
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Ù¥ ‖ · ‖X∩Y = max{‖ · ‖X , ‖ · ‖Y }.

y². dMinkowskiØ�ª�È©/ªÚ9Ø�O�,

‖B(n,m)‖L1(R2) ≤
∫ t

0

‖e(t−s)∆(n∇cm)‖L1(R2) ds ≤ C
∫ t

0

(t− s)− 1
2 ‖n∇cm‖L1(R2) ds.

2(Ü HölderØ�ª�,

‖B(n,m)‖L1(R2) ≤ C
∫ t

0

(t− s)− 1
2 ‖n‖

L
4
3 (R2)
‖∇cm‖L4(R2) ds.

5¿�

0 ≤ P (x, y) ≤
∫ ∞

0

1

η2
e−

1
η dη =

∫ 0

−∞
eτ dτ = 1, (2.2)

�d Hardy–Littlewood–SobolevØ�ª�,

‖∇cm‖L4(R2) =

(∫
R2

∣∣∣∣− 1

2π

∫
R2

x− y
|x− y|2

P (x, y)m(y, t) dy

∣∣∣∣4 dx

) 1
4

≤ C

(∫
R2

(∫
R2

1

|x− y|
|m(y, t)|dy

)4

dx

) 1
4

= C‖| · |−1 ∗ |m|‖L4(R2) ≤ C‖m‖L 4
3 (R2)

.

l
k

‖B(n,m)‖L1(R2) ≤ C
∫ t

0

(t− s)− 1
2 ‖n‖

L
4
3 (R2)
‖m‖

L
4
3 (R2)

ds ≤ C‖n‖X‖m‖X
∫ t

0

(t− s)− 1
2 s−

1
2 ds.

qÏ�� α, β > −1�, ∫ t

0

(t− s)αsβ ds = tα+β+1

∫ 1

0

(1− r)αrβ dr

�È. ¤± ‖B(n,m)‖L1(R2) ≤ C‖n‖X‖m‖X , = ‖B(n,m)‖Y ≤ C‖n‖X‖m‖X .

aq/, 'u‖ · ‖X , ·�k

‖B(n,m)‖
L

4
3 (R2)

≤
∫ t

0

‖e(t−s)∆(n∇cm)‖
L

4
3 (R2)

ds ≤ C
∫ t

0

(t− s)− 3
4 ‖n∇cm‖L1(R2) ds

≤ C
∫ t

0

(t− s)− 3
4 ‖n‖

L
4
3 (R2)
‖∇cm‖L4(R2) ds

≤ C‖n‖X‖m‖X
∫ t

0

(t− s)− 3
4 s−

1
2 ds ≤ Ct− 1

4 ‖n‖X‖m‖X ,

= ‖B(n,m)‖X ≤ C‖n‖X‖m‖X . y..

Ún 2.1�y². (3)�d����n��. e¡ky² (1)Ú (2). ùp÷^Ún 2.2�PÒ, ¿½
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Â

Γ(n)(t) := et∆n0 −
∫ t

0

e(t−s)∆(n∇cn) ds = et∆n0 −B(n, n)(t),

Z := {n ∈ Cw([0, T ), L1(R2)) | ‖et∆n0‖X < ε, ‖n‖X < 2ε},

d(n,m) := ‖n−m‖X∩Y .

1�Ú, y² Γ : Z → Z.

é?¿ n ∈ Z, k ‖et∆(Γ(n)(0))‖X = ‖et∆n0‖X < ε, �

‖Γ(n)‖X = ‖et∆n0 −B(n, n)‖X ≤ ‖et∆n0‖X + ‖B(n, n)‖X

≤ ε+ C‖n‖2X < ε+ 4ε2C.

� ε+ 4ε2C < 2ε�, Γ(n) ∈ Z.

1�Ú, y² Γ´Ø N�.

é?¿ n,m ∈ Z, k

B(n, n)−B(m,m) =
1

2
[B(n−m,n+m) +B(n+m,n−m)],

KdÚn 2.2�,

d(Γ(n),Γ(m)) = ‖Γ(n)− Γ(m)‖X∩Y = ‖B(n, n)−B(m,m)‖X∩Y

≤ 1

2
(‖B(n−m,n+m)‖X∩Y + ‖B(n+m,n−m)‖X∩Y )

≤ C‖n+m‖X‖n−m‖X ≤ C(‖n‖X + ‖m‖X)‖n−m‖X
< 4εC‖n−m‖X .

� 4εC < 1�, Γ´Ø N�.

Ïd, - ε = 1
8C

, d BanachØÄ:½n�, XÚ (1.1)3 Z þ�3��)

n(t) = et∆n0 −
∫ t

0

e(t−s)∆(n∇cn) ds.

��y² (4). é?¿ x ∈ R2, τ ≥ 0, ½Âm(x, τ) = n(x, τ + t), Km0 = n(t). b�

sup
s∈(0,k(T∗−t))

s
1
4 ‖es∆n(t)‖

L
4
3 (R2)

< ε,

K sups∈(0,k(T∗−t)) s
1
4 ‖es∆m0‖L 4

3 (R2)
< ε. l
d (1)�, XÚ3 [0, k(T ∗ − t))þ�3± m0 �Ð�

�§Ú)m. 
 t+ k(T ∗ − t)) = T ∗ + (1− k)t > T ∗, ù� T ∗ ´§Ú) n�)·ªÝgñ, �b�

Ø¤á. y..
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�
y² γ > 0�XÚ (1.1)��Û), ·��I�Ö¿K1��
�O. � t > 0, x, y ∈ R2, �

x 6= y�, -

K1(x, y, t) := −[∇K(x, t)−∇K(y, t)] · x− y
|x− y|2

.

ÚÚÚnnn2.3. [15, Ún 3.1] b� t > 0, x, y ∈ R2, � x 6= y, K

3

4t
(K(x, t) +K(y, t))− 1

4πt2
≤ K1(x, y, t) ≤ 1

4t
(K(x, t) +K(y, t)). (2.3)

ÚÚÚnnn2.4. b� 0 < t ≤ t1, x ∈ R2, � r = tptq1, Ù¥ p ∈ R, q > 0÷v p+ q = 1
2
. e x, y ∈ R2,

x 6= y, � max{|x|, |y|} ≥ r, K�3~ê C > 0, ¦�

K1(x, y, t) ≤ C

t
3
2 r
. (2.4)

y². Ø�b� |y| ≥ |x|, K |y| ≥ r, ?�Úk

K(y, t) =
1

4πt
e−
|y|2
4t ≤ 1

4πt

4t

|y|2
≤ C

|y|2
≤ C

r2
.

Ï� 0 < t ≤ t1, ¤± tr2 ≥ t 3
2 r. N´d [15, Ún 3.2]�y²L§�� (2.4). y..

�©�Ì�½n�±��d·K 2.1��. Äk, ·�k��Wei [15, p.392–p.393]����X

Ú (1.1) L1 –§Ú)�üN5úª. - n´XÚ (1.1)3 [0, T )þ���§Ú). ½Â

Φz(t) :=

∫
R2

K(x− z, t0 − t)n(x, t) dx, 0 ≤ t < min{T, t0}. (2.5)

5¿�, é 0 ≤ s < t < t0, k∫
R2

∇K(x− z, t0 − s)(n(s)∇c(s)) dx

=− 1

2π

∫
R2

∫
R2

∇K(x− z, t0 − s) ·
x− y
|x− y|2

P (x, y)n(x, s)n(y, s) dxdy

=− 1

4π

∫
R2

∫
R2

[∇K(x− z, t0 − s)

−∇K(y − z, t0 − s)] ·
x− y
|x− y|2

P (x, y)n(x, s)n(y, s) dxdy

=
1

4π

∫
R2

∫
R2

K1(x− z, y − z, t0 − s)P (x, y)n(x, s)n(y, s)dxdy.

l
k

Φz(t) = Φz(0) +

∫ t

0

∫
R2

∇K(x− z, t0 − s)(n(s)∇c(s)) dxds

= Φz(0) +
1

4π

∫ t

0

∫
R2

∫
R2

K1(x− z, y − z, t0 − s)P (x, y)n(x, s)n(y, s) dxdyds.
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Ïd, é 0 < t < min{t0, T}, k

∂tΦz(t) =
1

4π

∫
R2

∫
R2

K1(x− z, y − z, t0 − t)P (x, y)n(x, t)n(y, t) dxdy.

½Â

φz(t, r) :=

∫
B(z,r)

n(y, t) dy, (2.6)

Ù¥ B(z, r)L«±: z��%, r��»�¥.

ÚÚÚnnn2.5. [15, ·K 3.1] e r > 0, K φz(t, r) ≤ 4π(t1 − t)e
r2

4(t1−t) e(t1−t)∆n(z, t).

···KKK2.1. b� n(t)´3 [0, T )þ± n0 �Ð���k Yukawa ³�XÚ (1.1)����K§

Ú), �M =
∫
R2 n0(x) dx. e Φz(t)÷v (2.5)�½Â, Ké 0 < t < min{t0, T}, � z ∈ R2, k

∂tΦz(t) ≤
M

8π(t0 − t)
Φz(t). (2.7)

d	, e t1 ≥ t0, � φz(t)÷v (2.6)�½Â, K

∂tΦz(t) ≤
φz(t, (t0 − t)p(t1 − t)q)

8π(t0 − t)
Φz(t) +

CM2

(t0 − t)
3
2 +p(t1 − t)q

, (2.8)

Ù¥ p ∈ R, q > 0÷v p+ q = 1
2
.

y². d (2.3)�þ.�OÚ (2.2)�,

∂tΦz(t) ≤
1

4π

∫
R2

∫
R2

K(x− z, t0 − t) +K(y − z, t0 − t)
4(t0 − t)

P (x, y)n(x, t)n(y, t) dxdy

≤ 1

16π(t0 − t)

∫
R2

∫
R2

(K(x− z, t0 − t) +K(y − z, t0 − t))n(x, t)n(y, t) dxdy.

2d (1.4), �±���n�� (2.7).

- r = (t0 − t)p(t1 − t)q, d (2.3)�þ.�OÚ (2.4), (2.2)�, �3~ê C > 0, ¦�

∂tΦz(t) ≤
1

4π

∫
B(z,r)

∫
B(z,r)

K(x− z, t0 − t) +K(y − z, t0 − t)
4(t0 − t)

P (x, y)n(x, t)n(y, t) dxdy

+
1

4π

∫∫
max{|x−z|,|y−z|}≥r

C

(t0 − t)
3
2 r
P (x, y)n(x, t)n(y, t) dxdy

≤ 1

4π

∫
B(z,r)

∫
B(z,r)

K(x− z, t0 − t) +K(y − z, t0 − t)
4(t0 − t)

n(x, t)n(y, t) dxdy

+
1

4π

∫∫
max{|x−z|,|y−z|}≥r

C

(t0 − t)
3
2 r
n(x, t)n(y, t) dxdy.

2òÈ©«������m, ����� (2.8). äN�y²[!�ë� [15, ·K 3.1]. y..

5552.1. ¯¢þ, �©=é [15]üNúª�þ.�O?1
í2. 
e.�OéuïÄXÚ (1.1)
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)��»5Ú)·ªÝ��OkX­��^. Ïd, �k Yukawa ³�XÚ (1.1)�üNúªUÄ

����Ü·�e.�O, ´·��5ïÄó���Ü©.

5552.2. ½n�y²¥I� tet∆n0 ��O. N´�� tet∆n0 = 1
4π

∫
R2 e

− |x−z|
2

4t n0(x) dx ≤ M
4π

. e

�ª¤á, K e−
|x−z|2

4t n0(x) = n0(x), a.e. x ∈ R2. Ï� x 6= z �, k e−
|x−z|2

4t < 1, ¤± n0(x) = 0,

a.e. x ∈ R2. ù�M =
∫
R2 n0(x) dx > 0gñ. ��ªØ¤á. Ïd, tet∆n0k±ek�þ.�O

tet∆n0 <
M

4π
, (2.9)

3. Ì�½n�y²

�M < 8π�. d·K 2.1� Grönwall.�O (2.7)�, é 0 < t < min{t0, T}, k

(t0 − t)
M
8πΦz(t) ≤ t

M
8π
0 Φz(0).

2d t0e
t0∆n0�þ.�O (2.9)�,

Φz(t) ≤
(

t0
t0 − t

)M
8π

Φz(0) ≤
(

t0
t0 − t

)M
8π M

4πt0
. (3.1)

Ïd, (Ü (3.1)Ú9Ø�O�,

(t0 − t)
1
4 ‖Φz(t)‖L 4

3 (R2)
≤ ((t0 − t)‖Φz(t)‖L∞(R2))

1
4 ‖Φz(t)‖

3
4

L1(R2) ≤
(

t0
t0 − t

) 1
4(M8π−1) M

(4π)
1
4

.

- s = t0 − t > 0, K

s
1
4 ‖es∆n(t)‖

L
4
3 (R2)

≤ C
(
s

t0

) 1
4(1−M

8π )
.

b� T ∗ <∞, Ké 0 < t < T ∗, � t→ T ∗�, k

sup
s∈(0,k(T∗−t))

s
1
4 ‖es∆n(t)‖

L
4
3 (R2)

≤ sup
s∈(0,k(T∗−t))

C

(
s

t0

) 1
4(1−M

8π )
≤ C

(
k(T ∗ − t)

kT ∗ + (1− k)t

) 1
4(1−M

8π )
→ 0,

ù�Ún 2.1 (4)gñ. �b�Ø¤á, k T ∗ =∞.

�M = 8π�. b� T ∗ <∞, d (2.9)�, 2T ∗e2T∗∆n0 <
M
4π

= 2. Ï� n0(x) ∈ L1(R2), ¤±é

x, z ∈ R2, k |K(x− z, 2T ∗)n0(x)| ≤ 1
8πT∗

n0(x) ∈ L1(R2). l
d Lebesgue��Âñ½n�,

lim
|z|→∞

e2T∗∆n0(z) = lim
|z|→∞

∫
R2

K(x− z, 2T ∗)n0(x) dx = 0.

qÏ� 0 ≤ e2T∗∆n0 ∈ C(R2), ¤± ‖e2T∗∆n0‖L∞(R2) <
1
T∗

, l


M̃ := T ∗‖e2T∗∆n0‖L∞(R2) < 1.
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d (3.1), ·��±��aq�þ.�O, é 0 < t < T ∗, k

e(2T∗−t)∆n(t) ≤
(

2T ∗

2T ∗ − t

)
e2T∗∆n0 ≤

2M̃

2T ∗ − t
. (3.2)

� t < t0 < t1 = 2T ∗, d (2.8)�,

∂tΦz(t) ≤
φz(t, (t0 − t)p(t1 − t)q)

8π(t0 − t)
Φz(t) +

CM2

(t0 − t)
3
2 +p(t1 − t)q

,

Ù¥

p, q > 0 � p+ q =
1

2
. (3.3)

2d Gauss¼ê�üN5Ú (3.2)�,

(t0 − t)Φz(t) = (t0 − t)e(t0−t)∆n(t) ≤ (t1 − t)e(t1−t)∆n(t) ≤ 2M̃. (3.4)

- r = (t0 − t)p(t1 − t)q, K r2 < t1 − t, �d h(x) = ex − 4
κ
x− 1 ≤ 0, κ ≤ 4e−

1
4 , x ∈ (0, 1

4
)�¯¢

ÚÚn 2.5�,

φz(t, r) ≤ 4π(t1 − t)e
r2

4(t1−t) e(t1−t)∆n(z, t)

≤ 8πM̃e
r2

4(t1−t) ≤ 8πM̃

(
1 +

r2

κ(t1 − t)

)
,

(3.5)

Ïd, d (3.4)�,

∂tΦz(t) ≤
M̃

t0 − t

(
1 +

r2

κ(t1 − t)

)
Φz(t) +

CM2

(t0 − t)
3
2 +p(t1 − t)q

=
M̃

t0 − t
Φz(t) +

M̃

κ(t0 − t)1−2p(t1 − t)1−2q
Φz(t) +

CM2

(t0 − t)
3
2 +p(t1 − t)q

≤ M̃

t0 − t
Φz(t) +

2M̃2

κ(t0 − t)2−2p(t1 − t)1−2q
+

CM2

(t0 − t)
3
2 +p(t1 − t)q

.

Ï� 0 < t0 − t < t1 − t = 2T ∗ − t, � 0 < t < T ∗, ¤± t1 − t > T ∗.

� 1
6
< p < 1

2
, 0 < q < 1

3
�, Ï� 0 ≤ M̃ < 1 < M = 8π, ¤±

∂tΦz(t) ≤
M̃

t0 − t
Φz(t) +

CM2

(t0 − t)
3
2 +p(t1 − t)q

≤ M̃

t0 − t
Φz(t) +

CM2

(t0 − t)
3
2 +p(T ∗)q

.

(3.6)

� 0 < α = max{M̃, l} < 1, Ù¥ q ≥ 2− l − α > 0. d 0 < t0 − t < t1 − t < t1 = 2T ∗Ú (3.6)�,

∂t((t0 − t)αΦz(t)) ≤
CM2

(t0 − t)
3
2 +p−α(T ∗)q

≤ CM2

(t0 − t)l(T ∗)2−l−α .
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2d (3.4)Ú 0 < t0 < t1 = 2T ∗�,

(t0 − t)αΦz(t) ≤ tα0 Φz(0) +

∫ t

0

CM2

(t0 − τ)l(T ∗)2−l−α dτ

≤ 2M̃tα−1
0 +

CM2

(T ∗)2−l−α

(
t1−l0 − (t0 − t)1−l) ≤ Ctα−1

0 .

Ïd, aqM < 8π�y², - s = t0 − t > 0, K sαes∆n(t) ≤ Ctα−1
0 , �

s
1
4 ‖es∆n(t)‖

L
4
3 (R2)

≤ (s‖es∆n(t)‖L∞(R2))
1
4 ‖es∆n(t)‖

3
4

L1(R2) ≤ C
(
s

t0

) 1
4 (1−α)

b� T ∗ <∞, Ké 0 < t < T ∗, � t→ T ∗�, k

sup
s∈(0,k(T∗−t))

s
1
4 ‖es∆n(t)‖

L
4
3 (R2)

≤ sup
s∈(0,k(T∗−t))

C

(
s

t0

) 1
4 (1−α)

≤ C
(

k(T ∗ − t)
kT ∗ + (1− k)t

) 1
4 (1−α)

→ 0,

ù�Ún 2.1 (4)gñ. �b�Ø¤á, k T ∗ =∞.

� 0 < p ≤ 1
6
, 1

3
≤ q < 1

2
�,

∂tΦz(t) ≤
M̃

t0 − t
Φz(t) +

C

(t0 − t)2−2p(t1 − t)1−2q
≤ M̃Φz(t)

t0 − t
+

C

(t0 − t)2−2p(T ∗)1−2q
. (3.7)

� 0 < β = max{M̃,m} < 1, Ù¥ 1 − 2q ≥ 2 −m − β > 0. d 0 < t0 − t < t1 − t < t1 = 2T ∗ Ú

(3.7)�,

∂t((t0 − t)βΦz(t)) ≤
C

(t0 − t)2−2p−β(T ∗)1−2q
≤ C

(t0 − t)m(T ∗)2−m−β ,

2d (3.4)Ú 0 < t0 < t1 = 2T ∗�,

(t0 − t)βΦz(t) ≤ tβ0 Φz(0) +

∫ t

0

C

(t0 − τ)m(T ∗)2−m−β dτ

≤ 2M̃tβ−1
0 +

C

(T ∗)2−m−β

(
t1−m0 − (t0 − t)1−m) ≤ Ctβ−1

0 .

Ïd, aq 1
6
< p < 1

2
, 0 < q < 1

3
�y², k T ∗ =∞. y..

5553.1. p, q÷v (3.3). [15]'u p, q��{´ 1
6
< p < 1

2
, 0 < q < 1

3
���A~. � 0 < p ≤ 1

6
,

1
3
≤ q < 1

2
�, ·��±� p = 1

6
, q = 1

3
, m = 11

12
.
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