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Abstract

PWWWrez-Marco used tube-log Riemann surfaces to construct relatively compact Siegel
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disks with C∞ boundaries. ChWWWritat developed the technique and constructed rela-

tively compact Siegel disks with pseudo-cirle boundaries. In this paper, based on the

technique, we construct holomorphic maps with relatively compact Siegel disks whose

boundaries have positive area. The examples are defined on a subset of C.
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1. �µ0�

-f(z) = e2πiαz + O(z2), α ∈ R − Q�±�:�Ãn¥5ØÄ:��XN�.·�¡f3�:?

�ÛÜ�5z§ef3�:NC)Û�Ýu,�^=C�z 7→ e2πiαz§=�3�:���U±9½

Â3Uþ�ü�)Û¼êφ÷vφ ◦ f ◦ φ−1(z) = e2πiαz.ÛÜ�5z¯KÚα�ê�5�;��'.�

'SN�ë� [1–8].

½Â1. ef3�:?�ÛÜ�5z§K¡þã�Ý¤á���«��f±�:�¥%

�Siegel�.

Siegel�S�:3fS�e�;�á3Ó%�3φe���þ"�k�Siegel�;�¹uf�½

Â�S�§f�ÄåXÚâ´�²��.3ù«�¹e§Siegel��>.´��ïÄ�é�.Äk§

T>.w,Ø´)Û­�.,
§�XN�äkC∞1w>.�Siegel��~f®dPWrez-Marco!

Avila!Buff!ChWritat��Ñ§�� [9, 10].AO/§Avila!BuffÚChWritat�Ñ�~f´�gõ

�ª��/§T(J�©-<¯Û.,	§3 [11]¥BuffÚChWritat�E
äkCn��Cn+1�>.

�Siegel�.�©Ì�'5>.�±kõoE,.3ù�¡§kChWritatk�EÑ
äkÛÜØëÏ

�>.�Siegel��~f§�Ò´Ù>.�¤¢���§ë� [12].,
§EvklÿÝØ�Ýï

ÄSiegel�>.E,§Ý�~f1.Äud§�©�Eäk�¡È>.��é;Siegel��~f.(Ø

�dXe½n�Ñµ

Ì�½n. �3½Â3�¹�:�E²¡C�üëÏmf8þ�ü��X¼êf§÷vf±�:

�ØÄ:§�3�:?k>.�¡È��ê��é;Siegel�4.

1 'uJulia8�¡È9Hausdorff�ê�,
¯K®��ïÄ.3 [13]¥§Biswas�E
�¡È�ei(hedgehogs)§=Ø�ÛÜ�
5z�Ãn¥%ØÄ:?�Julia8���ØCf8.�
Ù¦�'uJulia89Ùf8�Hausdorff�êÚ¡È¯K�ïÄ�±ë
� [14, 15].
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2. ���EL§

�!�åu£�dPWrez-Marcoïá!ChWritatU?�^u�Eäk�é;Siegel��ü��X

Þ����{.dSNØ´#�§�ë� [12].

3J,��Ie��/. ÷^ChWritat�S.§·�k3J,��Ieö�. ·�I�XeP

Ò:

(1) -dom(f )L«f�½Â�¶

(2)½ÂE(z) := exp(2πiz)§KE�lC�C∗��kCX¿�p�
��lÃ¡ÎÙ¡C/Z�C∗�
Ó�.©O^+i∞Ú−i∞L«C/Z/þà0Ú/eà0§Ù¥?Û��Ñ�±w�∞Ö¿�C/Z¦
�{∞} ∪ C/ZÓ�uC¶

(3) -HhL«þ�²¡{z ∈ C : Imz > h}§Ù¥ImzL«z�JÜ.AO/§H0���H¶

(4) -TvL«ål�v�²£¶

(5) -HL«d�êðØ�"§�÷v�T1���§¿�rþà�,����/N��

,�þ�²¡��XN�R��N¤�¤�8Ü.5¿�é¤k�R ∈ H§�Imz → +∞�
kR(z) = z + c+ o(1)§Ù¥c�~ê.

�½��êS�{qn}∞n=1ÚH¥���¤�S�{βn}∞n=1§·��

(6) Rn = qnβn§

(7) Xn = R∗1 . . .R∗n~1§=Xn´�þ|~1(z) ≡ 13Rn ◦ · · · ◦ R1N�e�.£§

(8) Gn�Xn��m1N�§

(9) Fn = Gn ◦ · · · ◦G1. N´�yµ

(10) Rn ◦ · · · ◦ R1 ◦Gn = T1 ◦ Rn ◦ · · · ◦ R1§

(11) 1
qn...q1

Rn ◦ · · · ◦ R1 ÚT1���§

(12) (Gn)qn = Gn−1§�Fn = (Gn)qn...q1θn§Ù¥θn =
∑n

k=1
1

q1...qk
§

(13) Fn�T1���£3Fn ◦ T1ÚT1 ◦ Fnþk½Â�¤§��Im(z)ªu+∞�k

Fn(z) = z + θn + o(1)

¤á.

Ún1 (ChWritat, [12]). é�½�n ∈ N§b�ék = 1, . . . , n− 1�½
Rk ∈ qkH.�½βn ∈ H§
�éq ∈ N∗-Rn = qβn.Kédom(Fn−1)�z�;f8K ,�3,�¿©��q¦�K�ª�¹

udom(Fn) �|Fn − Fn−1| < 1/n3Kþ��¤á.

�½h > 0,dÚn1��é?¿�n ∈ N∗§�±ÀJ¿©��qn¦�dom(Fn)�¹H−h− 1
n
�|Fn−

Fn−1| < 1
n
3H−hþ��¤á.?�Ú/§eqn → ∞§KθnÂñ�,�Ãnêθ.Ïdd(13)´

�Fn3H−hþÛÜ��Âñ��XN�F÷v�Imz → +∞�kF (z) = z + θ + o(1).
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é?¿�n ∈ N∗§�3þà���Dn¦�Rn ◦ · · · ◦ R1´lDn�,�þ�²¡�V�.¿�

d(10)(12)��, Fn3Dnþ�ÝuTθn§Ù�ÝN��z 7→ 1
q1...qn

Rn ◦ · · · ◦ R1(z).

3ÝK�Ie��/. �e5·�rþ¡�(JA^�E�ÝK�Ie.5¿�d(13)�

�Fnp�
��½Â3{0} ∪ E(dom(Fn))��XÝKfn÷v

E ◦ Fn = fn ◦ E, fn(0) = 0, f ′n(0) = e2πiθn 6= 0,

�fn(z) = 0 ⇒ z = 0. K�d(11)á=�Ñfn3E(Dn) ∪ {0}þ�Ý��Ý�2πθn�^=. d

uFn3H−hþÛÜ��Âñ��XN�F÷v�Imz → +∞�kF (z) = z+θ+o(1)§Kfn3E(H−h)∪
{0}þÛÜ��Âñ�½Â3E(H−h) ∪ {0}þ��XN�f÷v3H−hþk��'Xf ◦ E = E ◦ F .

�
�¤�E§·��I�e¡�Ún.

Ún2 (ChWritat, [12]). b�{fn}´��½Â3�¹�:�E²¡mf8þ��XN�.�é¤

k�n ∈ N∗§fn ±�:�ØÄ:�f ′n(0) = e2πiθn§Ù¥θn ∈ R��n → +∞�kθn → θ ∈ R.b

�{D̃n}´���¹�:�üëÏm8§÷vD̃n ⊂ dom(f)¿�fn3D̃nþ)Û�Ýu��½E²¡

þ�Ý�2πθn�^=.b�8Ü�{D̃n}3CarathWodory¿Âe�34�D̃§Kfn3D̃þÛÜ��Â

ñ�f�f3D̃þ)Û�Ýu��½E²¡þ�Ý�θ�^=.

Ún3 (ChWritat, [12]). b�φ´lH/Z�W ⊂ C/Z��/V���±òÿ�±þà�ØÄ:
��/V�.K�3���X¼êψn : C/Z→ C/Z¦�µ

(14) ψn´ÛÜ�/�¶

(15) ψn − z3Imz → +∞��34�¶

(16) ψn3W�?¿;f8Ú,�þà���þÛÜ��Âñ�φ
−1.

�âChWritat�g�§Ún3^uÀJβn¦�{D̃n = {0} ∪ E(Dn)}´üN~�üëÏm8�,

�3CarathWodory¿ÂeÂñ�E²¡���üëÏmf8D̃. KdÚn2�á��Ñfn3D̃þÛ

Ü��Âñ��XN�f§¿�f3D̃þ)Û�Ýu��½E²¡þ�Ý�2πθ�^=.e∂D̃Ø´)

Û­�§KD̃TÐ´f±�:�¥%��é;Siegel�.3e�!·�ò^Ún3�Eβn¦�∂D̃äk

�¡È.

3. Ì�½n�y²

�!·��E¦∂D̃äk�¡È�βn.�!·�òØ2«©E²¡þ3T1N�e��ØC�8Ü

�§�3C/Z¥��.ùa8Ü·�¡§�´T1-ØC�.-DL«ü ��.

ÃS:��¡È;8. Ø���5·��EW0 = {z : 0 ≤ Imz ≤ 1}⊂C/Z�ÃS:�¡È;
f8§¿�¦rC/Z©¤ü�ëÏ©|.

-A0 = {z : Imz > 1}, B0 = {z : Imz < 0}§�{An}∞n=0,{Bn}∞n=0þ�4O�üëÏ«�S�§

÷vé¤k�i, j ∈ N∗kAi ∩Bj = ∅§én ∈ N∗-Wn = (C/Z) \ (An ∪Bn).Kk

Ún4. eé¤k�n ∈ N∗Ú?¿�ζ ∈ Wn§��{z : |z − ζ| < 1
n
}ÚAn, BnÑ��§

�
((⋃n

j=0Aj

)
\A0

)
∪
((⋃n

j=0Bj

)
\B0

)
�¡Èk�u1�þ.§Kκ =

⋂∞
n=0Wn´ÃS:��
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¡È;8§¿�òC/Z©¤W,Bü�ëÏ©|§W,Bþ�/�D\{0}§�∂W = ∂B = κ.

Ún4�y²´²��§?�Ú·�k

Ún5. ?�0 < ε < 1§�3W0�;f8κ§Ù¡È0uεÚ1�m§�÷vκSÜ��¿

rC/Z©¤W,Bü�ëÏ©|§W,Bþ�/�D\{0}§�∂W = ∂B = κ.

y². éþã�A0, B0,W0§-Lk = {z : Rez = m
k
, Imz ∈ [ 1

2k
, 1],m ∈ Z}, L′k = {z : Rez =

m
k

+ 1
2k
, Imz ∈ [0, 2k−1

2k
],m ∈ Z}§Ké¿©��k§?�ζ ∈ W0\ (Lk ∪ L′k)§��{z : |z − ζ| <

1}ÚA0 ∪ Lk, Bn ∪ L′kþ��.

-

A1,δ = A0 ∪

( ⋃
ξ∈Lk∪∂A0

{z : |z − ξ| < δ}

)
,

B1,δ = B0 ∪

 ⋃
ξ∈L′

k∪∂B0

{z : |z − ξ| < δ}

 ,

Ké¿©��δ > 0 §(A1,δ ∪B1,δ) \ (A0 ∪B0)�¡Èî��uδ0/2§Ù¥δ0 > 0´���½�~

ê§�∂A1,δ, ∂B1,δ´Ø���e��­�.À�ù��k, δ ¿rA1,δ, B1,δ©OP�A1, B1.

y3b��½
An, Bn,Wn÷v∂An, ∂Bn´e��­�§�∂AnÚ∂Bn�g���Rez = x�

�8o´�o�ü:8§�o��ã§±9(An ∪Bn) \ (An−1 ∪Bn−1)�¡Èî��uδ0/2
n.-Ln,k =

{z : Rez = m
k
, Imz ∈ [rn,k(m), 1],m ∈ Z}, L′n,k = {z : Rez = m

k
+ 1

2k
, Imz ∈ [0, r′n,k(m)],m ∈ Z}§

Ù¥À�rn,k, r
′
n,k : Z→ (0, 1)÷v

(17) An ∩ L′n,k = Bn ∩ Ln,k = ∅¶

(18) é¤k�k ∈ N∗,m ∈ Z§m
k

+ irn,k(m)ÚBn�ål±9
m
k

+ 1
2k

+ ir′n,k(m)ÚAn�ålþ

��u 1
2k
��ê¶

(19) Ln,kÚL
′
n,kþ�T1-ØC�.

Ké¿©��k§?�ζ ∈ Wn\
(
Ln,k ∪ L′n,k

)
§��{z : |z − ζ| < 1

n+1
}ÚAn ∪ Ln,k, Bn ∪ L′n,k

þ��.�é¿©��δ > 0§(An+1,δ ∪Bn+1,δ) \ (An ∪Bn)�¡Èî��uδ0/2
n+1§Ù¥

An+1,δ = An ∪

 ⋃
ξ∈Ln,k∪∂An

{z : |z − ξ| < δ}

 ,

Bn+1,δ = Bn ∪

 ⋃
ξ∈L′

n,k∪∂Bn

{z : |z − ξ| < δ}

 ,

¿�∂An+1,δ, ∂Bn+1,δ´Ø���e��­�.À�÷vþã^��k, δ¿�rAn+1,δ, Bn+1,δ©OP

�An+1, Bn+1.

d8B{�±��S�{(An, Bn)}§�dÚn4�§κ =
⋂∞
n=0Wn´ÃS:��¡È;8§¿

�òC/Z©¤W,Bü�ëÏ©|§W,Bþ�/�D\{0}§�∂W = ∂B = κ.du
((⋃n

j=0Aj

)
\A0

)
∪((⋃n

j=0Bj

)
\B0

)
�¡ÈØ�L

(
1− 1

2n

)
δ0�δ0´?��§��Ún�y.
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{βn}�8B�E Äk��½�δ0 ∈ (0, 1)Úh > 0. -β1�ü N�§q1 = 5 > 1§K

kR1(z) = 5z. -Γ1 = {z ∈ C/Z : Imz > 1}, Λ1 = {z ∈ C/Z : Imz < 0}.

b�q1, β1, q2, β2, . . . , qn, βn®(½§�÷vµ

(20) éj = 1, 2, . . . , n§kβj ∈ H§��3,�εj > 0¦�β−1
j �,�ü�)Û©|λj3H−εj þ

k½Â§¦�λj(H−εj ) ⊂ H.-αj(z) = λj(z/qj)§Kαj´R−1
j 3H−qjεjþ�,�ü�)Û©|¶

(21) �3ε′n > 0§¦�(C/Z)− (Γn ∪ Λn)�¡È�uδ0§Ù¥Γn (resp. Λn)´α1α2 . . . αn(R +

iε′n) (resp. α1α2 . . . αn(R))Ö8�ëÏ©|§÷vΓn ∩ Λn = ∅�∂Γn ∪ ∂Λn ⊂W0.

(22) éj = 2, . . . , n§kqj > j§dom(Fj)�¹H−h− 1
j
§�|Fj − Fj−1| < 1

j
3H−h¤á.

·�k`²e�3βn+1 ∈ HÚT1-ØC�e��­�In+1, Jn+1 ⊂ (H − (Hε′n
))¦�±e^�¤

á§K�d8B{��¤¦�~fµ

(23) βn+1(Jn+1) = R§��3,�ε′n+1 > 0¦�βn+1(In+1) = R + iε′n+1¶

(24) �3,�εn+1 > 0¦�β−1
n+1�,�ü�)Û©|λn+13H−εn+1

þk½Â§¿�

λn+1(H−εn+1
) ⊂ H¶

(25) -Γn+1 ⊂ C/ZL«α1α2 . . . αn(In+1)�Ö8±þà�à:�ëÏ©|§Λn+1 ⊂ C/Z L
«α1α2 . . . αn(Jn+1)�Ö8��Γn+1Ø���ëÏ©|§Kk(C/Z) − (Γn+1 ∪ Λn+1)�¡È�uδ0

�?�ζ ∈ (C/Z)− (Γn+1 ∪ Λn+1)Ñk��{z : |z − ζ| < 1/(n+ 1)}Q�Γn+1��§��Λn+1��.

£5¿�In+1, Jn+1 ⊂ (C/Z)− (Γn ∪ Λn),Γn ⊂ Γn+1,Λn ⊂ Λn+1.¤

(26) qn+1 > n+ 1§dom(Fn+1)�¹H−h− 1
n+1
�|Fn − Fn+1| < 1

n+1
3H−hþ¤á.

N´�y^�(23)-(26)%¹^�(20)-(22)§Ïd��^�(23)-(26)¤á§Kk8B{��S

�{qn}�{βn}÷v^�(23)-(26)é¤k�n ∈ N∗ ¤á.

�âc!���L§§½ÂDn := C\Λn.K{D̃n = {0} ∪ E(Dn)} ´4~�üëÏm8�§�
3CarathWodory¿ÂeÂñ�D̃§÷vµ

(27) fn3D̃nþ�Ý�Dþ�Ý�2πθn�^=¶

(28) ∂D̃ =
⋂∞
n=0E(C\(Γn ∪ Λn)) ⊂ D ⊂ dom(f).

dÚn4��§∂D̃¡È��ê.dqn > né¤k�n ∈ N∗¤á�§θ = lim
n→+∞

θn ∈ R\Q.Ïdd

Ún2�§fk±�:�¥%§>.¡È��ê��é;Siegel�4 = D̃§�f=�½n¤¦�~f.

5¿�^�(26)�dÚn1����§Ïd�Iy²e¡�Únµ

b�^�(20)-(22)¤á§K�3βn+1 ∈ HÚT1-ØC�e��­�In+1, Jn+1 ⊂ (H − (Hε′n
))÷v^

�(23)-(25).

y². dÚn5��§�3ÃS:��¡È;8κ ⊂ (H − (Hε′n
))/Z§Ù¡È�±Ã��

Cε′n§¿�÷vκrC/Z ©¤ÚD\{0}�/�ü�ëÏ©|.�À�κ¦�α1α2 . . . αn(κ)¡È�

uδ0.^BL«κ�Ö8�±eà−i∞�à:�ëÏ©|. K�3�/V�σ : D→ B ∪ {−i∞}.ér =

1, 2, . . .-Br = σ({z : |z| < 1− 1/2r}).

-WrL«Br�Ö8§φr�lH/Z �Wr��±òÿ±þà�ØÄ:��/V�. Ké¤k
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�r§φr3Ee�ÝKÑ´lD\{0}�E(Wr)�Ó�§¿��±òÿ±�:�ØÄ:. rù�ÝKP

�φ̃r.diùNì½n�§·�o�±-φ̃
′
r(0) > 0.-WL«B�Ö8§KE(W )´{E(Wr)}3

CarathWodory¿Âe�4�8.dCarathWodory½n§φ̃r3DþÛÜ��Âñ����/V�φ̃ :

D → E(W ) ∪ {0}.��3,��/V�φ : H/Z → W±þà�ØÄ:§�?�t > 0§φr3Ht/Zþ
��Âñ�φ.

À��½�¿©��r ∈ N∗Ú¿©���êt¦�?�ζ ∈ α1α2 . . . αn((C/Z)\(A ∪ Br))§�
�{z : |z − ζ| < 1/2(n + 1)}oÚα1α2 . . . αn((C/Z)\(A ∪ Br))�Ö8�ü�ëÏ©|þ��§Ù
¥AL«φ(R + it)�Ö8�±þà�à:�ëÏ©|.5¿�α1α2 . . . αn((C/Z)\(A ∪ Br))�¡È�
uδ0.Kduφr3H t

2
þ��Âñ§�3t′ ∈ (t/2, t) and r′ > r¦�?�ζ ∈ α1α2 . . . αn((C/Z)\(Ar′ ∪

Br′))§��{z : |z − ζ| < 1/2(n + 1)}Úα1α2 . . . αn((C/Z)\(Ar′ ∪ Br′))�Ö8�ü�ëÏ©|þ
��§Ù¥Ar′L«φr′(R + it′) �Ö8�±þà�à:�ëÏ©|.À�εn+1 ∈ (0, t/2)¦�φr′(R +

2iεn+1)�¹uB\Br′�SÜ.

éφr′A^Ún5§·���lC/ZN�C/Z��X¼ê�ψm÷v^�(14)-(16)§p��

�H¥�¼ê�§·�E^ψmIP.dHεn+1
þψm���Âñ5§·��±À�¿©����

êm¦�ψ−1
m �,�ü�)Û©|λ§÷vλ(R + it′)�¹uW\Ar′�SÜ§¿�λ(R + 2iεn+1)�¹

uB\Br′�SÜ.À�βn+1(z) = ψm(z)−2iεn+1, ε
′
n+1 = t′−2εn+1¿^Γn+1,Λn+1©OIPα1α2 . . . αnλ(R+

it′) �Ö8��¹Γn�ëÏ©|�α1α2 . . . αnλ(R + 2iεn+1) �Ö8��¹Λn�ëÏ©|.�βn+1÷

v^�(23)(24).5¿�(C/Z)\(Γn+1 ∪ Λn+1)�¡È�uδ0.?�ζ ∈ (C/Z)\(Γn+1 ∪ Λn+1)§�

�{z : |z − ζ| < 1/(n+ 1)}oÚΓn+1,Λn+1þ��.�βn+1÷v^�(25).
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