Advances in Applied Mathematics N %223, 2023, 12(4), 1382-1390 Hans )0
Published Online April 2023 in Hans. https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2023.124141

AABTRD/RAIR YRR ERET B P R G RY
BEAER. RNFEERSRERDOFR

ROFE, /1 £, Rugt, KEHE, 57
HRHE TR g, HK

Weks H . 202343 H5H; S HEM: 20234F3H29H; KA HH: 20234F4410H

HE

AL EEBFLEA TR DR R VLR R RER SR ER. EMAAFARE/RTR
DI B B TR BN R R BRAE AR5 R e R 02 At B3 BIERG/RATR, AMARGRERHEET R
FREREM. LEHANMETRER, BRERSFEER/MEBIERS, HARETERMENLY
W& A R AR E RSN THMNK ER TFIIRRER; HIK, RGN KRiccatiT; 2
fRETHART, HRiccati FEAREM, ML EFERNER: BFK, BMRGEEHLTHRUZME,
RARBITAER/DLILER FEEFEE -REM NRANBRNEESETRENRERUETRE
KB/ NEIEEME: W5, FABUEZHREAEE B IER NS k.

XK ia
TRRIG/RARYI#, B/NEIEER, BAER FREd LTSRN

The Maximal, Minimal Positive
Semidefinite and Stabilizing
Solutions for Discrete-Time
Stochastic Systems with
Infinite Markov Switching

Hongxia Zhao, Xin He, Yaqi Jia, Chunmei Zhang, Zhiyong Ye
College of Science, Chongging University of Technology, Chongging

Received: Mar. 5, 2023; accepted: Mar. 29", 2023; published: Apr. 10", 2023

XESIH: A, g, W, skKERE, mhls. B TR R AR U I 2 (R BEHL R SR s AR
EEMSEEMROTIRD. N} E, 2023, 12(4): 1382-1390. DOI: 10.12677/aam.2023.124141


https://www.hanspub.org/journal/aam
https://doi.org/10.12677/aam.2023.124141
https://doi.org/10.12677/aam.2023.124141
https://www.hanspub.org/

A

Abstract

In this paper, we study the maximal, minimal positive semidefinite and stabilizing solutions of
discrete-time stochastic systems with infinite Markov switching. On the basis of studying the op-
timal solution and stable solution of discrete time stochastic system with finite Markov switching,
it is extended to infinite Markov, which lays a good theoretical foundation for the study of system
stability. Firstly, the concepts of stabilizing solution, maximal solution and minimal positive
semidefinite solution are introduced. By using operator theory and stochastic analysis methods, it
is shown that the stochastic stability of the system is equivalent to that the corresponding se-
quence of positive operators is stable. Secondly, on the premise that the solution set of the cor-
responding Riccati equation is non-empty, if there is a stabilizing solution to the Riccati equation,
there must be a maximal solution. Thirdly, under the condition that the system is stochastic de-
tectability, the minimal positive semidefinite solution can exist. If the unique stable solution is
considered, the maximal solution of the system is equal to the stabilizing solution and the minimal
positive semidefinite solution. Finally, an example is given to verify its correctness and validity.
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1. 5|8

U ] Markov BkAR 2 M R G700 (5 TRE « Mlas N B RSS2 [1] [2]. 1960 4, Kalnan [3]
FEFE | B8 A B T mr s i PR S rT W P 7, I RE Riceati 77 FEA7FAE AR fif - 1969 4, Sworde D D [4]
Y BENL A B R B 5] N BB Markov BE S HUR A KRG M BAFES M@ R, it 72 A Markov BEAZ
SRR G RGN B R R AROC ] B8 5 1 kAl SCHR[S & R FT T Markov BEA8 e 1 R 40 I 41 — Ik
Y75 &% (linear quadratic regulator, LQR) R &, 52 145 — FE R B IMb s i da il in) @, # 2A
TG PR JR ] AT 4 1R B HIONT [R] BE L 28 0 i 110 ) R A 9 AH IR Riceati 7 FR A IR I . 1969 4FE 3] 1980 4F
JHIE], 2014 4F Meng Q [6]H1 Mahmoud M S [7]5 ANAEXTE PRI ] LQR [a] BLREAT W FL N A T8N H 4
Fif KRR P . 2012 4F Ungureanu 5 Dragan [S]7EWF 7T Markov Bk 2k VE R Gl 48 7 BB TR & Bt
] Markov DJH 2k 11 5 St 1) Al WL 5 BE AL AT 2800 R A S BE & LA SOz R G SRR g VEE 7T, ARSI
PEBE e 7 RSE e FE Al . SCHR[9] [10] (1], Damm 78 AH AL Hil i 3@ 58 77 FE 45 H T 29 i 18]
Riccati 7 A2 A —LekECPE R o BEJS, Wonham [12] [13]43X —45 B4 BIFEHLEHIMES S, FFHIINT
BENLEE I Riccati J7H%, (115 B A JoBR D /R AT Uk 1 55 O 18] BEATL 28 45 1) A ) AH DI 90 28 X g ot 1
1] X Riceati J7FEMEIIWT T SCHR[14]7% 18 T — 8% LAEST Hilbert 7% 8] b1 &5 BN (8] 1E [a) 42 1 7 #2 5
JE TS, PRAL T T R R B R I R A, W BNZ T R R B AR, TR RS R
ESEff o SCHR[1S TR 702 AG JE R L 7R AT 1) 46 14D 5 1550 1) BE AL 2R 495 1) At 2 il e R AL A5 e/ ML AR PR AH G
I R, AN SO A AE SCHR[ 1S IAE SS9 b ST SR JZ IR S, 45 RA TR E . OB S &/
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IR E MR IR NIRRT AR GRS RAE MR 5 e/ 1B E i S D& AL R GRS E M, T R G
SEVETFRE TR T7 1A

SCRR[16] R GEMIAI T T BAG A BR /R W] SR A7) 48 1 B 50T ) B ATL 28 49 1) R o A 5 A O i) R, A4 A2 1
FRVRIE 8 J M 24 A9F 9 P 8 5 1) 80 o S S TE S AR SCHR[ 161019 )i R R 1B 47 FA TEBR B 7Rk ] SR D) 460 1) 25 et 1) il
MR GE R A8 AR S5 vl R AT 98 . SCRR[17] [18]FFE T Riceati 77 PRI 1EE M A SCHLTESCHR[17] [18]F1 2
i ESIN T RGERIBENLATA M, FeT REMBEHL AT RITE S 1F, e85 RGN 1EE M NZ RGN
—ANEESEM . SCHR[19] [20] [21] [22] [23] [24]F V. Dragan £l T. Morozan 7EH 7T H 5 LR M 2R 4 1)
ME—VE, FEAHSCSRA BRSNS R R A ME— R il BRI R G RENL PRIV SAF N, B (| B
WA TR B % WA — B IEE .

AL EB AT, B0 5155, FENE TN SRR ST AR 5
RS UGy, RS0 E  SH B RS AT U, (AR S NS 5 B SR R AR Ay SR
S RRGRGRTE Sy, X SCE T T E R RGEAT A RA, I B EAR S S E S B YAy
RNEZGRI Sy, w8 1 5 2 g7 TSR, 3 1 B Lyapunov H 1R R 40(1) 2 AL
e SENE RS TR {T(¢)} | IRGEBCRER, B 2 IROL s T 3kAl . B 2 HEAT AR 157
AL A ES T 2IE2W, W Riccati HFEA R, W EAERANMEM. VL e m o de
FIBE 2 SR ROL. 56 TR N BUE 2], T8 I U 2849 SR RnIE 45 AR IR %

2. FFSiEA
R™" AREFTAT mon Wy SSAEREAS A, HAZAS AT AR SE (I T
(4,B)=Tr[ B"4]
MTAERI A, BeR™, Tr[M]ARFHMEME M W2 S =S,08,0--@S, - X T—AHEEKE
N1, M, =R™@R"™ & @R"™ @ . HIA Be M), , WHHAY B=(B(1),B(2),,B(N),+)>

K B(i)eR™™, ie(L,2,,N,)o Hm=nlf, —RHAM KREM, . BRS <M. M &N
Hilbert %¥ /i), H.i% Hilbert =% [A] [ P4 R A2 -
(XJﬁ:Zﬂ{W(nXoﬂ

MTHE X =(X(1),X(2), - X(N),)» ¥=(¥(1),7(2),,Y(N),), b X(i)eR™,
Y(i)e R™ , X e M, Y e M :# C=(C(1),C(2),,C(N),--) e Mz, M C" e Mz, H(C(i)) =C" (i),
FTELCT =(CT(1),C7 (2),+,CT(N),o) > B(S7, 87, ) EXMRUEH AN ST > 87, (3,57
BHAFI X ={X (1)} _ < S; -
3. Rk

%fﬁ/\éﬁ:

x(t+1) = {AO (t,nt)+§Ak (1.1, (t)}x(t)+{Bo (t,n,)+§zak (t.7,) o, (t)}u(t) (1)

y(6)=C(tm )x(t)+D(tm,)u(t)

IR BA By R T AT B O T 2k R G DG HOA A SO ] Riccati 77 210
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N
X(t Zp,(l )AL (tn,) X (t+1, /)4, (t,7,)+C" (t,7,)C(t.m,)
k=0 j=1
N
( > o, (0, 7) A (t.m,) X (t+1,7) B, (t.m,)+ C" (t,m,) D tm}
k=0 j=1
N )
X[ZZP, i,j)B (t.m,) X (t+1,/)B,(t,n,)+ D" (t,n,) D tm}
k=0 j=1
r N
X( > p, (i, )) A7 (t.7,) X (1+1,7) B, (t,n,)+C" (t,m,) D tm}
k=0 j=1

SE X1 [17 1R A BSHUN [A] Riceati HF2(2)5 RGu() AR AL 0] B 5, 0T B — IR FEHUR 208 -
< () Lt m)j( (f)] 3
o) 5 (0 ) ) e ®

M—AMEUEHET: X >E(LX):S > S, .
B (,X)eS E(6X)=(5 (6X).5,(t.X), .2y (t,X), )

Ei(t’X): pt(i,j)X(j) “4)

N
J=1

[1]

B, M TALE L E(1) £ ST LIEMGHRT.
EX%%%%(Z)‘*‘M(Q%):CT (t,?]t)C(l‘,I]t), L(t’nt):CT (Z,?]t)D(t,nt) ’ R([,m)zDT (l,?]t)D(l,ﬂt) ’
HA:

Hz(t)X:iAkT(t )Z, (6.X) B, (1.1) 5)

£ ERG)AMESCT, Q) ATEA:
X (i) =T1,(¢) X (t+1)+ M (t,7,)—(T1, () X (1+1)+ L(t.7,))
x(IL, () X (t+1)+ R(t,n,)) " (IL, (6) X (1+1)+ L(2.1,))
HFALREA £ € (ty,00) » BT =(tg0)» M (L)€ ST T,(1):S7 > 587, L(tn,)e M,
,(¢): 87 > M% , R(t,g,)eSy, ,(t):S7 — Sy ERLEMEE T, Hordtn,m #7272 1 R4
IT, (1) X I ()X M(t,n,) L(tn,
W(”X{mz((o)xf nsérixj’ {5} om)
N T IREEWTTT,  BA IS a0 AR
B 1 1) FAI()] < B(S;.87,) SFAHQ()},, < S, BRATFFA:
2) WMTERM 2, () R—DIEFET, B H(1)X20, X >0,
BOE ARG
r ={x ={x (1)}, € (3.57)1D" (X (1)) 2 0,10, (1) X (t+1)+ R(t,m,) > 0,1 €3} (7)

(6)
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B ={x ={x (1)} , e (3.57)1D* (X (1)) >0, € 3} 8)

Her, MTEEMreT,
DWX@Ff%»ﬂ+(EOMZ EGM}{%@%)L@mq
0 0) |\(m,(e)x) m(e)x ) (L'(6m) R(tn,)

L 1 R TERN—ADFIX (1)} X(1)» 0,0 TN T X (1,i)2 el, 2 00 TAERK
teJ 1<t<co, XFEHIFIIFRN—BIER.

R 2. MAREF/RANTIE AT, T AT O MFTA &R A R (X (1)), Hil:
I, (¢) X (1+1)+R(t,7,)> 0,t e,

Hig 3: HO)RXME)RERTH: T,

REX 2 (159 JATFR { X (1)} RITRUO)N— BN, % X (1) 2 R (¢),0 € 3, ATAERAG (X (1)} _ e

X 3[15]: BARR{X, (1)} < Sy RITFR(O)I—ARUGEME, 45 B B R e 77 72
Z(t+1)=10, (¢)Z(¢) RAGEARGER, Hrb:

F5 (6)=—(11, () X, e+ 1)+ R(1,,)) * (11, (1) X, (¢ +1)+ L(2,,))’ 9)
. vy @)X L ()X
., (0)=(1, (F* () )((H O mx J[ ()j (10)

X 4[15]: BARLIE LS TRIINT(1)}  REGER), HAEATFINF (i)} _ cR™,1<i<w
73 BN 2 V772 Z (041) = (T, (1)) Z(¢) IRAS TR AR HOR s 1.

REX5([22]: FAVFKEHLN ARG X Riceati TREO)HIF { X, (¢)]_ RILEIEEM PR, #
0< X, (1)< X (1), X T EEUNTI] RS X Riceati J5F2(6) LR A { X ()}tjCSN

SEX 6 [22]: TATRRG()RBIHEER, BAAE—NEIUFII(F (i)} < R™,1<i <oo (AR
E3

x(t+1)=[A0(t,r7,)+ S A, (.1, ) 0, (£)+ By (6.0, ) F (6.0,)+ 3 B (1.1, ) F (1.1, ) 0, (t)}c(f) (11)

k=1 k=1

1) 25 A5 A 8 A2 3R 45 $ ) 5 #2 5E 1 (Strongly exponentially stable in the mean square).

BAR, RIS 3 AE L 4 TR, HEREIER TR} RRGER), WITR6)H —MEmR
X}, =58

BT [22]: BHUN A TERR /Rl RBEER R G (D) H, Bu(t)=0, FATBRRGZFEHL TR, 17
TEFH) H e HY" {13 255 (A+ HC; P) 2 BEHLAR & 1.

4. TEMR
BE1 RG(0)2MVFRE SN TR IEHE T T4 {H(t)},ea FFRFEN
UERH: #R¥EE X 5 T 50, RGN ER, N RGN DRESTEE 2 migEy e,
RISt M ) Lyapunov %! 5+
Y, (6) X (i)= inl (i) 4 (./)+ B, (t,j)F(t,i)]X(Hl,j)([Ak (t,j)+B, (t,j)F(r,i)])T (12)

k=0 j=1
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RERS P E— MRBRRE L . AN R TR0 (2)] _ RRGER, WA RFII{F (i)} _ < R™,
1< <oo MEA SR I LGHEITRE Z (¢ +1) = (I, (1)) Z () AT RIS HURE I, B0 (10, (1)) fighs ek
—MMedRE s, R T
oy mMx  mL)Xx) 1
Hp(l)=(]n (F(t,l)) )[ 1 ’ J(F(tsi)J (13)

(M, (nX)" m,(r)x

Cod BT SRR T, (0) = (Y, (1))« MAEEH 2.5 [15]A1%0, 2 (Y, (1)) A=k —AMadca
SEWAL, MY, (¢) Bl A — MR ERRE B . 5 ERTR1: RGu(D)RFENARE N T2tk IEH 7751
{Ti(2)} _ RARGER.

FIE 1 [8]: BEERTHI{II(r)}  <B(S).s), ) REEMH0eT™, M Tz =(1,0) &
SUIRTES AN [ R ST 3 Riceati T RE(6) A PI N4 R A Tt { X, (¢)]_ A{ X (1)), FA LU R PSR

0< X, (1)< X (1)< X, (1), t€T
xﬂ%ﬂ%m)ﬁﬁaﬁﬁﬂﬁ {(X(0)}_, HX()20,€7.

SIE 2 [8]: &0 RAR=m, W6 A — ME .
EH 2. FHA T RAERN, S Riccati FFATRER, TIASEAFTEROCHRR
m%=éi=wﬁ&dE%nﬁ¢mﬁa~Aﬁﬂ,wx:{(»gmﬁﬁ@mﬁﬁ~¢%,wﬁ

SCER[1STHR 51 B 5.1 T, A HUE W (1) = Fy (¢) » W77 R2(6) Ay LA 5 (0 v S ) LA AL Ay
X(t)=T1, ()X (t+1)+Q, (t)—M(t)—(FS (t)—ﬁ(t))T (1‘[3 ()X (t+1)+R(t,7, ))(FS (t)—ﬁ(t)) (14)

st F(e) = (11, (1) X (1+1)+ R(e,)) (T (1) X (1 +1)+ L(e,))

BT H — MRREM, BUZREMN X, = {X, (1)} » WIESHIR ZMETTRE X, (¢ +1) =TT, (1) X, (1)
RfRBREr, EhIr, () FFY (1) ﬁD(9)?FlJ(10)ﬁ}5ﬁ/T BT X, (¢) HRTTFE6) M ﬁﬁzé{
W ()= F* (1) W, St sep 5 5

X, (t)=TI, ()X, (t+1)+Q; (¢) (15)
A5 % (14)2n 15
XJOwW0=H&OXXO+U—X(HD
+(E ()= F(0)) (10, (6) X (e41) 4 R(1.,)) (F5 (1) F (1)) + 41 (2)

AR SCHR[15]H 51 B 1 740, M ()0, JEX(Hl)erZ WA I, (1) X (¢ +1)+R(t,,)> 0, &

(Fs(t)—ﬁ(z))T(H ()X (£+1)+R(6m))(Fs ()= F (1)) 2 0« LT X, = {x, (1)} R ARk, MBS L

(16)

iR LG 7772 X, (1+1) =TT @nxg%¢ﬁﬁmm FRARE 3 2.5 [15]AT 0, n() A
HEGEBL, HG(1)20, 3t G()=(F (1)~ F (1)) (I, (1) X (¢+1)+ R(1.,)) (s )
JrRR(16) A ME—A UM, B X, (1)~ ()>o T X ={X )tsjmﬁﬁ(6)w£@f/\ﬁﬁ,

X, (6)2 £ (r) HHEE X 2 WRL X, (6) BRI — MR, e BARE
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L 1. ERGBENL TR A N, BN A R 40 X Riccati 2253 /7 F2()~Q) I BT A ¥ 1E @ A2 B
T, HizfaEemE—r, MTRO~QMEE RA—AFIEEMR X (1), BA
X, ()= X (1) = X (£),2€T
5. B{E=EG

ZEEAEBIUE, £ RGARTBENL AT IR DL T, BIEUN TR RS X Riceati 2253 77 F2(2) 1 B KA R
55 /MEBA— .

ZRTEQMRHREE, n=2r=1i=1, WiHFELN:

X(t)=Ag X (t+1) 4y + AT X (t+1) 4 +C"C— (A X (t+1)B, + A" X (t+1) B, + C" D)

_ (17)
x(D"D+BIX (1+1)B,+ BT X (t+1)B,) (BIX (1+1) 4, + BT X (t+1) 4+ DC)
Horp:
S o) (2o .
4= ha=| [ =zniB =2 DB =(0 0):c=|5 " D=(0 1)
0 = 0 3 0 0

7442
T ‘ -3(3+42)
I A TSR, RS BENL AT . B X = 2 :

S3(3+42) 3(11+642)
BAR X AT A T RUE] X 2 (17) 2 — AN E fil -
MR EEE 3.7 [15]07 50, 25 X, 27— AMEif, 4 ELCSE X >0, 513 ATX}Z+§)~(—)~(<O,
Hor:
R B )

i) S

%(—Hﬁ) %(7—6\/5)

N IR AN T A" XA- X <0, Hr 4 :%}1 » I 44 KBS EUN R) Lyapunov & B3 HJEAT {87 5t
WS T p(A) <1, BT LI X, RODRI—ARER. LEK0 T, WAREES |
AR T AR, ETIEA R E N A KR, HHREE S RAE 8. WX =X, EdEE
s, A7) REA A IEEmR, B X R, H
1+2

2
0 0

WX, 2 X, WX RADRIBAMR. FILEE RGEA LY, BSHUM IR R X Riccati
TiIREQ)MI R KBRS i MERA — 2

6. &g
AL Lyapunov 51704 REUMBEHLE E SLMETES T80 {T1(1))  moRaemeRiesk, IR0

0

X:
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XPHHEAT T IBRRIER], DU R 2 BOROLBUE [ . SEBE 2 BT BRI T IS A RS T R RS
(1, A5 Riccati J7 FEATRE M, 6 E A7 4E B KA AR -

E&WE

HRBE T RFEHAEAEGREKEDE, HHRWS: gz1cx20223309, TiHEA . RHEHAE T
Ho
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