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Abstract

One hundred years ago, Ramanujan first defined the following classic Ramanujan sum:

cq(n) = Z e (g,n € N),

k mod ¢
(k,a)=1

where N is the set of positive integers, and (k,q) is the greatest common factor of k
and ¢q. In 1976, on the basis of Wintner’s results, Delange proved that all univariate
arithmetic functions defined on the integer ring Z can be expanded by Ramanujan
sum. In 2018, Toéth proved that the multivariate arithmetic function defined on Z
can be expanded by Ramanujan sum and unitary Ramanujan sum. On this basis,
this paper attempts to expand the multivariate ideal function defined on ® through
the Ramanujan sum. At the same time, it will further study the multiplicative and

orthogonal relations of the Ramanujan sum on 9.
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k mod ¢
(k,q)=1
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R AT LA Ramanujan FUIHCLRETF. IX RA T2 #5022 20 dr A B HH R 201 Fourier JETTFA. M4

Ranr:
EIE1 (Delange [1]). ¥ f: N — C 2TEMEARRE. Wi

; 2 E— < 00
WARERR n e N, FATA FERZAXIS Ramanujan &I

f(n) = Z aqcq(n),

H 240 a, H G H
4= (g * f)(mq) (g € N).

mq

m=1

4, Delange i85 3| DL 25 B F e s B N . 75 E 48 H A&, 78 DelangeZ Hf, Cohen
(3]t 5 o) ORI 1 F AR B e M R R A 21 1 HEH A ST Ramanujan EIF TV

20164, Ushiroya [4PRF LR 45 RAES BIPTADR RN, FIR 2] 7 & LAE Z ISRk pf 4L

A28 81 Ramanujan & FF =01 AR R IX.

20184, Toth [5] 3Kt HAE ™ 2 2 s fF B AEM 7€ XAE Z 11 2 oo 5K o Bl vr Dod it

Ramanujan i1 AT, Toth 25 H LR & X

IMEREER keN, 2 f,g: NF — C ZRWANFEARREL, A ENTH Dirichlet &BUE XN

ny g
e )= 3 g (5o 0. (12)
FFAFEILLR E A
EIE2 (Toth [5]EH 2). B f: N - C BE—HAREE (ke N). W
i gw(ni)+-+w(ng) (e * f)(na, - -+ )| < 0. (1.3)
nl,.“,nk:1 nl ...nk
WA, WAEBH ny, - ng, € N, FATTA AR Ramanujan T30
f(nh'" ank) = Z alJ1,-'~,tIkCQ1(n1)"'quc(nk>v (14)
q1, - qr=1
o
S (e * f)(magqu, - -+ s maqy)
gy e g = .
g1, 59 m17_§k_1 miqy -+ MiQg
ERALERAL [ (n,--- i) = g (- mg)), Horbi(n, i) R,y € NHIRER
AET, g AN — CHE—SHARREL, Toth #E— B3 LN 48,
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EIE3 (Toth [5]EH 3). B f: N — C FME—H AR (k e N). {f

iz’mww < 0. (1.5)

k

W, MHER ny, - oy € N, FRATA T AU ST 2 £

g (1, ymg)) = Z Qg g Car (M)~ Cqp (M) (1.6)
qi,,qr=1
g((nl’.“ ’nk)) = Z a;r'w%czkll (nl)'”c; <nk)7 (17>
g1 ,qr=1
Horp
1 (oo}
Qq, qk @ Z (M . Q;EmQ)a (18)
m=1
e 3 000
(mQy=1
HQ: [qlv'” an]

R B SR A R T DL HAE R A B S, Bk RIE i — PR R Z E R R R
Z oIt i £ ¢ T & i Ramanujan f1 UL K B Ramanujanfl & HF A BARR L, THdE—DH, el
522 i ) Riemann zeta PREL ((2) A K.

WA RARE E—n 203 A = F [T] HE— 20020k, KA # Ramanujan 1, 55
E it 222K L.Carlitz [6)E XTI A i H 12 i Ramanujan 1 (G, H) HIE X:

n(G.H)= Y E(GH)D),

D mod H
(D,H)=1

HoG H e A, (G H) /&G, HKE—HIRKART.
REHOLFFAEH [7)BURTEHAL ISR F RS 7T T 2 520 Ramanujan F1) .
K Ramanujan A E X, 55 H 5 FE ML ELE ST [8]F @ X T A _ERIP 2 510 Ramanujan
Mn*(G,H) :
n(G,H)= > E(G,H)D). (1.9)
D mod H
(D,H).=1
HG,HeA, (G H), = max{D : D|H, D||G}, ¥ (G, H). 2 A4S (D : D|H, D||G} H k%
eg
T,
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it 1 IAE ¢ Ramanujan JEFF 45 Witk —DHE ™ B R — o 2 08 A &, B3] 7%
NAE A B2 e B AR R BT L 2 1120 Ramanujan A1PL K P52 Wiz Ramanujan 10 PAJE

4 GFHYS BEH 7). 4 f: (ALY - C ME—HAREE, HbkeN WE

Z 9w (G1)+++w(Gr) |G F)(G, - G < 0 (1.10)
Gi,,GreEA, |G1||Gk|
Mo, MER Gy, -+, Gy € Ay, BATA XS Ramanujan & T
f(Gry-, Gy) = Z Cry oGy Hy) -+ n(Gy, Hy), (1.11)
Hl’...7[—IkeA+
A
FGro G = D Coy g1 (Gry Hy) - (G, H), (1.12)
Hl’...’erA+
/\I:P
(/’l’k * f)(M1H17 e 7Mka)
C - )
Hy,-- ,Hy " ZM " |M1H1||Mka|
1 3 k +
c* — Z (p * f)(MyHy, - -, My Hy) (1.13)
Huyee Hy My Moch ‘M1H1| s ‘Mk:Hk|
1 ) k +
(M1,Hy)=1, (M, Hy)=1
L (Gr,,Gy) 5 (G, Gy AN Ga, -+, Gy € A IRK AT K/ NAREEL g N
B CHIEAKE. SEMT EPE’J f(Gy, - ,Gk) = g((Gy,-++ ,Gy)) , WX GHE—SR[R T NHEIE
éﬂ:

EIE5 (FFHFS [S]EH Q). | g AL — C FHE—HEHE, ke N. Wif

Z gkw( G)|(M*9)(G)| < 0

Gehy lelk

IAXHER Gr, -+, G € Ay, FHRUSII %L

g((Gh 7Gk)) = Z CH1,"',Hk77(G17H1)"'n(Gk’Hk>7
Hy,- \HpcAy
Gl
g((le"' 7Gk)) = Z C}Fil,---,Hkn*(GlaHﬁ"'n*(Gkak)v
H17---7H1€6A+
/\q:‘
c (1 g)(MQ)
Hl,“-,Hk )
|Q| e, M
\ 1 p* g)(MQ)
CHl,"',Hk = k Z ( k ’
Q" afex. | M|
(MiQ):l

(1.14)

(1.15)

(1.16)

(1.17)
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20204, FE G [9FEmUT ISR E T ARECEEIA ) Ramanujan

Clmn)= Y N@un/)= Y e, (1.18)

o(m,n) z(mad v)

HAf mn AREBCEHAMAEZHE, ¢y NEHEE (y) = mn DR WER T, H D,' = {2 ¢
K|Tr(z®) C Z}, Tr(xy) NIGE zy [HIE.
EIE6 (E 3 9EH 1.2). | © NEIR K FIRBCEHCS, & n NRBCELIE © hHE—JE T AR,
m N D FHAE—EAE. AN RHE (R,mnD,) =1 Hmn D R & — U EAE.
L ye KA DR ARG, B (y) = mn 2D R. FATH

Clmn)= Y 2T, (1.19)

z(mod n)
(z,n)=1

o
D, ={z e K| Tr(2D) C Z}, (1.20)
Gy D 2 D/Z IS Do IAME, B8 D RABUEHIS D it AR,

AHEEH CFRNE XA Z L2 uE AR KEOET Ramanujan F0 LA, 3 —20HE 2|
& SUIEAREUCR S © )2 u BB K] LUE I Ramanujan AN ELRE I 52D 45 5.
EIE7. i f D - C AME—ZcEAERE, (k € N). iR

w(mn) () | (e % f) (- my)|

mzn‘:@ 2 N(m) . N(my) (1.21)
WA SHEE my, -+, my, <D, FRATHE A S 25k
f(mlv'” 7mk) == Z nn1,~~~,nkc(m17u1)'”C(mkank% (122)
ny, - ,Np<dD

o (s * f) (1 ()

Mg * Nyly, - Ml
e, = . 1.23
e [17_;:@ N (mb)...N (ngly) (1.23)

2. EIE 7 BUERR R H L

N TAEWIA R R4, 7 2R e Al S SO © R - FE 0, y e KN
mn O R PE R T
o3 B TS A =V YA
: N(n), #njm
2mi Tr(zy) _
2 { 0, He

z mod n
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JERR 0 njm, MBAmn € D, KA (y) =mn DR C DY, BKATUAT y € ;0 1
AU Tr(zy) € Z, 2™ Tr@v) =1, K,

Z eZﬂ'iTr(xy) — N(ﬂ)

z mod n

Whntm, PWLL

A= Z e27ri Tr(zy) )

x mod n

TR, R o &N WY 2 20— DNTERFRER modn I, o+ o MR, HElZ 5
A= A.2miTrlay), (2.1)

AR o M TR AT 1B Tr(ay) S RN BIAL, B, MR D5 05 50, BfimT LA
B njm BB, FEA (2.1) TR A = 0.

O
2. C(m,n) 2K T neD MIMEREL
HEBR 2 ny, ng NARECEECE © AL (n),ny) = 1. ASFRATAT LIS
C(m, 1’11112) — Z e27riTr(wy)
S 2
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x (mod nj) z (mod ng)
(z,np)=1 (z,ng)=1
= C(m,ny)C(m,ny),
H (y1) = mn 'O R, (yo) = mny "D 'R, AL (y1y) = (v)- O
FA C(m,n) BB T HEZHERNR. BT C(m,n) @FetER 2, AT AR R LA aydl.
3. T O FIMERIEFHE q,m, AL FELSRAL
N -
D C(m,0) = (), Hﬂm (2.2)
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HUERR B, FRATRIERH LR 25 20k or
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0, He
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= Y Cmy..0y)

e
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=Y YOm0
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FAIW =,
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[pe ’ v B

F b, R pe|m, A

> C(m,0)

o[pe
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N(p)e,  #plm
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olpe 2N(p)'~!, HpfmpTimi=1,-- e

b W pem, B4R AR E

D C(m, )]

o[pe

= [C(m, 1)[ + |C(m, p)| + - - +[C(m, p°)]
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3 (2.3) AL, FIRFEATR AT 2

S 1C(m, )] < 2N (p)r ™,

ope
SR VIN
> |C(m,2)]
2lq
=1I>_1c(m )
plg dlpe
<(II2 C IT 2N@)»™)
e pl(g,m)
< 2W(CI) H N(p)vp(m))
pl(q,m)
< 2900 N (m).
(R, FRAT115 2
’f(mla"' 7mk)‘
< > e [C(my,m)] -+ [C(mp, ) |
Ny, ,NEp<O
|(pere * f) (naly, - gl
<
- Z Z N (nyly) ... N (ngly) |C(m1,n1)| |C(mkvnk)|
Ny, <D [, [ <D
|(/1“k * f) (tlv' o 7tk:)|
= C(my,ng)| --- C(my,, ny,
X NG NG 2, [Cmuml e 3 ()
1tk %111“11 ]kak\lkk
|(Mk*f)(tlv"'utk)| (t1) (t1)
> QI N (my) - - - 29I N (m
X Ry N N )
t, o, te)]
=Nm;---m gw(t)+ +w(tk)|(uk*f)(lv ) W
(m: ’“L%m N(b).. N (%)
< oo,
TXAE B T 45U 0

4 f R, W (1.21) AT

| (g x f) (ma, -+ my)|
Z ]ﬁf(ml)...N(mk)k

<0 (2.4)

my,,mE <D

il

Y Oy (G ) - 0™ (2.5)

e1t-+ex
pab im0 V()
ej+--+ep >0
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