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Abstract

This paper considers with the existence of multiple positive solutions for nonlinear

fourth-order boundary value problems
ρ4(ρ3(ρ2(ρ1(ρ0u)′)′)′)′ = λa(t)f(u(t)), t ∈ (0, 1),

u(0) = u(1) = 0, u′(0) = u′(1) = 0

by using fixed point theorem in cones. Where λ > 0 is a parameter, ρi ∈ C4−i([0, 1], (0,∞)),

i = 0, 1, 2, 3, 4, f ∈ C([0,∞), [0,∞)), a ∈ C([0, 1], [0,∞)) and does not vanish identically on

any subinterval of [0,1].
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1. Úó

o�ü:>�¯K�±£ãØÓÉå^�e�5ù�/C, duÙ­��A^�µ, Æö�é

ÙïÄl�Ê�, ¿�¼�
�
­�
´L�(J [1–10]. ��5¿�´,üà{ü| Ú�½|

 ��5ù�§

u′′′′(t) = λa(t)f(u(t))

�)��35®�éõÆöïÄ [1, 5–10],
'u��/ª��§é�k<ïÄ [2–4].

�©Äk0�[�ê�f�½Â. b�éz� i = 0, 1, 2, 3, 4,¼ê ρi ∈ C4−i([0, 1], (0,∞)),é

?¿� u ∈ C4[0, 1],-

L0u = ρ0u,

Liu = ρi(Li−1u)′, i = 1, 2, 3, 4,
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K¼ê Liu, i = 1, 2, 3, 4¡� u�[�ê. e�Ä>.^�

(Lt)u(0) = 0, t ∈ {i1, i2},

(Lt)u(1) = 0, t ∈ {j1, j2},

Ù¥ {i1, i2}, {j1, j2} ´{0, 1, 2, 3} �f8. AO/,- ir = jr = r − 1, r = 1, 2, Kþã>.^��

±=z��½ù| 

u(0) = u(1) = u′(0) = u′(1) = 0. (1.1)

Ïd�©�Äo���5>�¯K{
ρ4(ρ3(ρ2(ρ1(ρ0u)′)′)′)′ = λa(t)f(u(t)), t ∈ (0, 1),

u(0) = u(1) = 0, u′(0) = u′(1) = 0
(1.2)

õ��)��35,Ù¥ λ > 0, ρi ∈ C4−i([0, 1], (0,∞)), a ∈ C([0, 1], [0,∞))�3 [0,1]�?Ûf«m

þØð�", f ∈ C([0,∞), [0,∞)).AO/,� ρi = 1, i = 1, 2, 3, 4�, ρ4(ρ3(ρ2(ρ1(ρ0u)′)′)′)′ = u′′′′,

aq�¯K3 Bai [10]¥�?Ø,�ö$^Iþ�ØÄ:½nïÄ
o�>�¯K u(4)(t) = λf(u(t)), t ∈ (0, 1),

u(0) = u(1) = 0, u′′(0) = u′′(1) = 0

õ��)��35,Ù¥, λ > 0´~ê, f ∈ C([0,∞), [0,∞))� f0 := lim
u→0+

f(u)
u
, f∞ := lim

u→∞
f(u)
u
6∈

{0,∞}.

g,
,/,·��ÄUÄ3 ρi 6= 1, i = 1, 2, 3, 4, a ∈ C([0, 1], [0,∞))�3 [0,1]�?Ûf«m

þØð�", f0, f∞ ∈ {0,∞}��/e��¯K (1.2)õ��)��35?3ùp,·�ob�:

(A1) ρi ∈ C4−i([0, 1], (0,∞)), i = 0, 1, 2, 3, 4, f ∈ C([0,∞), [0,∞));

(A2) a ∈ C([0, 1], [0,∞))�3 [0,1]�?Ûf«mþØð�";

(A3) f0 =∞, f∞ = +∞ (f0 = 0, f∞ = 0);

(A4)�3 h > 0¦�

f(u) ≤ γh, 0 ≤ u ≤ h (f(u) ≥ ηh, m
M
h ≤ u ≤ h),

γ = (λM

∫ 1

0

a(s)ds)−1 (η = (λm

∫ 1

0

a(s)ds)−1), (1.3)

Ù¥ G(t, s)´¯K (1.2)éAàg¯K���¼ê, m = minG(t, s), M = maxG(t, s).¿��Xe

(J:

½n 1.1 b� (A1)-(A4)¤á.K¯K (1.2)��kü��) u1, u2¦�

0 < ‖u1‖ < h < ‖u2‖.

DOI: 10.12677/pm.2022.127131 1198 nØêÆ

https://doi.org/10.12677/pm.2022.127131


xhh

2. ý��£

½Â 2.1 [11] � Ω´ Rn¥,k.m8, f : Ω→ Rn, f ´ C2N� (= f = (f1, · · ·, fn), fi(x1, · ·
·, xn)3 ΩþäkëY��� �ê, i = 1, 2, · · ·, n), p ∈ Rn \ f(∂Ω),u´ τ = inf

x∈∂Ω
‖f(x)− p‖ > 0.

�ëY¼ê Φ : [0,+∞)→ R1,¦§÷ve¡ü�^�:

(1)�3 σ, τ∗÷v 0 < σ < τ∗ ≤ τ ,�� r 6∈ (σ, τ∗)�ðk Φ(r) = 0;

(2)
∫
Rn Φ(‖z‖)dz = 1.

½ÂÿÀÝ

deg(f,Ω, p) =

∫
Ω

Φ(‖f(x)− p‖)Jf (x)dx,

Ù¥, Jf (x)L« f 3: x� Jacobi1�ª

Jf (x) =
D(f1, f2, · · ·, fn)

D(x1, x2, · · ·, xn)
= | ∂fi

∂xj
|.

½Â 2.2 [11] � X � Banach �m, K ⊂ X �4à8, � D ⊂ K k.���ém8,

F : D → K ��ëYN�.�k.m8 Ω ⊂ X ÷vD = Ω ∩K, ∂D = ∂Ω ∩K,� F ��ëYòÿ

F ∗ : Ω→ K,- f∗ = I − F ∗,½Â i(F,D,K) = deg(f∗,Ω, θ)� F 3 Dþ'uK �ØÄ:�ê.

Ún 2.1 [10] � X ´�� Banach�m, K ⊆ X ´��I,é p > 0,½Â Kp = {u ∈ K :

‖u‖ ≤ p}.b� T : Kp → K ´���ëY�f,é?¿ u ∈ ∂Kp = {u ∈ K : ‖u‖ = p} ,k Tu 6= u,

K

(1)e ‖Tu‖ ≥ ‖u‖, u ∈ ∂Kp,K

i(T,Kp,K) = 0;

(2)e ‖Tu‖ ≤ ‖u‖, u ∈ ∂Kp,K

i(T,Kp,K) = 1.

½Â 2.3 [2] � pk ∈ C[a, b], k = 1, · · · , n.e�5 n��©�§

Ly ≡ yn + p1(x)yn−1 + · · ·+ pn(x)y = 0 (2.1)

z��²�)�":3«m [a, b]þÑ�u n�,K¡�§ (2.1)3«m [a, b]þ��Ý,Ù¥­�U

­êO�.

½Â 2.4 [2] e¼ê y1, · · · , yn ∈ Cn[a, b]÷v n�KdÄ1�ª

Wk := W [y1, · · · , yk] =

∣∣∣∣∣∣
y1 · · · yk
· · · · · · · · ·

y
(k−1)
1 · · · y

(k−1)
k

∣∣∣∣∣∣ , (k = 1, · · · , n)

3«m [a, b]þð��,K¡¼ê y1, · · · , yn�¤��ê��ÅXÚ.
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Ún 2.2 [2] �§ (2.1)3«m [a, b]þ�3��ê��Å)X��=�Ù3 [a, b]þ��Ý.

Ún 2.3 [2] �§ (2.1)3«m [a, b]þ��Ý��=� L�±L«�

Ly ≡ v1v2 · · · vnD
1

vn
D · · ·D 1

v1

y,

Ù¥ D = d/dt,�

1 = W0, v1 = W1, vk = WkWk−2/W
2
k−1, (k = 2, · · · , n).

Ún 2.4 [2] b��§ (2.1)3 [a, b]þ´��Ý�,K

(−1)n−kG(t, s) > 0, a < s < b, a < t < b.

5 �©�Äo�ü:>�¯K,Ïd n = 4, k = 2,w,¯K (1.2)éA�àg¯K���¼ê

G(t, s) > 0.

-

X = {u ∈ C4[0, 1], u÷vª (1.1)}, Y = C[0, 1],

K X 3�ê ‖ · ‖4 e�¤ Banach�m, Y 3�ê | · |∞ e�¤ Banach�m,��Bå�, ‖ · ‖4 Ú
| · |∞þ{P� ‖ · ‖.
½Â X þ�IK:

K = { u ∈ X : u ≥ 0, min
0≤t≤1

u(t) ≥ m

M
‖u‖ }.

½Â�f T : X → Y ,äN/ª�:

Tu =

∫ 1

0

G(t, s)λa(s)f(u(s))ds.

3. ½n 1.1�y²

Ún 3.1 é?¿ u ∈ K,K�f T : K → K,� T �ëY.

y² dumaxG(t, s) = M, minG(t, s) = m, 0 ≤ t ≤ 1, 0 ≤ s ≤ 1,é?¿ u ∈ K,K

min
0≤t≤1

(Tu)(t) = min
0≤t≤1

∫ 1

0

G(t, s)λa(s)f(u(s))ds

≥ λm
∫ 1

0

a(s)f(u(s))ds

= λ · m
M

∫ 1

0

Ma(s)f(u(s))ds

≥ λm
M

max
0≤t≤1

∫ 1

0

G(t, s)a(s)f(u(s))ds

≥ m

M
‖Tu‖.

DOI: 10.12677/pm.2022.127131 1200 nØêÆ

https://doi.org/10.12677/pm.2022.127131


xhh

� Tu ∈ K.d	,d Ascoli-Arzeia½n´��f T : K → K ´�ëY�.

½n 1.1y² ky² f0 =∞, f∞ =∞��/.

� Q > 0¦�

λQ

∫ 1

0

G(
1

2
, s)a(s)ds > 1. (3.1)

d f0 =∞�,�3 0 < R1 < h¦� f(u) ≥ Qu, 0 ≤ u ≤ R1.ey ‖Tu‖ > ‖u‖, u ∈ ∂KR1
.

¯¢þ,� u ∈ ∂KR1
�,

Tu(
1

2
) =

∫ 1

0

G(
1

2
, s)λa(s)f(u(s))ds

≥ λQ
∫ 1

0

G(
1

2
, s)a(s)‖u‖ds

> ‖u‖. (3.2)

Ïd,dÚn 2.1�

i(T,KR1
,K) = 0. (3.3)

2d f∞ = ∞ �, �3 R > 0 ¦� f(u) ≥ Qu, u ≥ R. � R2 > max{h, MR
m
}, t ∈ [0, 1], K

min
0≤t≤1

u(t) ≥ m
M
‖u‖ > R, u ∈ ∂KR2

,Óª (3.2),dÚn 2.1��

i(T,KR2
,K) = 0. (3.4)

,��¡,d (A4)��,é u ∈ ∂Kh,

‖Tu‖ = max
0≤t≤1

∫ 1

0

G(t, s)λa(s)f(u(s))ds

≤ λM
∫ 1

0

a(s)f(u(s))ds

≤ λM
∫ 1

0

a(s)γ‖u‖ds

= ‖u‖(dª(1.3)).

Ïd, ‖Tu‖ ≤ ‖u‖, u ∈ ∂Kh.w, Tu 6= u, u ∈ ∂Kh,KdÚn 2.1�

i(T,Kh,K) = 1. (3.5)

dØÄ:�ê��\59ª (3.3), (3.4), (3.5)��

i(T,KR2
\
◦
Kh,K) = −1, i(T,Kh\

◦
KR1

,K) = 1.

Ïd, T 3 KR2
\
◦
Kh þk��ØÄ:P� u1(t), 3 Kh\

◦
KR1

þk��ØÄ:P� u2(t), K
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u1(t), u2(t)Ñ´¯K (1.2)�),�÷v 0 < ‖u1‖ < h < ‖u2‖.

2y f0 = 0, f∞ = 0��/.é?¿ ε > 0,�3 R1 > 0¦�

f(u) < εu, 0 < u < R1. (3.6)

� ε = (λM
∫ 1

0
a(s)ds)−1� R1 < h,Ké u ∈ ∂KR1

,

‖Tu‖ = max
0≤t≤1

∫ 1

0

G(t, s)λa(s)f(u(s))ds

≤ λM
∫ 1

0

a(s)f(u(s))ds

< ελM

∫ 1

0

a(s)‖u‖ds

= ‖u‖. (3.7)

Ïd,dÚn 2.1�,

i(T,KR1
,K) = 1. (3.8)

aq/,� R2 > h > 0v
�,¦� f(u) < εu, u > R2.Óª (3.7),dÚn 2.1��,

i(T,KR2
,K) = 1. (3.9)

,��¡,d (A4)��,é u ∈ ∂Kh,

‖Tu‖ = max
0≤t≤1

∫ 1

0

G(t, s)λa(s)f(u(s))ds

≥ λ
∫ 1

0

G(t, s)a(s)ηhds

≥ ληm
∫ 1

0

a(s)‖u‖ds

= ‖u‖(dª(1.3)).

Ïd, ‖Tu‖ ≥ ‖u‖, u ∈ ∂Kh.w,, Tu 6= u, u ∈ ∂Kh.KdÚn 2.1�

i(T,Kh,K) = 0. (3.10)

dØÄ:�ê��\59 (3.8), (3.9), (3.10)ª��

i(T,KR2
\
◦
Kh,K) = 1, i(T,Kh\

◦
KR1

,K) = −1.

Ïd, T 3KR2
\
◦
KhÚKh\

◦
KR1

þ�k��ØÄ:P� u1(t)Ú u2(t),� u1(t), u2(t)Ñ´¯K

(1.2)�),¿÷v 0 < ‖u1‖ < h < ‖u2‖.½n 1.1y..
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4. ~f

~ 1 �Ä>�¯K  u′′′′(t)− l4u(t) = u2 + u
1
2 , t ∈ (0, 1),

u(0) = u(1) = 0, u′(0) = u′(1) = 0,

(4.1)

Ù¥ l ∈ [0, l1), l1 ≈ 4.73 ´�§

cos(l) cosh(l) = 1

�1����,d�¯K (4.1)k�²�).

éz��½� i ∈ {1, 2, 3, 4},- ui´Ð�¯K

u′′′′(t)− l4u(t) = 0,

u(j)(0) = 0, j 6= 4− i,

u(4−i)(0) = l4−i

���),K

u1(t) =
1

2
[sinh(lt)− sin(lt)], u2(t) =

1

2
[cosh(lt)− cos(lt)],

u3(t) =
1

2
[sinh(lt) + sin(lt)], u4(t) =

1

2
[cosh(lt) + cos(lt)].

- y1(t) = u1(t + σ), y2(t) = u2(t + σ), y3(t) = −u3(t + σ), y4(t) = u4(t + σ),Ù¥ σ ∈ (0, 1)v


�. K,

W1[y1](t) =
1

2
[sinh(l(t+ σ))− sin(l(t+ σ))],

W2[y1, y2](t) =
l

2
[cosh(l(t+ σ)) cos(l(t+ σ))− 1],

W3[y1, y2, y3](t) =
1

4
l3[sinh(l(t+ σ))− sin(l(t+ σ))],

W4[y1, y2, y3, y4](t) = W4[y1, y2, y3, y4](0) = l6,

w,, Wi > 0, i = 1, 2, 3, 4,K¼ê {y1, y2, y3, y4}´�§ u′′′′(t) − l4u(t) = 03«m [0, 1]þ���

ê��Å)X,ÏL{ü/O��,

u′′′′(t)− l4u(t) =
4l3

sinh(l(t+ σ))− sin(l(t+ σ))

(
(sinh(l(t+ σ))− sin(l(t+ σ)))2

8l(cosh(l(t+ σ)) cos(l(t+ σ))− 1)
(
2(cosh(l(t+ σ)) cos(l(t+ σ))− 1)2

l(sinh(l(t+ σ))− sin(l(t+ σ)))2

(
(sinh(l(t+ σ))− sin(l(t+ σ)))2

2l(cosh(l(t+ σ)) cos(l(t+ σ))− 1)
(

2

sinh(l(t+ σ))− sin(l(t+ σ))
u)′)′)′)′.

�âÚn 2.3 9Ún 2.4 �, �f u′′′′(t) − l4u(t) ��Ý, �3>.^� u(0) = u(1) = u′(0) =

u′(1) = 0eéA���¼ê��.,��¡,w, u2 + u
1
2 ÷v^� (A3)-(A4),K¯K (4.1)���

3ü��).
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