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Abstract

Circulant matrices have been around for a long time and have been extensively used in
many scientific areas. The problem of solving and minimizing the matrix AXB =CCin a
specific set class has important applications in engineering and other related fields. In
this paper, by using Kronecker product and Moore-Penrose generalized inverse of the
matrices, the necessary and sufficient conditions for AX B = C having circulant solution
are obtained. We derive the expression of the least squares circulant solution of the
matrix equation AX B = C with the least norm when there is no circulant solution. In

the last section, the numerical algorithm and numerical examples are also given.
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AXB=C (1)

F AT REAEXT R, IOSHR,  XURTFR S 22 ikl B 28 v (1) A A L 1) /s — R It S A 1 A b gt
J& [1-8]. LR B FE B B/ T — MR AN 2 ME— 1R, (BB AR INIE U /N — T fif— R U 2
e — 1.

RFERER I, AHC™ " Ramm x nM I EBUEREES. ATR AN E, AR
FEARILHERE B AT RIRFEFEAfMoore-Penrose) ¥, I, FRnnr A7 FEFE.
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EX 1.1. Ke= (co,c1, - en 1) T RNELEI M=, e T IEE

Co C1 Co +r Cp—1
Cn—1 Co Ci -+ Cp—2
C=1| chia a1 Co - Cous (2)
C1 Co C3 cee Co
SR HAERE, FcA
C = cire(c) = cire(co, c1, -+, Cn1)- (3)

BATH cir (n) R Mr A B FERIEE & . FoHE PR O H I 1846 4F Catalan ) — R AU X, 5
R R 2 TR D% 1) /2 ToeplitzHiFE.  H BT F6 00 B AL 25 R0 2% P8R S X JLAR) oh A 3 220 R A
KT RAIEREH— DM, 2 WoCHk [9-11].
EX 1.2, &A= (a;;) € C™ 8 a; = (a1, Qiy 5 Ag)y 8 = 1,2, n. AT M E 894 B
H-Fieh
vec(A) = (ay,as,--- ,a,)". (4)
A EL = (z1, - ,20)T € C™Y, zlle = /Doy @ PRI IR R 2-T0EL. A & 2- 708075 2
N HIEREFrobenius JE 4L
[ Al = [[vec(A)][2. (5)

5 38 FE P
A€ C™™ BeCM CeCm e, (6)

ASCRAER IR PR B B T REAX B = CHIAT 1)

B I SR ES
T, = {X € C™¥" : AXB = c}. (7)

BlRE IL: AWML BT, =0 (F58), R ES

Tl:{Xe(C"X":||AXB—C’||:min}. (8)
[E8R IIT: 251 T, = 0, RX € /875
2 . 2
IX1* = min || X" (9)

ARG AE S 2715 ¢ H S R 2 1 1 14 5 RN 9% T3 FE Kronecker 2 FlTMoore-Penrose] S #) JL
M5 #, EFE3H, RATKR S22 ARG RA B TFEAX B = OFRT LA =A@ b R
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2. SCHRAEFERYTE BRAT LN 538

HE SC1.1 0 B e

01 0 0
0 0 1 0

P=|000 0 | = cire(p), (10)
100 - 0

Hrbp =(0,1,0,---,0)". PRFFIRIFCHIERE, FATIRZANBAIIERE. HLAEFEAEAR SO 35 HE
fEH.

TR P B 1) B R B R B AR C.

Wl 2.1. AHAMR, e P = 1,. ’KC = circ(e) = circ(co, c1,-++ yCu1). N
n—1
C = circe(c) = chPk. (11)
k=0

IERR ARIRAA

P? = circ(0,0,1,0,---,0), P* = circ(0,0,0,1,0,--- ,0),--- , P" = cire(1,0,--- ,0) = I,.  (12)

HIE L1 R O = cire(c) = Sp—, e PE. O
il 2.2. %A = circ(a) = circ(ag,ai, -+ ,a,_1)F2B = circ(b) = circ(bo, by, -+ ,b,_1). WABZ#
HesE [
AB = BA = C = circ(cg,c1, 1), (13)
AP
k=Y aibjk=01- ,n—1,8={Gj):i+j=k modn}. (14)
(4,7)ESk

MEBR A 2. 151A = Y0 aiPt = aoP® + aiPt + - + a, o PPTUIB = Y00 P =
boP° + b P+ - +b,_1P" ' 5IAB = BAJH.

n—1
C=AB = (aP’+ a1 P+ + a1 P"7 1) (bgP’ + by P' + -+ b, 1 PP71) =) ¢, PP,
k=0

He
Ck :aobk +a1bk—1 +"'+an—1bk+17k :Oa]-)"' T — L.

i (12) %0

Cp = Z a;b;,k=0,1,--- ,n—1,
(1,4) €Sk
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HAS, ={(i,j) :i+ 7=k mod n}. 0
PREC G BRI R R AR B, — AN R B — MR & — N AR PR, B A0 ) = A

KB FCW AR PR A A — AR ).

EX 2.1, *n>2, it

M, = (vec(P°),vec(P'), vec(P?),--- ,vec(P""1)) € R" %", (15)
3138 2.1. X C = cire(e) = circ(co, 1,y 1) M
vec(C) = Myc. (16)

WEBR HHC = circ(c) = Yp—y cxP* = coP° + ¢, P* + - 4 ¢, P" T[]
vec(C) = vec(P%)cy + vec(P')ey + - - + vec(P" e, = M,c.

O
Gl B2 1% [ R AR P AR A — AN R B RHE, A FRATHE SR S R B A T T A
FERETTRAXB = CTER 56 PRSI Af, LSBT SR AR X I 1) B D Ut FRATTHE 40 56 5 77
FAX B = CHANIRATAE T BRI GAETTHE. AL RURARAR N 7 A%, FRATRE 2 F 1 18 51 3.
3138 2.2. [12] A € C™*" b e C™, kT EAx = bE RIS b BEAM R AATD = b. BIRET7
TR @
z=Atb+ (I, — ATA)z, ¥z € C".

5|38 2.3. [12] XA € C™™, b e C™, M AABE KT AEAr = bR DM {x € C": ||Az—b|j, =
min} A
x=A"b+ (I, — ATA)z, Vz € C"™.

/F‘:Ex 2.2. 15;14 = (aij) S men,B = (blj) € CP*q, ﬁﬁ:

anB  a2B - ai,B
A ® B = CLQlB CLQQB e G,QnB c Cmpan (17)
amlB amQB e amnB

H A%e B Kronecker#®.
5138 2.4. [12] XHEfEA € Cm*", X e C", Be CY™ f

vec(AXB) = (BT ® A)vec(X). (18)

3. FELHR

NG R REAX B = CAERBIE RIS R 78 2261, I 4y iR RIE .
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EIH 3.1. LRAEEA C™ ", BeCs,C eCm™e. 4
R=(B"® A)M,,. (19)

i
X =cire(z) = cire(xo, 1, Tn_1)-

W 4EE HAEAXB = CH RO L &5 MR
RR*vec(C) = vec(C). (20)
Y AL A MR, A2 AY3E AR K
T, = {X = cire(z) : & = R*vec(C) + (I, — R*R)2,Vz € cn}. (21)
BB #HAXB = C, M vec(AX B) = vec(C). H151#2.4 f2.140
(BT @ A)M,,z = vec(C).

R
Rz = vec(C). (22)

FERETRAX B = CEN T I (22). H513H2. 21556 T AX B = CH R 78 77 b 5% A 2
RRTvec(C) = vec(C).
L7 R AR, AR

z = Rtvec(C) + (I, — R*R)z,Vz € C".

MFEE TR AX B = CHERHRAERE SIS T TCARIT, FRATTAT ol R 5 3R Hof /) —3fefi.
EIE 3.2. £#AH TR 231, YRR vec(C) # vec(C)i, 84 FA2AXB = C B4 E £ 89
RANZRBET TR TA

T, = {X = circ(z) : © = Rvec(C) + (I, — RYR)z,Vz € (C"}. (23)

JEBE  figlFE2.1 FI2.4%0

|AXB—C|| = ||vec(AXB) —vec(C)|l|2

(BT @ Ayvec(X) — vec(O)]
(BT © A)M,z — vec(O)
||Rx — vec(C)]|2.
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5 #E2.3%0: [|[AXB — O = min4 HA

z = Rtvec(C)+ (I, — RTR)z,Vz € C". (24)
O
MFFETREAX B = CHERHRAEREIE P IC AR, JATT thin 5 BEAE B gy i —Sfefid 4

B AR
EIR 3.3. FHAF TR EE32, H4

K =1I,-R"R. (25)

N 4EM%E HA2ZAXB = CHAEE— RN ERF D _REX € T),. i

X = cire().
W X T %77 H
vee(X) = M, Rvee(C) — M, K (M, K)* M, R vec(C). (26)
UERR 51 HE2. 150
vee(X) = M.
FH 2 3320
1K = min X2 = min [vec(x) )
X€eT, XeT,; 2
2
— min ’Mn(In — R¥R)z — (=M, R*vee(C))||
— min ’MnKz — (=M, R*vec(C)) Z
H 51 32350 ,
min HMnKz — (—MnRJrvec(C))H2
(IR
z=—(M,K)"M,R"vec(C) +[I,, — (M,,K)" M, Ku,Vu € C". (27)
$ EaRRAR(24) 18
= Rtvec(C) — K(M,K)" M, R"vec(C) + K(I,, — (M,,K)" M, K)u,Vu € C". (28)
[ &<]

vec(X) = M@ = M, Rtvec(C) — M, K(M,K)*M,R"vec(C).
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4. EFZMHESGTF

M e FE3. U2 FE3.2, 3.3, BULA H 1) RT3 o) RTTT A 20 B9,

(1) ¥INA € C™*" B € C™**,C € C™*5 K M,,;

(2) HHER = (BT ® A)M,,;

(3) #FRRVec(C) = Vec(C)REAL, NI A, 1HEH
K=1I,-R'R

ol
r=R"Vec(C)+ Kz,Vz € C",
AR RRT S AR
X = circ(z);
(4) ZHRR*Vec(C) # Vec(C), WIRFBEITFIFE. 15 H

r=R"Vec(C)+ Kz,Vz € C",

AT LT FIE A
X = circe(z);

(5) T
& = Rtvec(C) — K(M,K)*M,R*vec(C),

15 3] ] RETTT A M — fit

X = circ(d).
Bl 4.1. &
3 —6
8 5 4 o0
A= , B= -7 8
7 1 3
1 2
12 11 -15
A
219 —49 140 — 891 —65 + 60i
71 119 2 — 50i 3 + 250i
Cl = ) CQ = ' - '
66 32 —10 —50i 160 + 180i
705 —91 400 — 3001 —5 + 200i
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(1) $MC = Oy, Wit

-19 -35 56
1 —35 0
24 =36 -10
—-44 —-133 161
R= ,
22 -8 =29
88 94 73
49 73 43

118 43 41
RR™Vec(C)=Vec(C), K=I3—RTR=0 1
R*Vec(E) = (1,-2,3)".

S P R
X = cire(1,-2,3).

(2) HHC = Coffs, RRTVec(C) # Vee(C) H
R™Vec(C) = x,

7N EF]
x = (0.4595 + 1.0952i, —0.7605 + 1.7234i, 1.8766 — 0.1500i).

MK = 0, i) SR ) ST AR ), Ay

X = cire(0.4595 + 1.0952i, —0.7605 + 1.72341i, 1.8766 — 0.1500i).

EEUlH

JURA R SRR 4 S I H (2019KZDXMO025), i 5K 2 i LB A iF A 4 4 W B 0T H (
2019WGALH20).
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