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i∂tψ + ∆ψ + a|ψ|qψ +
1

|x|α

(∫
RN

|ψ|p

|x− y|µ|y|α
dy

)
|ψ|p−2ψ = 0, (t, x) ∈ [0, T ∗)× RN .

Ù¥ N ≥ 3, 0 < µ < N , a ≥ 0, 2α+ µ ≤ N , 0 < q < 4
N
, 2− 2α+µ

N
< p < 2N−2α−µ

N−2 , 0 < T ∗ ≤ ∞,

¿� ψ(t, x) : [0, T ∗) × RN → C ´E�¼ê. � a = 0, 2+2N−2α−µ
N

< p < 2N−2α−µ
N−2 �, ÏLïá

�»OK, y²
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Abstract

In this paper, we consider the strong instability of standing wave solutions for the non-

linear Schrödinger equation with mixed power-type and Choquard-type nonlinearities

i∂tψ + ∆ψ + a|ψ|qψ +
1

|x|α

(∫
RN

|ψ|p

|x− y|µ|y|α
dy

)
|ψ|p−2ψ = 0, (t, x) ∈ [0, T ∗)× RN .

Where N ≥ 3, 0 < µ < N , a ≥ 0, 2α + µ ≤ N , 0 < q < 4
N
, 2 − 2α+µ

N
< p < 2N−2α−µ

N−2 , and

ψ(t, x) : [0, T ∗) × RN → C is the complex function with 0 < T ∗ ≤ ∞. When a = 0 and
2+2N−2α−µ

N
< p < 2N−2α−µ

N−2 , we prove the strong instability of standing wave solutions by

using blow-up criterion.
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1. Úó9Ì�(J

�©Ì�ïÄ
Xe�k·Ü��/ªÚòÈ/ª��5����5Å½��§{
i∂tψ + ∆ψ + a|ψ|qψ + 1

|x|α (
∫
RN

|ψ|p
|x−y|µ|y|α dy)|ψ|p−2ψ = 0, (t, x) ∈ [0, T ∗)× RN ,

ψ(0) = ψ0 ∈ H1(RN ),
(1.1)

Ù¥ N ≥ 3, 0 < µ < N , a ≥ 0, 2α + µ ≤ N , 0 < q < 4
N

, 2− 2α+µ
N

< p < 2N−2α−µ
N−2 , 0 < T ∗ ≤ ∞,

¿� ψ(t, x) : [0, T ∗)× RN → C ´E�¼ê.

�§ (1.1) äkéõ�Ôn�µ. � a = 0, α = 0 � p = 2 �, T�§�¡� Hartree �§,

T�§�A��Ü¯K®²3©z [1–3] ¥ïÄ. � N = 3, a = 0, α = 0, p = 2 � µ = 2 �,

Pekar 3©z [4] ¥Ú\T�§^5£ã3êÆÔn¥'u·�4zf�þfnØ. �dÓ�, P.
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Lions 3©z [5] ¥A^T�§£ã��(3gC^4¥�>f, 3,«§Ýe, ù«y�Cqu'

uü|©�lfN� Hartee-Fock nØ. d	, R. Penrose 3©z [6] ¥JÑù��§^5£ãg

ÚåÔ���., 3ù«�/eþf��~��@�´�«Úåy�. Ïd, T�§Ï~q�¡�

Schrödinger-Newton �§. �C, ùa�§®²3©z [7–15] ¥�2�ïÄ.

�©Ì�ïÄ�§ (1.1) �7Å), =/X ψ(t, x) = eiωtu(x) �)§Ù¥ ω ∈ R ´ªÇ,

u ∈ H1(Rn) ´Xeý��§��²�)

−∆u+ ωu = a|u|qu+

(
|x|−µ ∗

(
1

|x|α
|u|p
))

1

|x|α
|u|p−2u. (1.2)

ý��§ (1.2)�éA��^�¼�Uþ�¼�:

Sω(u) := E(u) +
ω

2

∫
RN
|u|2dx, (1.3)

E(u) :=
1

2

∫
RN
|∇u|2dx− a

q + 2

∫
RN
|u|q+2dx− 1

2p

∫
RN

∫
RN

|u|p|u|p

|x|α|x− y|µ|y|α
dxdy.

·�Ó�½Âe��¼

Kω(u) : = ∂λSω(λu)|λ=1

= ||∇u||2L2 + ω||u||2L2 − a||u||q+2
Lq+2 −

∫
RN

∫
RN

|u|p|u|p

|x|α|x− y|µ|y|α
dxdy, (1.4)

Ú

Q(u) : = ∂λSω(uλ)|λ=1

= ||∇u||2L2 −
aα1

q + 2
||u||q+2

Lq+2 −
α2

2p

∫
RN

∫
RN

|u|p|u|p

|x|α|x− y|µ|y|α
dxdy, (1.5)

Ù¥

uλ(x) := λ
N
2 u(λx), α1 :=

Np1
2
, α2 := Np− 2N + 2α+ µ. (1.6)

e¡, ·�½Â (1.2)��²�)�8Ü�

Aω := {uω ∈ H1\{0}, S′ω(uω) = 0}.

½½½ÂÂÂ 1.1 (Ä�) [1] ) e uω ∈ Aω ´ Sω 38Ü Aω þ�4�zUþ), K

Gω := {uω ∈ Aω, Sω(uω) ≤ Sω(vω), ∀vω ∈ Aω}.

½½½ÂÂÂ 1.2 (rØ­½5 [1] ). eéu?¿� ε > 0, �3 ψ0 ∈ H1 ¦� ||ψ0 − u||H1 < ε, ¿�

± ψ0 �Ð��) ψ(t) 3k��mS�», K7Å) eiωtuω(x) rØ­½.
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�ârØ­½5�½Â1.2, ·�Äk£��
��5Å½��§�²;(Ø. éu²;���

5Å½��§, XJ·�b�Ð� ψ0 ∈ Σ := {ψ0 ∈ H1, xψ0 ∈ L2}, K��-�p½Æ¤á, =:

1

2

d

dt

∫
RN
|x|2|ψ(t, x)|2dx = 2Im

∫
RN
ψ(t, x)x · ∇ψ(t, x)dx. (1.7)

ÏL¦^�pð�ªÚ (1.7)ª, ��Uþ�¼ E(ψ0) < 0, ù¿�X��5Å½��3�»), ��

©z [1].

d	, ·�2£��
rØ­½5��'(Ø. 7Å)�rØ­½5´ Berestycki Ú Cazenave

3©z [16]¥ÄgJÑ�. ��, Le Coz3©z [17]¥�Ñ
,�«{´y². ¯¢þ,�y²7Å

)�rØ­½5'�3uïá�»OK, Ì��{´$^ Pohozaev 6/N := {v ∈ H1, Q(v) = 0}
þÄ�)�C©�x, ·��±¼�'��O, =:

Q(ψ(t)) ≤ 2(Sω(ψ0)− Sω(uω)).

��, Äu�pð�ªÚÐ� ψ0 ��

d2

dt2
||xψ(t)||2L2 = 8Q(ψ(t)) ≤ 16(Sω(ψ0)− Sω(uω)) < 0,

Ù¥, Q(ψ(t)) d(1.5)ª½Â. dd���§(1.1)�) ψ(t) 3k��mS�», ë�©z [18–20].

�C, ChenÚ Guo3©z [21]¥ïÄ
 a = 0, α = 0, N = 3, p = 2��/e)��35Ú7

Å)�rØ­½5. Shi 3©z [22] ¥XÚ�$^8¥;5Úny²
�§(1.1)�7Å)3 L2-g

�., L2-�.Ú L2-��.�/e7Å)��35Ú;�­½5. Ïd, 3 L2-��.��/e, �

§(1.1)�7Å)´Ä3k��mS�», ´Ä�3rØ­½�7Å)Ò´����ïÄ�¯K.

�©Ì�ïÄ�§(1.1)�Ä�7Å)�rØ­½5, ·��Ä a = 0 ��/, ÏLÄ�)�C

©�x, ïá�»OK, l
y²7Å)�rØ­½5, Ì�(JXe:

� a = 0, uω(x) = ω
1
p−2 ũ(ω

1
2x), K ũ ÷v�§

∆ũ− ũ =
(
|x|−µ ∗ (

1

|x|α
|ũ|p)

) 1

|x|α
|ũ|p−2ũ. (1.8)

AÏ�, ÏLO�·���

E(uω)sc ||uω||2(1−sc)L2 = E(ũ)sc ||ũ||2(1−sc)L2 , (1.9)

||∇uω||scL2 ||uω||1−scL2 = ||∇ũ||scL2 ||ũ||1−scL2 , (1.10)

Ù¥,

sc =
N

2
− 2 +N − 2α− µ

2(p− 1)
.

½½½nnn 1.1 � N ≥ 3, 2+2N−2α−µ
N

< p < 2N−2α−µ
N−2 . � ψ ∈ C([0, T ∗), H1) ´�§(1.1)3 a = 0
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��), e E(ψ0) > 0 � {
E(ψ0)

sc ||ψ0||2(1−sc)L2 < E(u)sc ||u||2(1−sc)L2 ,

||∇ψ0||scL2 ||ψ0||1−scL2 > ||∇u||scL2 ||u||1−scL2 ,
(1.11)

Ù¥, u ´(1.8)�Ä�), K�§(1.1)�7Å) ψ(t) 3k��mS�».

½½½nnn 1.2 - a = 0, N ≥ 3, 0 < µ < N , α ≥ 0, 2α + µ ≤ N , 2+2N−2α−µ
N

< p < 2N−2α−µ
N−2 , �

uω ´(1.2)�Ä�), KÄ�7Å) ψ(t, x) = eiωtuω(x) ´rØ­½�.

�©�|�(�Xe: 31�!¥, ·��Ñ
�
ý��£. 31n!¥, ·�òy²½

n1.1. 31o!¥, ·�òy²½n1.2.

2. ý��£

��!·�Ì�£�
�
®�(J.

ÚÚÚnnn 2.1 ( ÛÜ·½5 [2] ) � N ≥ 3, 0 < µ < N , α ≥ 0, 2α + µ ≤ N , 0 < q < 4
N−2 ,

2 − 2α+µ
N

< p < 2N−2α−µ
N−2 . e ψ0 ∈ H1(RN ), K�3 T = T (‖ψ0‖H1) ¦��§(1.1)�3��)

ψ ∈ C ([0, T ), H1). 2- [0, T ∗) ´) ψ(t) �4��3«m, e T ∗ <∞, K lim
t→T∗

‖ψ(t)‖H1 =∞. ,

	, ψ(t) ÷v�þ�UþÅð, =éu?¿� 0 ≤ t < T ∗, k

‖ψ(t)‖2L2 = ‖ψ0‖2L2 , E(ψ(t)) = E(ψ0).

ÚÚÚnnn 2.2 ( Brézis-Lieb Ún [23] ) � 0 < p < ∞. XJ {fn}´�� Lp(RN )�mþ�k.S

�, �÷v {fn}3 Lp(RN )�mþA�??Âñu f , Kk

lim
n→+∞

(||fn||pLp − ||fn − f ||
p
Lp − ||f ||

p
Lp) = 0.

�q�, k

lim
n→+∞

∫
RN

(
|x|−µ ∗

(
1

|x|α
|fn|p

))
1

|x|α
|fn|p−2fn

=

∫
RN

(
|x|−µ ∗

(
|fn − f |p

|x|α

))
|fn − f |p−2

|x|α
|fn − f |+

∫
RN

(
|x|−µ ∗

(
1

|x|α
|f |p

))
1

|x|α
|f |p−2f.

ÚÚÚnnn 2.3 ( Hardy-Littlewood-Sobolev Ø�ª [24] ) � N ≥ 3, p > 1, r > 1, 0 < µ < N ,

α ≥ 0, 2α+ µ ≤ N , u ∈ Lp(RN ), v ∈ Lr(RN ), K, �3��~ê C(α, µ,N, p, r) ÷v∣∣∣∣∫
RN

∫
RN

u(x)v(y)

|x|α|x− y|µ|y|α
dxdy

∣∣∣∣ ≤ C(α, µ,N, p, r)‖u‖Lp(RN )‖v‖Lr(RN ),

Ù¥ 1
p

+ 1
r

+ 2α+µ
N

= 2.

ÚÚÚnnn 2.4 ( Gagliardo-Nirenberg Ø�ª [22] ) � N ≥ 3, 0 < µ < N , α ≥ 0, 2α + µ ≤ N ,
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2− 2α+µ
N

< p < 2N−2α−µ
N−2 , K∫

RN

∫
RN

|u|p|u|p

|x|α|x− y|µ|y|α
dxdy ≤ Cα,µ,p||u||2p−Np+2N−2α−µ

L2 ||∇u||Np−2N+2α+µ
L2 ,

Ù¥, �Z~ê�

Cα,µ,p =
2p

2p−Np+ 2N − 2α− µ

(
2p−Np+ 2N − 2α− µ
Np− 2N + 2α+ µ

)Np−2N+2α+µ
2

‖Qp‖2−2pL2 ,

Ù¥, Qp ´Xeý��§�Ä�)

−∆Qp +Qp =
1

|x|α
(
|x|−µ ∗ (

1

|x|α
|Qp|p)

)
|Qp|p−2Qp.

AÏ�, 3 L2-�.��/e, =: p = 2+2N−2α−µ
N

�, �Z~ê� Cα,µ,p = p‖Q‖2−2pL2 .

d	, ±e Pohožaev ð�ª¤á:

||∇Qp||2L2 =
2p−Np+ 2N − 2α− µ
Np− 2N + 2α+ µ

||Qp||2L2

=
Np− 2N + 2α+ µ

2p

∫
RN

∫
RN

|Qp|p|Qp|p

|x|α|x− y|µ|y|α
dxdy.

3. �»OK

��!·�y²½n1.1.

Äk, ·�b� ψ0 ∈ H1, ψ ∈ C([0, T ∗]), H1) ´�§(1.1)�), ��3 δ > 0 ¦�

sup
t∈[0,T∗)

K(ψ(t)) ≤ −δ < 0, (3.1)

K, 7Å) ψ(t) 3k��mS�», =: T ∗ < +∞.

3 L2-��.��/e, =: sc > 0, ·��Ä E(ψ0) ≥ 0 ��/, d(1.11)ª��
E(ψ0)

sc ||ψ0||2σL2 < E(u)sc ||u||2σL2 ,

||∇ψ0||L2 ||ψ0||σL2 > ||∇u||L2 ||u||σL2 ,

(3.2)

Ù¥,

σ :=
1− sc
sc

=
2p− α2

α2 − 2
.

¢Sþ, dÚn2.4��

Cα,µ,p =

∫
RN
∫
RN

|u|p|u|p
|x|α|x−y|µ|y|α dxdy

||∇u||α2

L2 ||u||2p−α2

L2

. (3.3)

DOI: 10.12677/pm.2023.133044 410 nØêÆ

https://doi.org/10.12677/pm.2023.133044


ë|�

2(Üþã Pohožaev ð�ª, ��

Cα,µ,p =
2p

α2

1

(||∇u||L2 ||u||σL2)α2−2
. (3.4)

ÏLO�k

E(u)||u||2σL2 =
α2 − 2

2α2

(||∇u||L2 ||u||σL2)2. (3.5)

e¡ò E(ψ(t)) �ü>Ó�¦± ||ψ(t)||2σL2 , (ÜÚn2.4, ·�k

E(ψ(t))||ψ(t)||2σL2 =
1

2
||∇ψ(t)||2L2 ||ψ(t)||2σL2 −

1

2p

∫
RN

∫
RN

|ψ(t)|p|ψ(t)|p

|x|α|x− y|µ|y|α
dxdy||ψ(t)||2σL2

≥ 1

2
(||∇ψ(t)||L2 ||ψ(t)||σL2)2 − Cα,µ,p

2p
(||ψ(t)||σL2)Np−2N+2α+µ

= f(||∇ψ(t)||L2 ||ψ(t)||σL2).

Ù¥,

f(x) :=
1

2
x2 − Cα,µ,p

2p
xα2 .

d(3.4)ª��, ¼ê f 3«m (0, x0) þ4~, 3«m (x0,∞) þ4O, Ù¥

x0 =
( 2p

Cα,µ,pα2

) 1
α2−2

= ||∇u||L2 ||u||σL2 .

aq�, d(3.4)ªÚ(3.5)ª��,

f(||∇u||L2 ||u||σL2) = E(u)||u||2σL2 .

Ïd, (ÜÚn2.1Ú(1.11)ª, éu?¿� t ∈ [0, T ∗], ·�k

f(||∇ψ(t)||L2 ||ψ(t)||σL2) ≤ E(ψ(t))||ψ(t)||2σL2 = E(ψ0)||ψ0||2σL2

< E(u)||u||2σL2 = f(||∇u||L2 ||u||σL2),

�q�, �âëY5Ú(1.11)ª, éu?¿� t ∈ [0, T ∗), ·�k

||∇ψ(t)||L2 ||ψ(t)||σL2 > ||∇u||L2 ||u||σL2 . (3.6)

qdu E(ψ0)||ψ0||2σL2 < E(u)||u||2σL2 , ��3 η > 0v
�, ¦�

E(ψ0)||ψ0||2σL2 ≤ (1− η)E(u)||u||2σL2 ,
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Ïd, ·���

K(ψ(t))||ψ(t)||2σL2 = α2E(ψ(t))||ψ(t)||2σL2 −
α2 − 2

2
||∇ψ(t)||2L2 ||ψ(t)||2σL2

= α2E(ψ0)||ψ0||2σL2 −
α2 − 2

2
(||∇ψ(t)||L2 ||ψ(t)||σL2)2

≤ α2(1− η)E(u)||u||2σL2 −
α2 − 2

2
(||∇u||L2 ||u||σL2)2

= −ηα2E(u)||u||2σL2 , (3.7)

ùL² δ = ηα2E(u)||u||2σL2 �(3.1)ª¤á, �§(1.1)�) ψ(t) 3k��mS�». y..

4. rØ­½5

��!·�y²½n1.2.

� uω ∈ Gω, K

Sω(uλω) =
λ2

2
||∇uω||2L2 +

ω

2
||uω||2L2 −

λα2

2p

∫
RN

∫
RN

|uω|p|uω|p

|x|α|x− y|µ|y|α
dxdy,

∂λSω(uλω) = λ||∇uω||2L2 −
α2

2p
λα2−1

∫
RN

∫
RN

|uω|p|uω|p

|x|α|x− y|µ|y|α
dxdy =

Q(uλω)

λ
.

dþã(J��, ∂λSω(uλω) = 0 k�")

(
2p||∇uω||2L2

α2

∫
RN
∫
RN

|uω|p|uω|p
|x|α|x−y|µ|y|α dxdy

) 1
α2−2

= 1.

AO/, d Pohožaev ð�ª��, � Q(uω) = 0 �þã�ª¤á, Ïd, ·�k ∂λSω(uλω) > 0, λ ∈ (0, 1),

∂λSω(uλω) < 0, λ ∈ (1,∞).

dþã(J��, éu?¿� λ > 0 � λ 6= 1, ·�k Sω(uλω) < Sω(uω). qdu ||uλω||L2 = ||uω||L2 ,

Kéu?¿� λ > 1, k

E(uλω) < E(uω). (4.1)

e¡, éu?¿� λn > 1, ·�-Ð� ψ0,n(x) = uλnω (x) = λ
N
2
n uω(λnx), � lim

n→∞
λn = 1. �âÚ

n2.2, ·���, 3 H1(RN ) �m¥, ψ0,n → uω. Ïd, d(4.1)ª·��±íÑ

E(ψ0,n) < E(uω),

||∇ψ0,n||L2 = λn||∇uω||L2 > ||∇uω||L2 .
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(Ü(1.9)ªÚ(1.10)ª, ·��±��

E(ψ0,n)sc ||ψ0,n||2(1−sc)L2 < ||∇uω||scL2 ||uω||2(1−sc)L2 = E(u)sc ||u||2(1−sc)L2 ,

||∇ψ0,n||scL2 ||ψ0,n||1−scL2 > ||∇uω||scL2 ||uω||1−scL2 = ||∇u||scL2 ||u||1−scL2 ,

Ù¥ u ´(1.8)�Ä�), � sc = N
2
− 2+N−2α−µ

2(p−1) .

�â½n1.1��, ± ψ0,n �Ð��) ψn 3k��mS�». Ïd, 7Å)´rØ­½�.y..
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