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Abstract

In recent years, a special class of block three-by-three saddle point systems is widely

applied to a number of physical problems. In order to evaluate the stability of actual

numerical algorithms, this paper performs the structured backward error analysis

for this type of block three-by-three saddle point system and presents an explicit

and computable formula for the structured backward error. Based on the structured

backward error, we perform numerical experiment. Numerical example shows that

the expressions are useful for testing the stability of practical algorithms.
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1. Úó

�©ïÄ
±e 3× 3¬Q:¯K�(���Ø�
A BT 0

B −E CT

0 C D



x

y

z

 =


f

g

h

 , (1.1)

Ù¥ A ∈ Rn×n Ú D ∈ Rp×p ´é¡�½Ý
, E ∈ Rm×m ´é¡��½Ý
, B ∈ Rm×n Ú
C ∈ Rp×m ´Ý/Ý
. BT �L B �=�, CT �L C �=�. é A,B,C,D,E ��å�y
�5

XÚ (1.1))��3��5. �½,�(�¯K�Cq), (���Ø�©Û�)3êâ¥Ïé��

����(�6Ä, ¦�Cq)´�(�6Ä¯K�°(), ���(�6Ä���¡�(���

Ø�. (���Ø�©Û�±£�¢S)û�¯K�·���)û�¯Kkõ�C, ¿�«ê��

{�­½5 [1, 2]. �5XÚ (1.1)�)u¯õ�ÆO�+�¥, 'XÍÜ/¢-ñóÄåÆ��Zý

N!ìmu [3], \�ÍÜ�YåÆ�§n|S�¦)�¬ýN!ìmu [4], ­½ÍÜ�YåÆ·Ü

¬�¬n�/ýN!ìmu [5]�.
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3× 3¬Q:XÚ (1.1)�±T�/©�2ÂQ:¯K, =:
A BT 0

B −E CT

0 C D




x

y

z

 =


f

g

h

 ½

A BT 0

B −E CT

0 C D




x

y

z

 =


f

g

h

 .
Cc5, �
Æö [6–10]®²é2ÂQ:XÚ?1
(���Ø�©Û, y²
�A�ê��{ä

k�r�­½5. ¦+ 3 × 3¬Q:XÚ (1.1)�±�@�´2Â� (2 × 2¬)Q:¯K, �Ï�§

äkAÏ� 3× 3¬(�, þã(���Ø�©Û¿ØUO(/L«XÚ (1.1). 3�©¥, ·�òé

3× 3¬Q:XÚ (1.1)?1(���Ø�©Û.

�
{B, r (1.1)P�

At = d.

é?¿O�) t̃ =
[
x̃T , ỹT , z̃T

]T
, ½ÂÙÃ(����Ø� η(t̃)�

η(t̃) = min
∆A,∆d

{∥∥∥∥(‖∆A‖F‖A‖F
,
‖∆d‖2
‖d‖2

)∥∥∥∥
2

: (A+ ∆A)t̃ = d+ ∆d

}
,

þ¡�ªf�±?�ÚL«� [11]

η(t̃) =
‖d−At̃‖2√

‖A‖2F‖t̃‖22 + ‖d‖22
, (1.2)

Ù¥ ‖ · ‖F Ú ‖ · ‖2©OL«Ý
� Frobenius�êÚ 2-�ê. e η(t̃)´Åì°Ý�Óþ?, KO�

) t̃�O�L§´��­½�§= t̃´����­½). I�5¿�´, XJXêÝ
 Aäk,«
AÏ�(�, g,�¦ A+ ∆A�äk� A�Ó�(�. 3ù«�¹e, g,��Ä(���Ø�.

�©(�SüXeµ

31 2!¥, Ì�0�
 KroneckerÈ§Ú�¡y²¥I�^��A�'��Ún.

31 3!¥, í�
 3 × 3¬Q:XÚ (1.1) (Ý
 C Ø6Ä)(���Ø��äN��O��

L�ª.

31 4!¥, í�
 3× 3¬Q:XÚ (1.1) ( (i) ỹ = 0, (ii) x̃ = 0, (iii) z̃ = 0)(���Ø��

äN��O��L�ª.

31 5!¥, ÏLê�¢�5y²í�Ñ�L�ªéuÿÁ¦) 3 × 3¬Q:XÚ�¢Sê�

�{­½5´k^�.

31 6!¥, é�©ó�?1
o(.

2. ý��£

�©^ Rm×n Ú SRn×n ©OL«m× n�¢Ý
�8ÜÚ n× n�¢é¡Ý
�8Ü, ^ A†

L«Ý
 A�Moore-Penrose_, � X = (xij) ∈ Rm×n, Z ∈ Rp×q. X Ú Z �m� KroneckerÈ½
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Â�(�©z [12], 14 Ù])

X ⊗ Z = (xijZ) ∈ Rmp×nq.

d©z [12]�

vec(XY Z) =
(
ZT ⊗X

)
vec(Y ) , (2.1)

(X ⊗ Z)T = XT ⊗ ZT , (2.2)

(X ⊗ Z)(C ⊗G) = (XC ⊗ ZG) , (2.3)

Ù¥ Y ∈ Rn×p, C Ú G�Ü·�ê�Ý
, vec (Y )½Â�òÝ
 Y �¤k��gæU¤���þ

�����þ.

3�!¥, ·�ò0��
Ún, ù
Únò3�e5�Ù!¥¦^.

Ún2.1 ( [8, 13]) � u ∈ RmÚ p ∈ Rn®�. ½Â

X =
{
X ∈ Rn×m : Xu = p

}
.

K, X 6= ∅��=� pu†u = p, �3d�¹e, ?¿� X ∈ X �L«�

X = pu† + Z
(
Im − uu†

)
, Z ∈ Rn×m.

Ún2.2 ( [8, 13]) � b, c ∈ Rn®�. ½Â

H =
{
H ∈ SRn×n : Hb = c

}
.

K, H 6= ∅��=� bÚ c÷v cb†b = c, �3d^�e, ?¿� H ∈ H�L«�

H = cb† +
(
b†
)T
cT
(
In − bb†

)
+
(
In − bb†

)
T
(
In − bb†

)
,

Ù¥ T ∈ SRn×n.

3. ¦)XÚ (1.1) (Ý
 C Ø6Ä)�(���Ø�¯K

- t̃ =
(
x̃T , ỹT , z̃T

)T
´XÚ (1.1)�O�), ½Â(���Ø� ηS(x̃, ỹ, z̃)�

ηS(x̃, ỹ, z̃) = min
∆A,∆B,∆E,

∆D,∆f,∆g,

∆h

∈F

∥∥∥∥∥∥∥∥

‖∆A‖F
‖A‖F

‖∆B‖F
‖B‖F

‖∆E‖F
‖E‖F

‖∆D‖F
‖D‖F

‖∆f‖2
‖f‖2

‖∆g‖2
‖g‖2

‖∆h‖2
‖h‖2 0 0


∥∥∥∥∥∥∥∥
F

,
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Ù¥

F =




∆A,∆B,∆E,

∆D,∆f,∆g,

∆h

 :


A + ∆A (B + ∆B)T 0

B + ∆B −(E + ∆E) CT

0 C D + ∆D




x̃

ỹ

z̃

 =


f + ∆f

g + ∆g

h + ∆h

 ,

∆A = ∆AT ,

∆D = ∆DT ,

∆E = ∆ET

 .

(3.1)

eO�) t̃�(���Ø�´Åì°Ý�Óþ?, KO�) t̃´��(���­½), �A�ê��

{´(���­½� (½r­½ [14] ). Ïd, �Ñ(���Ø� ηS(x̃, ỹ, z̃)��O��äNL�ª

òkÏuÿÁ¢Sê��{�­½5. �d, ?�Ú½Â η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)�

η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)

= min
∆A,∆B,∆E,

∆D,∆f,∆g,

∆h

∈F

∥∥∥∥∥∥∥∥

θ1‖∆A‖F θ2‖∆B‖F θ3‖∆E‖F
θ4‖∆D‖F λ1‖∆f‖2 λ2‖∆g‖2
λ3‖∆h‖2 0 0


∥∥∥∥∥∥∥∥
F

, (3.2)

Ù¥ θ1, θ2, θ3, θ4, λ1, λ2Ú λ3��ëê. e A 6= 0, B 6= 0, E 6= 0, D 6= 0, f 6= 0, g 6= 0Ú h 6= 0, K�

θ̃1 =
1

‖A‖F
, θ̃2 =

1

‖B‖F
, θ̃3 =

1

‖E‖F
, θ̃4 =

1

‖D‖F
, λ̃1 =

1

‖f‖2
, λ̃2 =

1

‖g‖2
, and λ̃3 =

1

‖h‖2
,

l
k

ηS(x̃, ỹ, z̃) = η(θ̃1,θ̃2,θ̃3,θ̃4,λ̃1,λ̃2,λ̃3)(x̃, ỹ, z̃). (3.3)

�
�Ñ η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)�(���Ø��²(L�ª. ·�ÄkïÄ
Ü©(�

��Ø� η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃), Ù½Â�

η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃) = min
(∆A,∆B,∆E,∆D)∈F0

∥∥∥∥∥
[
θ1‖∆A‖F θ2‖∆B‖F
θ3‖∆E‖F θ4‖∆D‖F

]∥∥∥∥∥
F

, (3.4)

Ù¥

F0 =


(

∆A,∆B,

∆E,∆D

)
:

 A + ∆A (B + ∆B)T 0

B + ∆B −(E + ∆E) CT

0 C D + ∆D


 x̃

ỹ

z̃

 =

 f

g

h

 , ∆A = ∆AT ,

∆D = ∆DT ,

∆E = ∆ET

 .

(3.5)

e¡�Ñ η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)�²(L�ª.

½n 3.1 b� (x̃T , ỹT , z̃T )T ÷v x̃ 6= 0, ỹ 6= 0Ú z̃ 6= 0�XÚ (1.1)���O�). K

[
η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)

]2
=

2θ2
1θ

2
2

γ1

‖rf‖22 +
2θ2

2θ
2
3

γ2

‖rg‖22 +
2θ2

4

‖z̃‖22
‖rh‖22 +

θ2
1γ4

γ1γ3

(
rTf x̃

)2
+
θ2

3γ5

γ2γ3

(
rTg ỹ

)2 − θ2
4

‖z̃‖42

(
rTh z̃

)2
+

2θ2
1θ

2
3

γ3

(
rTf x̃

) (
rTg ỹ

)
,

(3.6)

DOI: 10.12677/pm.2023.135155 1532 nØêÆ

https://doi.org/10.12677/pm.2023.135155


0Wå

Ù¥

rf = f −Ax̃−BT ỹ, rg = −g +Bx̃− Eỹ + CT z̃, rh = h− Cỹ −Dz̃,

γ1 = θ2
2‖x̃‖22 + 2θ2

1‖ỹ‖22, γ2 = 2θ2
3‖x̃‖22 + θ2

2‖ỹ‖22, γ3 = θ2
3‖x̃‖42 + θ2

2‖x̃‖22‖ỹ‖22 + θ2
1‖ỹ‖42,

γ4 = 2θ2
1θ

2
3‖ỹ‖22 − θ2

2θ
2
3‖x̃‖22 − θ4

2‖ỹ‖22, γ5 = 2θ2
1θ

2
3‖x̃‖22 − θ2

1θ
2
2‖ỹ‖22 − θ4

2‖x̃‖22.

y² d (3.5)�, (∆A,∆B,∆E,∆D) ∈ F0��=�∆A,∆B,∆E Ú ∆D÷v

∆Ax̃ = rf−∆BT ỹ, ∆Eỹ = rg+∆Bx̃, ∆Dz̃ = rh, ∆A = ∆AT , ∆D = ∆DT , ∆E = ∆ET . (3.7)

òÚn 2.2A^u (3.7), ��

∆A =
(
rf −∆BT ỹ

)
x̃† +

(
x̃†
)T (

rf −∆BT ỹ
)T (

In − x̃x̃†
)

+
(
In − x̃x̃†

)
T1

(
In − x̃x̃†

)
, (3.8)

Ù¥ T1 ∈ SRn×n.

∆E = (rg + ∆Bx̃) ỹ† +
(
ỹ†
)T

(rg + ∆Bx̃)
T (
Im − ỹỹ†

)
+
(
Im − ỹỹ†

)
T2

(
Im − ỹỹ†

)
, (3.9)

Ù¥ T2 ∈ SRm×m.

∆D = rhz̃
† +

(
z̃†
)T
rTh
(
Ip − z̃z̃†

)
+
(
Ip − z̃z̃†

)
T3

(
Ip − z̃z̃†

)
, (3.10)

Ù¥ T3 ∈ SRp×p.

é (3.8), (3.9)Ú (3.10)��Òü>Ó�� Frobenius �ê, ��

‖∆A‖2F =

∥∥rf −∆BT ỹ
∥∥2

2

‖x̃‖22
+
∥∥(In − x̃x̃†)T1

(
In − x̃x̃†

)∥∥2

F
+

∥∥(In − x̃x̃†) (rf −∆BT ỹ
)∥∥2

2

‖x̃‖22

=
2
∥∥rf −∆BT ỹ

∥∥2

2

‖x̃‖22
−
(
rTf x̃− ỹT∆Bx̃

)2
‖x̃‖42

+
∥∥(In − x̃x̃†)T1

(
In − x̃x̃†

)∥∥2

F
,

(3.11)

‖∆E‖2F =
‖rg + ∆Bx̃‖22
‖ỹ‖22

+
∥∥(Im − ỹỹ†)T2

(
Im − ỹỹ†

)∥∥2

F
+

∥∥(Im − ỹỹ†) (rg + ∆Bx̃)
∥∥2

2

‖ỹ‖22

=
2 ‖rg + ∆Bx̃‖22

‖ỹ‖22
−
(
rTg ỹ + ỹT∆Bx̃

)2
‖ỹ‖42

+
∥∥(Im − ỹỹ†)T2

(
Im − ỹỹ†

)∥∥2

F
,

(3.12)

Ú

‖∆D‖2F =
‖rh‖22
‖z̃‖22

+
∥∥(Ip − z̃z̃†)T3

(
Ip − z̃z̃†

)∥∥2

F
+

∥∥(Ip − z̃z̃†) rh∥∥2

2

‖z̃‖22

=
2 ‖rh‖22
‖z̃‖22

−
(
rTh z̃

)2
‖z̃‖42

+
∥∥(Ip − z̃z̃†)T3

(
Ip − z̃z̃†

)∥∥2

F
,

(3.13)

�â η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)�½Â (3.4), ±9L�ª (3.11), (3.12)Ú (3.13)�±�Ñ
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[
η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)

]2
= min

∆B∈Rm×n,T1∈SRn×n

T2∈SRm×m,T3∈SRp×p

{
θ2

1 ‖∆A‖
2
F + θ2

2 ‖∆B‖
2
F + θ2

3 ‖∆E‖
2
F + θ2

4 ‖∆D‖
2
F

}

=
2θ2

4 ‖rh‖
2
2

‖z̃‖22
−
θ2

4

(
rTh z̃

)2
‖z̃‖42

+ min
∆B∈Rm×n

p (∆B),

(3.14)

Ù¥

p(∆B) =
2θ2

1

∥∥rf −∆BT ỹ
∥∥2

2

‖x̃‖22
−
θ2

1

(
rTf x̃− ỹT∆Bx̃

)2
‖x̃‖42

+
2θ2

3 ‖rg + ∆Bx̃‖22
‖ỹ‖22

−
θ2

3

(
rTg ỹ + ỹT∆Bx̃

)2
‖ỹ‖42

+ θ2
2‖∆B‖2F

=
2θ2

1 ‖rf‖
2

2

‖x̃‖22
+

2θ2
3 ‖rg‖

2

2

‖ỹ‖22
−
θ2

1

(
rTf x

)2
‖x̃‖42

−
θ2

3

(
rTg ỹ

)2
‖ỹ‖42

+
2θ2

1

(
rTf x̃

) (
ỹT∆Bx̃

)
‖x̃‖42

−
2θ2

3

(
rTg ỹ

) (
ỹT∆Bx̃

)
‖ỹ‖42

−
(θ2

1‖ỹ‖42 + θ2
3‖x̃‖42)

(
ỹT∆Bx̃

)2
‖x̃‖42‖ỹ‖42

−
4θ2

1

(
ỹT∆Brf

)
‖x̃‖22

+
4θ2

3

(
rTg ∆Bx̃

)
‖ỹ‖22

+
2θ2

1‖ỹT∆B‖22
‖x̃‖22

+
2θ2

3‖∆Bx̃‖22
‖ỹ‖22

+ θ2
2‖∆B‖2F .

P t = vec(∆B) ∈ Rnm, |^ KroneckerÈ�5� (2.1)Ú (2.2), þ¡�ªf�±?�Úz�

p(∆B)

=
2θ2

1 ‖rf‖
2

2

‖x̃‖22
+

2θ2
3 ‖rg‖

2

2

‖ỹ‖22
−
θ2

1

(
rTf x

)2
‖x̃‖42

−
θ2

3

(
rTg ỹ

)2
‖ỹ‖42

+ θ2
2t
T Inmt+

2θ2
1

(
rTf x̃

) (
x̃T ⊗ ỹT

)
t

‖x̃‖42

−
2θ2

3

(
rTg ỹ

) (
x̃T ⊗ ỹT

)
t

‖ỹ‖42
−

(θ2
3‖x̃‖42 + θ2

1‖ỹ‖42) tT (x̃⊗ ỹ)
(
x̃T ⊗ ỹT

)
t

‖x̃‖42‖ỹ‖42
−

4θ2
1

(
rTf ⊗ ỹT

)
t

‖x̃‖22

+
2θ2

1t
T (In ⊗ ỹ)

(
In ⊗ ỹT

)
t

‖x̃‖22
+

4θ2
3

(
x̃T ⊗ rTg

)
t

‖ỹ‖22
+

2θ2
3t
T (x̃⊗ Im)

(
x̃T ⊗ Im

)
t

‖ỹ‖22

òþ¡��ª�\� (3.14)¥, ¿­E¦^ (2.2), �±��

[
η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)

]2
=

2θ2
1 ‖rf‖

2

2

‖x̃‖22
+

2θ2
3 ‖rg‖

2

2

‖ỹ‖22
+

2θ2
4 ‖rh‖

2
2

‖z̃‖22
−
θ2

1

(
rTf x

)2
‖x̃‖42

−
θ2

3

(
rTg ỹ

)2
‖ỹ‖42

−
θ2

4

(
rTh z̃

)2
‖z̃‖42

+ min
t∈Rnm

H(t),

ùp H(t) = tTKt− 2kT t, Ù¥

K =θ2
2Inm +

2θ2
1 (In ⊗ ỹ)

(
In ⊗ ỹT

)
‖x̃‖22

+
2θ2

3 (x̃⊗ Im)
(
x̃T ⊗ Im

)
‖ỹ‖22

−
(θ2

1‖ỹ‖42 + θ2
3‖x̃‖42) (x̃⊗ ỹ)

(
x̃T ⊗ ỹT

)
‖x̃‖42‖ỹ‖42

,
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Ú

k =
2θ2

1 (rf ⊗ ỹ)

‖x̃‖22
− 2θ2

3 (x̃⊗ rg)
‖ỹ‖22

−

(
θ2

1

(
rTf x̃

)
‖x̃‖42

−
θ2

3

(
rTg ỹ

)
‖ỹ‖42

)
(x̃⊗ ỹ),

|^(2.3), ¿5¿�
(
In − x̃x̃†

)2
=
(
In − x̃x̃†

)
,
(
Im − ỹỹ†

)2
=
(
Im − ỹỹ†

)
Ú x̃† = x̃T/‖x̃‖22, ỹ† =

ỹT/‖ỹ‖22, �±�Ñ

K =θ2
2Inm +

θ2
1 (In ⊗ ỹ)

(
In ⊗ ỹT

)
‖x̃‖22

+
θ2

3 (x̃⊗ Im)
(
x̃T ⊗ Im

)
‖ỹ‖22

+
θ2

1

[(
In − x̃x̃†

)
⊗ ỹ
] [(

In − x̃x̃†
)
⊗ ỹT

]
‖x̃‖22

+
θ2

3

[
x̃⊗

(
Im − ỹỹ†

)] [
x̃T ⊗

(
Im − ỹỹ†

)]
‖ỹ‖22

.

²w/, K ´��é¡�½Ý
. l
� t = K−1k�, H(t)U�����. �A�,

[
η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)

]2
=

2θ2
1 ‖rf‖

2

2

‖x̃‖22
+

2θ2
3 ‖rg‖

2

2

‖ỹ‖22
+

2θ2
4 ‖rh‖

2
2

‖z̃‖22
−
θ2

1

(
rTf x

)2
‖x̃‖42

−
θ2

3

(
rTg ỹ

)2
‖ỹ‖42

−
θ2

4

(
rTh z̃

)2
‖z̃‖42

− kTK−1k.

(3.15)

õg|^ Sherman-Morrison-Woodburyúª(�©z [15]), ²L�
Ð�O���

K−1 =
1

θ2
2

Inm −
2θ2

1

(
In ⊗ ỹỹT

)
θ2

2 (θ2
2‖x̃‖22 + 2θ2

1‖ỹ‖22)
−

2θ2
3

(
x̃x̃T ⊗ Im

)
θ2

2 (2θ2
3‖x̃‖22 + θ2

2‖ỹ‖22)
+

ω
(
x̃x̃T ⊗ ỹỹT

)
θ2

2 (2θ2
3‖x̃‖22 + θ2

2‖ỹ‖22)

Ù¥

ω =
(θ4

2θ
2
3 + 4θ2

1θ
4
3) ‖x̃‖42 + 8θ2

1θ
2
2θ

2
3‖x̃‖22‖ỹ‖22 + (4θ4

1θ
2
3 + θ2

1θ
4
2) ‖ỹ‖42

(θ2
2‖x̃‖22 + 2θ2

1‖ỹ‖22) (θ2
3‖x̃‖42 + θ2

2‖x̃‖22‖ỹ‖22 + θ2
1‖ỹ‖42)

.

²L�
�¡�O�, �±�Ñ

kTK−1k =
4θ4

1‖ỹ‖22
‖x̃‖22γ1

‖rf‖22 +
4θ4

3‖x̃‖22
‖ỹ‖22γ2

‖rg‖22 −
θ4

1‖ỹ‖22γ6

‖x̃‖42γ1γ3

(
rTf x̃

)2
− θ4

3‖x̃‖22γ7

‖ỹ‖42γ2γ3

(
rTg ỹ

)2 − 2θ2
1θ

2
3

γ3

(
rTf x̃

) (
rTg ỹ

)
,

Ù¥

γ6 = 4θ2
3‖x̃‖42 + 3θ2

2‖x̃‖22‖ỹ‖22 + 2θ2
1‖ỹ‖42, γ7 = 2θ2

3‖x̃‖42 + 3θ2
2‖x̃‖22‖ỹ‖22 + 4θ2

1‖ỹ‖42 .

Ù¥ γ1, γ2Ú γ33½n 3.1�c¡Ü©½ÂL, òþª�\� (3.15)¥, íÑ (3.6). y²�..

e¡, |^½n 3.1¥Ü©(���Ø� η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)�L�ªíÑ(���Ø�

η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)�äNL�ª.

½n 3.2 b� (x̃T , ỹT , z̃T )T ÷v x̃ 6= 0, ỹ 6= 0Ú z̃ 6= 0�XÚ (1.1)���O�). �

η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)�½Âd (3.1)Ú (3.2)�Ñ. K
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[
η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)

]2
=

2θ2
1θ

2
2 (µ1 − 2θ2

1θ
2
2)

γ1µ1

‖rf‖22 +
2θ2

2θ
2
3 (µ2 − 2θ2

2θ
2
3)

γ2µ2

‖rg‖22 +
2θ2

4 (µ3 − 2θ2
4)

‖z̃‖22µ3

‖rh‖22

+
(
rTf x̃

)2
k1 +

(
rTg ỹ

)2
k2 +

(
rTh z̃

)2
k3 +

(
rTf x̃

) (
rTg ỹ

)
k4,

(3.16)

Ù¥

µ1 = γ1λ
2
1 + 2θ2

1θ
2
2, µ2 = γ2λ

2
2 + 2θ2

2θ
2
3, µ3 = ‖z̃‖22λ2

3 + 2θ2
4, µ4 = θ2

1‖x̃‖22γ4 + γ1γ3λ
2
1 + 2θ2

1θ
2
2γ3,

µ5 = θ2
1θ

2
3‖x̃‖22γ4γ5 + θ2

3γ1γ3γ5λ
2
1 + 2θ2

1θ
2
2θ

2
3γ3γ5 − θ4

1θ
4
3‖x̃‖22γ1γ2, µ6 = ‖z̃‖22λ2

3 + θ2
4,

Ú

Ω1 = γ3µ2µ4 + ‖ỹ‖22µ5, Ω2 = θ2
1θ

4
3‖ỹ‖22γ1γ2γ3µ1 − γ3γ4µ2µ4 − ‖ỹ‖22γ4µ5,

Ú

k1 =
θ2

1γ4 (γ3µ1µ4Ω1 − 4θ4
1θ

2
2‖x̃‖22γ3Ω2 − θ2

1‖x̃‖22γ4µ4Ω1 − θ4
1‖x̃‖42γ4Ω2)

γ1γ2
3µ1µ4Ω1

− θ4
1θ

4
3‖ỹ‖22γ2 (Ω1 − ‖ỹ‖22µ5 − 4θ2

1θ
2
2γ

2
3µ2)

γ2
3µ2Ω1

− 2θ4
1 (2θ2

2γ4µ4Ω1 + 2θ2
1θ

4
2γ3Ω2 − θ2

1θ
4
3‖x̃‖22‖ỹ‖22γ1γ2γ4µ1µ4)

γ1γ3µ1µ4Ω1

,

k2 =
θ2

3γ5 (γ3µ2Ω1 − θ2
3‖ỹ‖22γ5Ω1 + 4θ2

2θ
2
3‖ỹ‖22γ3µ5 + θ2

3‖ỹ‖42γ5µ5)

γ2γ2
3µ2Ω1

− θ4
1θ

4
3‖x̃‖22γ1 (µ4Ω1 + θ2

1‖x̃‖22Ω2 − 4θ2
2θ

2
3γ

2
3µ1µ4)

γ2
3µ1µ4Ω1

− 2θ4
3 (2θ2

2γ5Ω1 − θ4
1θ

2
3‖x̃‖22‖ỹ‖22γ1γ2γ5µ2 − 2θ4

2γ3µ5)

γ2γ3µ2Ω1

,

k3 =
θ2

4 (3θ2
4µ6 − µ3µ6 − θ4

4)

‖z̃‖42µ3µ6

,

k4 =
2θ2

1θ
2
3 (Ω1 + θ2

1θ
2
3‖x̃‖22‖ỹ‖22γ4γ5 + θ4

1θ
4
3‖x̃‖22‖ỹ‖22γ1γ2)

γ3Ω1

− 2θ4
1θ

2
3‖x̃‖22 (γ4µ4Ω1 + θ2

1‖x̃‖22γ4Ω2 + 2θ2
1θ

2
2γ3Ω2 − 2θ2

2θ
2
3γ

2
3γ4µ1µ4)

γ2
3µ1µ4Ω1

− 2θ2
1θ

4
3‖ỹ‖22 (γ5Ω1 − 2θ2

1θ
2
2γ

2
3γ5µ2 − 2θ2

2γ3µ5 − ‖ỹ‖22γ5µ5)

γ2
3µ2Ω1

− 4θ2
1θ

2
2θ

2
3 (θ2

1µ2Ω1 − 2θ2
1θ

2
2θ

2
3γ3µ1µ2 + θ2

3µ1Ω1)

γ3µ1µ2Ω1

.

y² �â η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)�½Â (3.2)ÚÜ©(���Ø� η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)�

L�ª (3.6), �±íÑ
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[
η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)

]2
= min

∆f∈Rn,∆g∈Rm,∆h∈Rp
X (∆f,∆g,∆h),

Ù¥

X (∆f,∆g,∆h)

=λ2
1‖∆f‖22 + λ2

2 ‖∆g‖
2
2 + λ2

3‖∆h‖22 +
2θ2

1θ
2
2

γ1

‖rf + ∆f‖22 +
2θ2

2θ
2
3

γ2

‖rg + ∆g‖22

+
2θ2

4

‖z̃‖22
‖rh + ∆h‖22 +

θ2
1γ4

γ1γ3

[
(rf + ∆f)

T
x̃
]2

+
θ2

3γ5

γ2γ3

[
(rg + ∆g)

T
ỹ
]2

− θ2
4

‖z̃‖42

[
(rh + ∆h)

T
z̃
]2

+
2θ2

1θ
2
3

γ3

[
(rf + ∆f)

T
x̃
] [

(rg + ∆g)
T
ỹ
]
.

²L�
Ä��O�, �±�Ñ

X (∆f,∆g,∆h) =
[
η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)

]2
+


∆f

∆g

∆h


T

Φ


∆f

∆g

∆h

+ 2


∆f

∆g

∆h


T

q,

�

Φ =


γ1λ

2
1+2θ21θ

2
2

γ1
In + θ21γ4x̃x̃

T

γ1γ3

θ21θ
2
3 x̃ỹ

T

γ3
0

θ21θ
2
3 ỹx̃

T

γ3

γ2λ
2
2+2θ22θ

2
3

γ2
Im + θ23γ5ỹỹ

T

γ2γ3
0

0 0 ‖z̃‖22λ
2
3+2θ24
‖z̃‖22

Ip − θ24 z̃z̃
T

‖z̃‖42

 ,
Ú

q =



2θ2
1θ

2
2

γ1

rf +
θ2

1γ4

(
rTf x̃

)
γ1γ3

x̃+
θ2

1θ
2
3

(
rTg ỹ

)
γ3

x̃

2θ2
2θ

2
3

γ2

rg +
θ2

3γ5

(
rTg ỹ

)
γ2γ3

ỹ +
θ2

1θ
2
3

(
rTf x̃

)
γ3

ỹ

2θ2
4

‖z̃‖22
rh −

θ2
4

(
rTh z̃

)
‖z̃‖42

z̃


.

ÏL�¡�O�, éu?¿�"�þ s =
(
aT , bT , cT

)T
, Ù¥ a ∈ Rn, b ∈ Rm, Ú c ∈ Rp, ��

sTΦs =
γ1λ

2
1 + 2θ2

1θ
2
2

γ1

aTa+
θ2

1γ4

γ1γ3

aT x̃x̃Ta+
γ2λ

2
2 + 2θ2

2θ
2
3

γ2

bT b+
θ2

3γ5

γ2γ3

bT ỹỹT b

+
‖z̃‖22λ2

3 + 2θ2
4

‖z̃‖22
cT c− θ2

4

‖z̃‖42
cT z̃z̃T c+

2θ2
1θ

2
3

γ3

aT x̃ỹT b

=λ2
1a
Ta+ λ2

2b
T b+

‖z̃‖22λ2
3 + θ2

4

‖z̃‖22
cT c+

θ2
1θ

2
2‖ỹ‖22

γ3‖x̃‖22
aT x̃x̃Ta+

θ2
2θ

2
3‖x̃‖22

γ3‖ỹ‖22
bT ỹỹT b

+
θ2

1θ
2
3

γ3

(
aT x̃+ bT ỹ

)2
+

2θ2
1θ

2
2

γ1‖x̃‖22
aT
(
‖x̃‖22In − x̃x̃T

)
a

+
2θ2

2θ
2
3

γ2‖ỹ‖22
bT
(
‖ỹ‖22Im − ỹỹT

)
b+

θ2
4

‖z̃‖42
cT
(
‖z̃‖22Ip − z̃z̃T

)
c

>0,

ùL² Φ´��é¡�½Ý
. Ïd, X (∆f,∆g,∆h)����:�
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(
∆fT ,∆gT ,∆hT

)T
= −Φ−1q.

�A�, [
η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)

]2
=
[
η(θ1,θ2,θ3,θ4)(x̃, ỹ, z̃)

]2 − qTΦ−1q. (3.17)

-

Φ−1 =

 Ψ11 Ψ12 0

ΨT
12 Ψ22 0

0 0 Ψ33

 , Ψ11 ∈ Rn×n, Ψ22 ∈ Rm×m, Ψ33 ∈ Rp×p.

²L�X�Ð�1C�§k

Ψ11 =
γ1

µ1

In +
θ2

1γ1Ω2

µ1µ4Ω1

x̃x̃T , Ψ12 = −θ
2
1θ

2
3γ1γ2γ3

Ω1

x̃ỹT ,

Ψ22 =
γ2

µ2

Im −
r2µ5

µ2Ω1

ỹỹT , Ψ33 =
‖z̃‖22
µ3

Ip +
θ2

4

µ3µ6

z̃z̃T .

²L�X��¡�Ð?�êO�, �±��

qTΦ−1q =
4θ4

1θ
4
2 ‖rf‖

2

2

γ1µ1

+
4θ4

2θ
4
3 ‖rg‖

2

2

γ2µ2

+
4θ4

4 ‖rh‖
2
2

‖z̃‖22µ3

+
(
rTf x̃

)2
l1 +

(
rTg ỹ

)2
l2 +

(
rTh z̃

)2
l3 +

(
rTf x̃

) (
rTg ỹ

)
l4,

(3.18)

ùp

l1 =
θ4

1‖x̃‖22γ4 (4θ2
1θ

2
2γ3Ω2 + γ4µ4Ω1 + θ2

1‖x̃‖22γ4Ω2)

γ1γ2
3µ1µ4Ω1

+
θ4

1θ
4
3‖ỹ‖22γ2 (Ω1 − ‖ỹ‖22µ5 − 4θ2

1θ
2
2γ

2
3µ2)

γ2
3µ2Ω1

+
2θ4

1 (2θ2
2γ4µ4Ω1 + 2θ2

1θ
4
2γ3Ω2 − θ2

1θ
4
3‖x̃‖22‖ỹ‖22γ1γ2γ4µ1µ4)

γ1γ3µ1µ4Ω1

,

l2 =
θ4

1θ
4
3‖x̃‖22γ1 (µ4Ω1 + θ2

1‖x̃‖22Ω2 − 4θ2
2θ

2
3γ

2
3µ1µ4)

γ2
3µ1µ4Ω1

+
θ4

3‖ỹ‖22γ5 (γ5Ω1 − 4θ2
2γ3µ5 − ‖ỹ‖22γ5µ5)

γ2γ2
3µ2Ω1

+
2θ4

3 (2θ2
2γ5Ω1 − θ4

1θ
2
3‖x̃‖22‖ỹ‖22γ1γ2γ5µ2 − 2θ4

2γ3µ5)

γ2γ3µ2Ω1

,

l3 =
θ4

4 (θ2
4 − 3µ6)

‖z̃‖42µ3µ6

,

l4 =
2θ4

1θ
2
3‖x̃‖22 (γ4µ4Ω1 + θ2

1‖x̃‖22γ4Ω2 + 2θ2
1θ

2
2γ3Ω2 − 2θ2

2θ
2
3γ

2
3γ4µ1µ4)

γ2
3µ1µ4Ω1

+
2θ2

1θ
4
3‖ỹ‖22 (γ5Ω1 − 2θ2

1θ
2
2γ

2
3γ5µ2 − 2θ2

2γ3µ5 − ‖ỹ‖22γ5µ5)

γ2
3µ2Ω1

− 2θ4
1θ

4
3‖x̃‖22‖ỹ‖22 (γ4γ5 + θ2

1θ
2
3γ1γ2)

γ3Ω1

+
4θ2

1θ
2
2θ

2
3 (θ2

1µ2Ω1 − 2θ2
1θ

2
2θ

2
3γ3µ1µ2 + θ2

3µ1Ω1)

γ3µ1µ2Ω1

.
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Ù¥ γ1, γ2, γ3, γ4 Ú γ5 3½n 3.1�c¡Ü©½ÂL, µ1, µ2, µ3, µ4, µ5, µ6,Ω1 Ú Ω2 3½n 3.2�

c¡Ü©½ÂL, ��ò (3.18)Ú (3.6)�\ (3.17)¥��Ï"�L�ª (3.16).

(���Ø� η(θ1,θ2,θ3,θ4,λ1,λ2,λ3)(x̃, ỹ, z̃)�L�ª (3.16)�,wå5éE,, �´lO���

Ý5w, L�ª (3.16)´N´O��, Ï�§��9\!~!¦!Øù�Ä��$�.

4. ¦)XÚ (1.1) (ỹ = 0, x̃ 6= 0Ú z̃ 6= 0)�(���Ø�¯K

- t̃1 =
(
x̃T , 0, z̃T

)T
´XÚ (1.1)�O�), ½Â(���Ø� ηS1

(x̃, 0, z̃)�

ηS1
(x̃, 0, z̃) = min

∆A,∆B,∆C,

∆D,∆f,∆g,

∆h

∈F1

∥∥∥∥∥∥∥∥

‖∆A‖F
‖A‖F

‖∆B‖F
‖B‖F

‖∆C‖F
‖C‖F

‖∆D‖F
‖D‖F

‖∆f‖2
‖f‖2

‖∆g‖2
‖g‖2

‖∆h‖2
‖h‖2 0 0


∥∥∥∥∥∥∥∥
F

,

Ù¥

F1 =




∆A,∆B,∆C,

∆D,∆f,∆g,

∆h

 :


A + ∆A (B + ∆B)T 0

B + ∆B −(E + ∆E) (C + ∆C)T

0 C + ∆C D + ∆D




x̃

0

z̃

 =


f + ∆f

g + ∆g

h + ∆h

 ,
∆A = ∆AT ,

∆D = ∆DT

 .

(4.1)

eO�) t̃1 �(���Ø�´Åì°Ý�Óþ?, KO�) t̃1 ´��(���­½), �A�ê

��{´(���­½� (½r­½ [14] ). Ïd, �Ñ(���Ø� ηS1
(x̃, 0, z̃)��O��äNL

�ªòkÏuÿÁ¢Sê��{�­½5. �d, ?�Ú½Â η
(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
1 (x̃, 0, z̃)�

η
(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
1 (x̃, 0, z̃)

= min
∆A,∆B,∆C,

∆D,∆f,∆g,

∆h

∈F1

∥∥∥∥∥∥∥∥

θ1‖∆A‖F θ2‖∆B‖F θ3‖∆C‖F
θ4‖∆D‖F λ1‖∆f‖2 λ2‖∆g‖2
λ3‖∆h‖2 0 0


∥∥∥∥∥∥∥∥
F

, (4.2)

Ù¥ θ1, θ2, θ3, θ4, λ1, λ2Ú λ3��ëê. l
k

ηS1
(x̃, 0, z̃) = η

(θ̃1,θ̃2,θ̃3,θ̃4,λ̃1,λ̃2,λ̃3)
1 (x̃, 0, z̃). (4.3)

�
�Ñ η
(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
1 (x̃, 0, z̃)�(���Ø��²(L�ª. ·�ÄkïÄ
Ü©(�

��Ø� η
(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃), Ù½Â�

η
(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃) = min

(∆A,∆B,∆C,∆D)∈F0
1

∥∥∥∥∥
[
θ1‖∆A‖F θ2‖∆B‖F
θ3‖∆C‖F θ4‖∆D‖F

]∥∥∥∥∥
F

, (4.4)
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Ù¥

F0
1 =


(

∆A,∆B,

∆C,∆D

)
:

 A + ∆A (B + ∆B)T 0

B + ∆B −(E + ∆E) (C + ∆C)T

0 C + ∆C D + ∆D


 x̃

0

z̃

 =

 f

g

h

 , ∆A = ∆AT ,

∆D = ∆DT

 .

(4.5)

e¡�Ñ η
(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃)�²(L�ª.

½n 4.1 b� (x̃T , 0, z̃T )T ÷v x̃ 6= 0Ú z̃ 6= 0�XÚ (1.1)���O�). K

[
η

(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃)

]2

=
2θ2

1

‖x̃‖22
‖rf‖22 +

θ2
2θ

2
3

γ1

‖rg‖22 +
2θ2

4

‖z̃‖22
‖rh‖22 −

θ2
1

‖x̃‖42

(
rTf x̃

)2 − θ2
4

‖z̃‖42

(
rTh z̃

)2
,

(4.6)

Ù¥

rf = f −Ax̃, rg = g −Bx̃− CT z̃, rh = h−Dz̃, γ1 = θ2
3‖x̃‖22 + θ2

2‖z̃‖22.

y² d (4.5)�, (∆A,∆B,∆C,∆D) ∈ F0
1 ��=� ∆A,∆B,∆C Ú∆D÷v

∆Ax̃ = rf , ∆Bx̃ = rg −∆CT z̃, ∆Dz̃ = rh, ∆A = ∆AT , ∆D = ∆DT . (4.7)

òÚn 2.1A^u (4.7)�1���ª, ��

∆B =
(
rg −∆CT z̃

)
x̃† + Z

(
In − x̃x̃†

)
, Z ∈ Rm×n (4.8)

òÚn 2.2A^u (4.7)�1�!n��ª, ��

∆A = rf x̃
† +

(
x̃†
)T
rTf
(
In − x̃x̃†

)
+
(
In − x̃x̃†

)
T1

(
In − x̃x̃†

)
, T1 ∈ SRn×n (4.9)

∆D = rhz̃
† +

(
z̃†
)T
rTh
(
Ip − z̃z̃†

)
+
(
Ip − z̃z̃†

)
T2

(
Ip − z̃z̃†

)
, T2 ∈ SRp×p. (4.10)

é (4.8), (4.9)Ú (4.10)��Òü>Ó�� Frobenius �ê, ��

‖∆A‖2F =
‖rf‖22
‖x̃‖22

+
∥∥(In − x̃x̃†)T1

(
In − x̃x̃†

)∥∥2

F
+

∥∥(In − x̃x̃†) rf∥∥2

2

‖x̃‖22

=
2 ‖rf‖22
‖x̃‖22

−
(
rTf x̃

)2
‖x̃‖42

+
∥∥(In − x̃x̃†)T1

(
In − x̃x̃†

)∥∥2

F
,

(4.11)

‖∆B‖2F =

∥∥rg −∆CT z̃
∥∥2

2

‖x̃‖22
+
∥∥Z (In − x̃x̃†)∥∥2

F
, (4.12)

Ú

‖∆D‖2F =
‖rh‖22
‖z̃‖22

+
∥∥(Ip − z̃z̃†)T2

(
Ip − z̃z̃†

)∥∥2

F
+

∥∥(Ip − z̃z̃†) rh∥∥2

2

‖z̃‖22

=
2 ‖rh‖22
‖z̃‖22

−
(
rTh z̃

)2
‖z̃‖42

+
∥∥(Ip − z̃z̃†)T2

(
Ip − z̃z̃†

)∥∥2

F
,

(4.13)
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�â η
(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃)�½Â (4.4), ±9L�ª (4.11), (4.12)Ú (4.13)�±�Ñ

[
η

(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃)

]2

= min
∆C∈Rp×m,Z∈Rm×n

T1∈SRn×n,T2∈SRp×p

{
θ2

1 ‖∆A‖
2
F + θ2

2 ‖∆B‖
2
F + θ2

3 ‖∆C‖
2
F + θ2

4 ‖∆D‖
2
F

}

=
2θ2

1 ‖rf‖
2

2

‖x̃‖22
+

2θ2
4 ‖rh‖

2
2

‖z̃‖22
−
θ2

1

(
rTf x̃

)2
‖x̃‖42

−
θ2

4

(
rTh z̃

)2
‖z̃‖42

+ min
∆C∈Rp×m

p (∆C),

(4.14)

Ù¥

p(∆C) =
θ2

2

∥∥rg −∆CT z̃
∥∥2

2

‖x̃‖22
+ θ2

3‖∆C‖2F

=
θ2

2 ‖rg‖
2

2

‖x̃‖22
−

2θ2
2

(
z̃T∆Crg

)
‖x̃‖22

+
θ2

2‖z̃T∆C‖22
‖x̃‖22

+ θ2
3‖∆C‖2F .

P t1 = vec(∆C) ∈ Rmp, |^ KroneckerÈ�5� (2.1)Ú (2.2), þ¡�ªf�±?�Úz�

p(∆C) =
θ2

2 ‖rg‖
2

2

‖x̃‖22
+ θ2

3t
T
1 Impt1 −

2θ2
2

(
rTg ⊗ z̃T

)
t1

‖x̃‖22
+
θ2

2t
T
1 (Im ⊗ z̃)

(
Im ⊗ z̃T

)
t1

‖x̃‖22

òþ¡��ª�\� (4.14)¥, ¿­E¦^ (2.2), �±��

[
η

(θ1,θ2,θ3,θ4)
1 (x̃, ỹ, z̃)

]2

=
2θ2

1 ‖rf‖
2

2

‖x̃‖22
+
θ2

2 ‖rg‖
2

2

‖x̃‖22
+

2θ2
4 ‖rh‖

2
2

‖z̃‖22
−
θ2

1

(
rTf x̃

)2
‖x̃‖42

−
θ2

4

(
rTh z̃

)2
‖z̃‖42

+ min
t1∈Rmp

H(t1),

ùp H(t1) = tT1 K1t1 − 2kT1 t1, Ù¥

K1 = θ2
3Imp +

θ2
2 (Im ⊗ z̃)

(
Im ⊗ z̃T

)
‖x̃‖22

, k1 =
θ2

2 (rg ⊗ z̃)
‖x̃‖22

,

w,K1´��é¡�½Ý
. l
� t1 = K−1
1 k1�, H(t1)U�����. �A�,

[
η

(θ1,θ2,θ3,θ4)
1 (x̃, ỹ, z̃)

]2

=
2θ2

1 ‖rf‖
2

2

‖x̃‖22
+
θ2

2 ‖rg‖
2

2

‖x̃‖22
+

2θ2
4 ‖rh‖

2
2

‖z̃‖22
−
θ2

1

(
rTf x̃

)2
‖x̃‖42

−
θ2

4

(
rTh z̃

)2
‖z̃‖42

− kT1 K−1
1 k1.

(4.15)

|^ Sherman-Morrison-Woodburyúª(�©z [15]), ��

K−1
1 =

1

θ2
3

Imp −
θ2

2

(
Im ⊗ z̃z̃T

)
θ2

3 (θ2
3‖x̃‖22 + θ2

2‖z̃‖22)

²L�
Ð�O�, �±�Ñ

kT1 K
−1
1 k1 =

θ4
2‖z̃‖22
‖x̃‖22γ1

‖rg‖22 ,

Ù¥ γ1 = θ2
3‖x̃‖22 + θ2

2‖z̃‖22. òþª�\� (4.15)¥, íÑ (4.6). y²�..
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e¡, |^½n 4.1¥Ü©(���Ø� η
(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃)�L�ªíÑ(���Ø�

η
(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
1 (x̃, 0, z̃)�äNL�ª.

½n 4.2 b� (x̃T , 0, z̃T )T ÷v x̃ 6= 0Ú z̃ 6= 0�XÚ (1.1)���O�). �

η
(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
1 (x̃, 0, z̃)�½Âd (4.1)Ú (4.2)�Ñ. K

[
η

(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
1 (x̃, 0, z̃)

]2

=
2θ2

1 (µ1 − 2θ2
1)

‖x̃‖22µ1

‖rf‖22 +
θ2

2θ
2
3 (µ2 − θ2

2θ
2
3)

γ1µ2

‖rg‖22 +
2θ2

4 (µ3 − 2θ2
4)

‖z̃‖22µ3

‖rh‖22

+
θ2

1 (3θ2
1µ4 − θ4

1 − µ1µ4)

‖x̃‖42µ1µ4

(
rTf x̃

)2
+
θ2

4 (3θ2
4µ5 − θ4

4 − µ3µ5)

‖z̃‖42µ3µ5

(
rTh z̃

)2
,

(4.16)

Ù¥

µ1 = ‖x̃‖22λ2
1 + 2θ2

1, µ2 = γ1λ
2
2 + θ2

2θ
2
3, µ3 = ‖z̃‖22λ2

3 + 2θ2
4,

µ4 = ‖x̃‖22λ2
1 + θ2

1, µ5 = ‖z̃‖22λ2
3 + θ2

4.

y² �â η
(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
1 (x̃, 0, z̃)�½Â (4.2)ÚÜ©(���Ø� η

(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃)�L�

ª (4.6), �±íÑ[
η

(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
1 (x̃, 0, z̃)

]2

= min
∆f∈Rn,∆g∈Rm,∆h∈Rp

X1(∆f,∆g,∆h),

Ù¥

X1(∆f,∆g,∆h)

=λ2
1‖∆f‖22 + λ2

2 ‖∆g‖
2
2 + λ2

3‖∆h‖22 +
2θ2

1

‖x̃‖22
‖rf + ∆f‖22 +

θ2
2θ

2
3

γ1

‖rg + ∆g‖22

+
2θ2

4

‖z̃‖22
‖rh + ∆h‖22 −

θ2
1

‖x̃‖42

[
(rf + ∆f)

T
x̃
]2

− θ2
4

‖z̃‖42

[
(rh + ∆h)

T
z̃
]2

.

²L�
Ä��O�, �±�Ñ

X1(∆f,∆g,∆h) =
[
η

(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃)

]2

+


∆f

∆g

∆h


T

Φ1


∆f

∆g

∆h

+ 2


∆f

∆g

∆h


T

q1,

�

Φ1 =


‖x̃‖22λ

2
1+2θ21

‖x̃‖22
In − θ21 x̃x̃

T

‖x̃‖42
0 0

0 γ1λ
2
2+θ22θ

2
3

γ1
Im 0

0 0 ‖z̃‖22λ
2
3+2θ24
‖z̃‖22

Ip − θ24 z̃z̃
T

‖z̃‖42

 ,
Ú
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q1 =



2θ2
1

‖x̃‖22
rf −

θ2
1

(
rTf x̃

)
‖x̃‖42

x̃

θ2
2θ

2
3

γ1

rg

2θ2
4

‖z̃‖22
rh −

θ2
4

(
rTh z̃

)
‖z̃‖42

z̃


.

N´y² Φ1´��é¡�½Ý
. Ïd, X1(∆f,∆g,∆h)����:�

(
∆fT ,∆gT ,∆hT

)T
= −Φ−1

1 q1.

�A�, [
η

(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
1 (x̃, 0, z̃)

]2

=
[
η

(θ1,θ2,θ3,θ4)
1 (x̃, 0, z̃)

]2

− qT1 Φ−1
1 q1. (4.17)

Ù¥

Φ−1
1 =


‖x̃‖22
µ1

In + θ21
µ1µ4

x̃x̃T 0 0

0 γ1
µ2
Im 0

0 0 ‖z̃‖22
µ3
Ip + θ24

µ3µ5
z̃z̃T

 .

²L�X��Ð?�êO�, �±��

qT1 Φ−1
1 q1 =

4θ4
1 ‖rf‖

2

2

‖x̃‖22µ1

+
θ4

2θ
4
3 ‖rg‖

2

2

γ1µ2

+
4θ4

4 ‖rh‖
2
2

‖z̃‖22µ3

+
θ4

1 (θ2
1 − 3µ4)

‖x̃‖42µ1µ4

(
rTf x̃

)2
+
θ4

4 (θ2
4 − 3µ5)

‖z̃‖42µ3µ5

(
rTh z̃

)2
.

(4.18)

Ù¥ γ1 3½n 4.1�c¡Ü©½ÂL, µ1, µ2, µ3, µ4 Ú µ5 3½n 4.2�c¡Ü©½ÂL, ��ò

(4.18)Ú (4.6)�\ (4.17)¥��Ï"�L�ª (4.16).

½n 4.3 XJ x̃ = 0, ỹ 6= 0Ú z̃ 6= 0, �±aqþ¡�y²�Ñ

[
η

(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
2 (0, ỹ, z̃)

]2

=
θ2

1 (µ1 − θ2
1)

‖ỹ‖22µ1

‖rf‖22 +
2θ2

2θ
2
3 (µ2 − 2θ2

2θ
2
3)

γ1µ2

‖rg‖22 +
2θ2

2θ
2
4 (µ3 − 2θ2

2θ
2
4)

γ2µ3

‖rh‖22

+
(
rTg ỹ

)2
k1 +

(
rTh z̃

)2
k2 +

(
rTg ỹ

) (
rTh z̃

)
k3,

(4.19)

Ù¥ θ1, θ2, θ3, θ4, λ1, λ2Ú λ3��ëê. Ù¥

rf = f −BT ỹ, rg = −g − Eỹ + CT z̃, rh = h− Cỹ −Dz̃,

γ1 = θ2
2‖ỹ‖22 + 2θ2

3‖z̃‖22, γ2 = 2θ2
4‖ỹ‖22 + θ2

2‖z̃‖22, γ3 = θ2
4‖ỹ‖42 + θ2

2‖ỹ‖22‖z̃‖22 + θ2
3‖z̃‖42,

γ4 = 2θ2
3θ

2
4‖z̃‖22 − θ2

2θ
2
4‖ỹ‖22 − θ4

2‖z̃‖22, γ5 = 2θ2
3θ

2
4‖ỹ‖22 − θ2

2θ
2
3‖z̃‖22 − θ4

2‖ỹ‖22,
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Ú

µ1 = ‖ỹ‖22λ2
1 + θ2

1, µ2 = γ1λ
2
2 + 2θ2

2θ
2
3, µ3 = γ2λ

2
3 + 2θ2

2θ
2
4, µ4 = γ1γ3λ

2
2 + 2θ2

2θ
2
3γ3 + θ2

3γ4‖ỹ‖22,

µ5 = θ2
4γ1γ3γ5λ

2
2 + 2θ2

2θ
2
3θ

2
4γ3γ5 + θ2

3θ
2
4γ4γ5‖ỹ‖22 − θ4

3θ
4
4‖ỹ‖22γ1γ2,

Ω1 = γ3µ3µ4 + ‖z̃‖22µ5, Ω2 = θ2
3θ

4
4‖z̃‖22γ1γ2γ3µ2 − γ3γ4µ3µ4 − ‖z̃‖22γ4µ5,

Ú

k1 =
θ2

3γ4 (µ2Ω1 − 2θ2
2θ

2
3Ω1 + 2θ4

3θ
4
4‖ỹ‖22‖z̃‖22γ1γ2µ2)

γ1γ3µ2Ω1

− θ4
3 (2θ2

2γ3 + ‖ỹ‖22γ4) (2θ2
2θ

2
3γ3Ω2 + γ4µ4Ω1 + θ2

3‖ỹ‖22γ4Ω2)

γ1γ2
3µ2µ4Ω1

− θ4
3θ

4
4‖z̃‖22γ2 (Ω1 − ‖z̃‖22µ5 − 4θ2

2θ
2
3γ

2
3µ3)

γ2
3µ3Ω1

,

k2 =
θ2

4γ5 (µ3Ω1 − 2θ2
2θ

2
4Ω1 + 2θ4

3θ
4
4‖ỹ‖22‖z̃‖22γ1γ2µ3)

γ2γ3µ3Ω1

− θ4
4 (2θ2

2γ3 + ‖z̃‖22γ5) (γ5Ω1 − 2θ2
2γ3µ5 − ‖z̃‖22γ5µ5)

γ2γ2
3µ3Ω1

− θ4
3θ

4
4‖ỹ‖22γ1 (µ4Ω1 + θ2

3‖ỹ‖22Ω2 − 4θ2
2θ

2
4γ

2
3µ2µ4)

γ2
3µ2µ4Ω1

,

k3 =
θ2

3θ
4
4 (2γ3µ3Ω1 − ‖z̃‖22γ5Ω1 + 2θ2

2‖z̃‖22γ3µ5 + ‖z̃‖42γ5µ5)

γ2
3µ3Ω1

− θ4
3θ

2
4 (2θ2

2γ3 + ‖ỹ‖22γ4) (µ4Ω1 + θ2
3‖ỹ‖22Ω2)

γ2
3µ2µ4Ω1

− θ2
3θ

4
4 (2θ2

2γ3 + ‖z̃‖22γ5) (Ω1 − ‖z̃‖22µ5 − 4θ2
2θ

2
3γ

2
3µ3 − 2θ2

3‖ỹ‖22γ3γ4µ3)

γ2
3µ3Ω1

− 2θ2
3θ

2
4 (θ2

2θ
2
3µ3Ω1 − θ4

3θ
4
4‖ỹ‖22‖z̃‖22γ1γ2µ2µ3 + θ2

2θ
2
4µ2Ω1)

γ3µ2µ3Ω1

− θ4
3θ

2
4‖ỹ‖22 (2θ2

2θ
2
3γ3Ω2 + γ4µ4Ω1 + θ2

3‖ỹ‖22γ4Ω2)

γ2
3µ2µ4Ω1

½n 4.4 XJ z̃ = 0, x̃ 6= 0Ú ỹ 6= 0, �±aqþ¡�y²�Ñ

[
η

(θ1,θ2,θ3,θ4,λ1,λ2,λ3)
3 (x̃, ỹ, 0)

]2

=
2θ2

1θ
2
2 (µ1 − 2θ2

1θ
2
2)

γ1µ1

‖rf‖22 +
2θ2

2θ
2
3 (µ2 − 2θ2

2θ
2
3)

γ2µ2

‖rg‖22 +
θ2

3 (µ3 − θ2
3)

‖ỹ‖22µ3

‖rh‖22

+
(
rTf x̃

)2
k1 +

(
rTg ỹ

)2
k2 +

(
rTf x̃

) (
rTg ỹ

)
k4,

(4.20)
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Ù¥ θ1, θ2, θ3, θ4, λ1, λ2Ú λ3��ëê. Ù¥

rf = f −Ax̃−BT ỹ, rg = −g +Bx̃− Eỹ, rh = h− Cỹ, µ3 = ‖ỹ‖22λ2
3 + θ2

3.

¿� γ1, γ2, γ3, γ4, γ5, µ1, µ2, µ4, µ5,Ω1,Ω2, k1, k2, k4�1nÜ©(Ý
 C Ø6Ä)¤½Â��Ó.

5. ê�¢�

�!ò�Ñ��ê�~f5'�1 3!¥íÑ�(���Ø� ηS(x̃, ỹ, z̃)Ú�A�Ã(���

Ø� η(t̃). ê�¢�3MATLAB R2015b ¥?1, Åì°Ý� 2.2204× 10−16.

�Ä�5XÚ (1.1)÷v

A = M1PM1, D = M2PM2 B =


0 0 0 1 0 0

0 0 1 0 0 0

0 1 0 0 0 0

10−3 0 0 0 0 0

 , C =


1 −2 1 0

−2 −1 0 0

1 0 0 0


Ú

E = I4, f =
[
108, 10, 0, 0, 0, 0

]T
, g =

[
108, 1, 0, 0

]T
, h =

[
10−8, 0, 0

]T
Ù¥

M1 = diag(1, 5, 10, 50, 100, 10000), M2 = diag(1, 5, 10),

P = (pij) , pij =
(i+ j − 2)!

(i− 1)!(j − 1)!

ù�¯K´d© [8]¥� Example 5.2?U
5. éw,XêÝ
´�ÛÉ�. ¦^�ÀÌ��pd

��{�±����O�) t̃ =
(
x̃T , ỹT , z̃T

)T
, Ù¥

x̃ =



4.0418× 108

−1.6445× 108

1.0030× 108

−1.4400× 107

2.8125× 106

−4.6236× 103


, ỹ =


7.3927× 105

−3.4302× 107

−8.8214× 107

4.0418× 105

 Ú z̃ =


7.6232× 107

−1.7857× 107

3.1926× 106

 .

d (1.2)�, Ã(���Ø�

η(t̃) = 8.8414× 10−22.

d (3.3)Ú (3.16)�, (���Ø�

ηS(x̃, ỹ, z̃) = 1.4127× 10−8.
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6. o(

�©|^© [10,16]¥�E|ÚKroneckerÈ�5�,Äkò 3×3¬Q:¯KCq)�(���

Ø�ù�Ý
`z¯K=z��½�g.����¯K§,�|^ Sherman-Morrison-Woodbury

úª, �ª¼�(���Ø���O��äNL�ª. ��·��Ñ
��ê�¢�, ±y²·��

(J�±éN´/^5ÿÁ¢Sê��{�­½5.

Ä7�8
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