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Abstract

By using Riccati equation method, the upper bound estimation of the number of

zeros of Abelian integral for a class of quadratic reversible system (r9) of genus one

under any polynomial perturbation of degree 3, 2, 1 is studied. The result is that the

upper bound is 13 under polynomial perturbation of degree 3, 2, 1. These results are an

improvement of the previous results.
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1. ÚóÚÌ�(Ø

�Ä6Äº� 1/ª��g�_XÚ

ẋ =
Hy(x, y)

M(x, y)
+ εp(x, y) ẏ = −Hx(x, y)

M(x, y)
+ εq(x, y), (1)

Ù¥ ε(0 < ε� 1)´��¢ê, Hy(x,y)

M(x,y)
, Hx(x,y)
M(x,y)

, p(x, y), q(x, y)Ñ´'u x, y�õ�ª, ¿�

max

{
deg

(
Hy(x, y)

M(x, y)

)
,deg

(
Hx(x, y)

M(x, y)

)}
= 2, max {deg(p(x, y)),deg(q(x, y))} = n(n = 1, 2, 3).

� ε = 0, XÚ (1)´���g�_XÚ, 
�´���ÈXÚ, §k��¥%. ¼ê H(x, y)´Ù�

kÈ©ÏfM(x, y)���ÄgÈ©, �Ò´`, �±½Â��ëY�±Ï��

{Γh} ⊂
{
(x, y) ∈ R2 : H (x, y) = h, h ∈ 4

}
,

§�´½Â3��m«m4 = (h1, h2)þ�. �©Ì�)û�¯K´, éu?¿�ê ε, XÚ (1)�

±l±Ï��{Γh}¥©|Ñõ��4��?3±Ï;��?Û;�«�¥, XÚ (1)�4���ê
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Ø�L±e AbelÈ© I(h)��á":�ê (�©z [1–4]).

I(h) =

∮
Γh

M (x, y) [q (x, y) dx− p (x, y) dy], h ∈ 4. (2)

© [5]�k¦^ Riccati�§{ïÄXÚ (1)� AbelÈ©":�ê�þ.. © [6]òº� 1/ª

��g�_XÚ©¤
 22a, äN� (r1) - (r22). ¦^ Riccati�§�{: © [7]ïÄ
� n��

�M�îXÚ (r1), (r2)�":�êþ.¯K; © [8]ïÄ
XÚ (r3) - (r6); © [9–13]ïÄ
XÚ

(r9)-(r13)9 (r16)-(r22).

�©2gïÄ
XÚ r(9),��
�
#�(J (�L 1).

Table 1. Comparison between the new results and the original results

L 1. #(J��(Jé'

XÚ n #(J �(J

r9 3 13 39
r9 2 13 39
r9 1 13 39

�ÄXÚ (r9)

ẋ=− xy, ẏ = −2

3
y2 +

1

32 · 24
x2 − 1

32 · 24
x. (3)

§�ÄgÈ©�

H(x, y) = x−
4
3 (
1

2
y2 +

1

3 · 25
x2 +

1

3 · 24
) = h, h ∈ (

1

25
,+∞), (4)

�k��È©ÏfM(x, y) = x−
7
3 .

XÚ (r9)´���È�M��î�gXÚ, ÙA�¤k�;�Ñ´8g­�, §k��¥%

(1, 0), �^È©­� x = 0, �x±Ï;� {Γh} ( 1
25 < h < +∞).

©z [10]�Ñ
XÚ (r9)� AbelÈ©þ.�Xe½n.

½n 1.1 [10] éu?¿ ngõ�ª p(x, y)Ú q(x, y), XÚ (r9) � AbelÈ© I(h)��á":

�ê�þ.�5�6u n. äN�¹�: � n > 6�, þ.� 15
[
n
2

]
+ 6

[
n−1

2

]
− 3; � n = 1, 2, 3, 4, 5

�, þ.� 39.

�©Ì�(J�Xe½n.

½n 1.2 éu?¿ ngõ�ª p(x, y)Ú q(x, y)(n = 1, 2, 3), XÚ(r9) � Abel È© I(h)��

á":�ê�þ.�: � n = 3, 2, 1�, þ.´ 13.

#(Jé�(J´�
U? (�L 1).

�©�¡Ü©(��: 1�Ü©, ¼� AbelÈ© I(h)�{üL«�{. 1nÜ©, ïÄXÚ

(r9) � AbelÈ© I(h)� J 2
3
(h)�m�'X, ¼��' Riccati�§. 1oÜ©, ¦^ Riccati�§�
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{y²
½n 1.2. 1ÊÜ©, �Ñ
��{á�(Ø.

2. AbelÈ© I(h)�{üL«

b� p(x, y) =
∑

0≤i+j≤3

ai,jx
iyj Ú q(x, y) =

∑
0≤i+j≤3

bi,jx
iyj Ñ´?¿�õ�ª,d (2)ª�, ½n

1.2¥� AbelÈ© I(h)kXe/ª.

I(h) =

∮
Γh

x−
7
3

( ∑
0≤i+j≤3

bi,jx
iyjdx−

∑
0≤i+j≤3

ai,jx
iyjdy

)
, (5)

�
{', P

Ii,j(h) =

∮
Γh

xi−
7
3 yjdx,

Ù¥ i = −1, 0, 1, 2, 3; j = 0, 1, 2, 3, 4. � j = 1, P Ii,j(h) = Ji(h)

du

∮
Γh

xi−
7
3 yjdy =

∮
Γh
xi−

7
3 dyj+1

j + 1
= −

i− 7
3

j + 1

∮
Γh

xi−
7
3−1yj+1dx = −

i− 7
3

j + 1
Ii−1,j+1(h).

Ïd, d (5)ª�, �±ò I(h)U��

I(h) =
∑

0≤i≤3,
0≤j≤3,

0≤i+j≤3

bi,jIi,j(h) +
i− 7

3

j + 1

∑
0≤i≤3,
0≤j≤3,

0≤i+j≤3

ai,jIi−1,j+1(h) =
∑

−1≤i≤3,
0≤j≤4,

0≤i+j≤3

ei,jIi,j(h), (6)

Ù¥ ei,j = bi,j +
3i−4

3j
ai+1,j−1, ai,−1 = 0(i = 1− 4), b−1,j = 0(j = 0− 4).

du±Ï;� Γh'u x¶é¡, Ïd� j �óê�, Ii,j(h) = 0, ��I�Ä j �Ûê��¹.

=

I(h) =e−1,1J−1(h) + e0,1J0(h) + e1,1J1(h)+

e2,1J2(h) + e−1,3I−1,3(h) + e0,3I0,3(h),
(7)

Ù¥ e−1,1 = − 7a0,0
3

, e0,1 = b0,1 − 4a1,0
3

, e1,1 = b1,1 − a2,0
3
, e2,1 = b2,1 + 2a3,0

3
, e−1,3 = − 7a0,2

9
,

e0,3 = b0,3 − 4a1,2
9

.

©z [10]¥ (18)Ú (20)ªXeµ

Im,j(h) =
2jA

3m+ 2j − 4
[Im+2,j−2(h)− Im+1,j−2(h)], (8)
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A(3m+ 5)Jm+2(h) = (3m+ 2)hJm− 1
2
(h)−A(6m+ 1)Jm+1(h), (9)

Ù¥ A = 1
3·25 .

3 (8)¥, - (m, j) = (−1, 3), (0, 3), ��

I−1,3(h) = 6AJ0(h)− 6AJ1(h), (10)

I0,3(h) = 3AJ2(h)− 3AJ1(h). (11)

d (7) (10) (11)ª��

I(h) = p−1J−1(h) + p0J0(h) + p1J1(h) + p2J2(h), (12)

Ù¥ p−1 = e−1,1, p0 = e0,1 + 6Ae−1,3, p1 = e1,1 − 6Ae−1,3 − 3Ae0,3, p2 = e2,1 + 3Ae0,3.

2d (9)ª, ��

J0(h) =
1

5A
hJ 1

3
(h) +

2

5
J1(h), (13)

J2(h) =
2

5A
hJ 1

3
(h)− 1

5
J1(h), (14)

J−1(h) = (
2

231A3
h3 − 1

11
)[
1

5
hJ 1

3
(h) +

2

5
J1(h)] +

1

231A2
h2J 2

3
(h). (15)

d (12) (13) (14) (15) ª, ��

I(h) = α(h)J 1
3
(h) + β(h)J 2

3
(h) + γ(h)J1(h), (16)

Ù¥ α(h) = 1
5A
h(a1h

3 + b1), β(h) = a2h
2, γ(h) = a3h

3 + b3, a1 = 2
231A3 , b1 = −p−1

11
+ p0 + p2,

a2 = p−1

231A2 , a3 = 4p−1

5·231A3 , b3 = − 2p−1

55
+ 2

5
p0 − 1

5
p2.

3. Riccati�§

�!¥,Ì�ïÄ Abel È© I(h)Ú J 2
3
(h)�m�'X, �� Riccati�§.

©z [10]¥, éuXÚ r(9), kXeÚn�(Ø.

Ún 3.1 [10] � n > 1�, J(h)÷vXe� Raccita�§

B(h)γ1(h)I
′(h) = B(h)γ′1(h)I(h) + S(h), S(h) = E(h)J ′1

3
(h) + F (h)J ′2

3
(h), (17)
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Ù¥

B(h) = 2h3 − 54A3 = 2(h− 1

25
)(h2 +

1

25
h+

1

210
),

E(h) = γ1(h)α2(h)−B(h)γ′1(h)α1(h), F (h) = γ1(h)β2(h)−B(h)γ′1(h)β1(h),

� α1(h) = 2
3
hα(h) − 6Aβ(h), β1(h) = 2hβ(h) − 3Aγ(h), γ1(h) = hγ(h) − 2Aα(h), α2(h) =

B(h)α′1(h)+h
2α1(h)+3Ahβ1(h)+9A2γ1(h), β2(h) = B(h)β′1(h)−h2β1(h)−9A2α1(h)−3Ahγ1(h).

Ún 3.2 [10] � n > 1�, �W (h) = S(h)
J′2

3

(h)
,KW (h)÷vXe� Raccita�§

B(h)E(h)W ′(h) = −3AhW 2(h) +D(h)W (h) +G(h), (18)

Ù¥D(h) = B(h)E′(h)−2h2E(h)−2h2F (h), G(h) = B(h)E(h)F ′(h)−B(h)E′(h)F (h)+2h2E(h)F (h)+

4A2E2(h) + h2F 2(h).

Ún 3.3 [10] � h ∈ ( 1
25 ,+∞) �, Jm(

1
25 ) = 0(m = 1

3
, 2

3
, 1); J−1(h) < 0, J ′m(h) > 0(m =

1
3
, 2

3
, 1).

� n = 3, 2, 1�,dÚn 3.1��

α1(h) = h2(a4h
3 + b4), β1(h) = a5h

3 + b5, γ1(h) = h(a6h
3 + b6), (19)

Ù¥ a4 = 2
15A

a1, b4 = 2
15A

b1 − 6Aa2, a5 = 2a2 − 2Aa3, b5 = −3Ab3, a6 = a3 − 1
5
a1, b6 = b3 − 1

5
b1.

α2(h) = h(a7h
6 + b7h

3 + c7), β2(h) = h2(a8h
3 + b8),

Ù¥ a7 = 11a4, b7 = 270A3a4 + 3Aa5 + 9A2a6 + 5b4, c7 = 3Ab5 + 9A2b6 − 108A3b4, a8 = 5a5 −
9A2a4 − 3Aa6, b8 = −162A3a5 − 9A2b4 − b5 − 3Ab6.

E(h) = h2(a9h
9 + b9h

6 + c9h
3 + d9), F (h) = a10h

9 + b10h
6 + c10h

3 + d10, (20)

Ù¥ a9 = a6a7−8a4a6, b9 = 216a4a6A
3−8a6b4−2a4b6 +a7b6 +a6b7, c9 = 216a6A

3b4 +54a4A
3b6 +

a6c7 − 2b4b6 + b6b7, d9 = b6c7 + 54A3b4b6, a10 = a6a8 − 8a5a6, b10 = 216a5a6A
3 − 8a6b5 − 2a5b6 +

a8b6 + a6b8, c10 = 216a6A
3b5 + 54a5A

3b6 − 2b5b6 + b6b8, d10 = 54A3b5b6.

2dÚn 3.2��

G(h) = h(e1h
21 + e2h

18 + e3h
15 + e4h

12 + e5h
9 + e6h

6 + e7h
3 + e8), (21)

Ù¥ e1 = −9a2
9A

2 − 6a9a10, e2 = 108a9a10A
3 − 18a9A

2b9 − 3a2
10A − 12a9b10, e3 = −54a10A

3b9 +

270a9A
3b10 − 18a9A

2c9 − 6a10Ab10 + 6a10c9 − 18a9c10 − 9A2b29 − 6b9b10, e4 = −216a10A
3c9 +

432a9A
3c10− 18a9A

2d9− 6a10Ac10 +12a10d9− 24a9d10 +108A3b9b10− 18A2b9c9− 3Ab210− 12b9c10,

e5 = −54A3b10c9−9A2c2
9 +270A3b9c10−6Ab10c10−6c9c10−378a10A

3d9−594a9A
3d10−6a10Ad10+

18A2b9d9 +6b10d9−18b9d10, e6 = −216A3b10d9 +432A3b9d10 +108A3c9c10−18A2c9d9−6Ab10d10−
3Ac2

10−12c9d10, e7 = −54A3c10d9+270A3c9d10−9A2d2
9−6Ac10d10−6d9d10, e8 = 108A3d9d10−3Ad2

10
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�Ø¹ h�~ê.

4. AbelÈ© I(h)":�ê�þ.

©z [10]¥==���Ä
¼ê α(h), β(h), γ(h),B(h), E(h)ÚG(h)'u h�gê.y3,ïÄ

ù
¼ê'u h�gê�Ó�,�ò h�����, ¼ê�Ûó5�Ä?�, l
����u [10]¥

�Ð�(J. �!¥, ò¦^ Riccati�§{y²½n 1.2.

^ ]I(h)L« AbelÈ© I(h)3«m4þ�":�ê. �¤½n 1.2�y²�I�^�e¡�

Ún.

Ún 4.1 [7] e1w¼êW (h), φ(h), ψ(h), ξ(h) Ú η(h)÷ve¡� Riccita�§

η(h)W ′(h) = φ(h)W 2(h) + ψ(h)W (h) + ξ(h),

K

]W (h) 6 ]η(h) + ]ξ(h) + 1

��, 4·�¦^ Riccita�§{5�¤½n 1.2�y².

y² ¦^Ún3.1,Ún3.2,Ún3.3, (17) - (18)ªÚÚn 4.1, ��

]I(h) 6 2]B(h) + ]γ1(h) + ]E(h) + ]G(h) + 2 (22)

b� k := h3, d (20) (21)ª�

E(h) = h2(a9h
9 + b9h

6 + c9h
3 + d9) = k

2
3 (a9k

3 + b9k
2 + c9k + d9) = U(k). (23)

G(h) = h(e1h
21 + e2h

18 + e3h
15 + e4h

12 + e5h
9 + e6h

6 + e7h
3 + e8)

= k
1
3 (e1k

7 + e2k
6 + e3k

5 + e4k
4 + e5k

3 + e6k
2 + e7k + e8) = V (k).

(24)

¼ê U(k) = k
2
3 (a9k

3 + b9k
2 + c9k + d9) 3«m ( 1

25 ,+∞) S�õk 3 �":, 
�éu��½

� k, �UéA��� h = k
1
3 ∈ ( 1

25 ,+∞), ¤±¼ê E(h) = h2(a9h
9 + b9h

6 + c9h
3 + d9) 3«

m ( 1
25 ,+∞) S�õk 3 �":, =]E(h) = ][h2(a9h

9 + b9h
6 + c9h

3 + d9)] 6 3; Ón��,3«

m( 1
25 ,+∞)S,¼êG(h) = h(e1h

21 + e2h
18 + e3h

15 + e4h
12 + e5h

9 + e6h
6 + e7h

3 + e8)�õk 7�

":, =]G(h) = ]h(e1h
21 + e2h

18 + e3h
15 + e4h

12 + e5h
9 + e6h

6 + e7h
3 + e8) 6 7. Ó�/, d (19)

ª, �� ]γ1(h) = ]h(a6h
3 + b6) = ](a6h

3 + b6) 6 1. Ó�, 5¿�

B(h) = 2h3 − 54A3 = 2(h− 1

25
)(h2 +

1

25
h+

1

210
),

3«m ( 1
25 ,+∞)Svk":. �d (22)ª��

]I(h) 6 2× 0 + 1 + 3 + 7 + 2 = 13.
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5. (Ø

éuXÚ (r9), �©$^ Riccati�§{ïÄÙ3?¿ n (1 6 n 6 3)gõ�ª6Äe� Abel

È©�á":�ê�þ., ���(J�: � n = 3, 2, 1�, þ.� 13. ù
(J´é�(J��


U?.

Ä7�8

ôÜ���e�ï�8(No. GJJ211346, GJJ201342)§µ�	½�E�8(20212GYZD009-

5)"
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