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Abstract

The Riemannian foliation is a special class of sub-Riemannian manifolds, if its hori-
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zontal distribution satisfies the bracket generating condition. In this paper, we study

the gradient estimation of the subelliptic harmonic maps and the Liouville-type

theorems.
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1. Úó

d²;�Liouville .½n��, Rn þ�k.NÚ¼ê´~�¼ê. 1975 c, Yau [1] òÙí

2�iùAÛ¥, `²
äk�KRicci ­Ç���iù6/þ�NÚ¼ê�FÝ�O. 1980 c,

S.Y.Cheng [2] í2
Yau �(J�NÚN��/, y²
lRicci ­Çke.���6/�Cartan-

Hadamard 6/�NÚN��FÝ�O. 1982c, H.I.Choi [3] 3dÄ:þ?�Ú&?
8I6/�

äk�Kþ.�¡­Ç�iù6/��K¥��/, ¿���'�Liouville ½n.

½n 1 �(Mm+d, H, gH ; g) ´���;����ÿ/iù�G(�, 3B2R(x0) ⊂M þ,

RicH ≥ −k � | T |, | divHT |≤ k1 (1.1)

Ù¥k, k1 ≥ 0. �(N,h) ´iù6/, Ù�¡­Çäk�Kþ.κ, κ ≥ 0. �BD(p0) ´±p0 �¥%,

D ��»��K¥. ef : B2R(x0) ⊂ M → BD(p0) ⊂ N ´gý�NÚN�, K| dHf |2 3BR(x0)

þ´��k.�. �°(/`,

max
BR(x0)

| dHf |2≤ C1

(
k +

1

R

)
(1.2)

Ù¥C1 ��6uk, k1, κ, D.

íØ 1 XJM äk�K�Y²Ricci ­Ç�§�LÇ9ÙY²ÑÝ´k.�, @ovk�²

��lM ��K¥�gý�NÚN�.
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2. ý��£

3ù�!¥§·�ò{�0�giù6/Úgý�NÚN��Ä�VgÚ5�.

�M ´m + d �C∞ 6/, H ´�mTM �fm, �dimH = m. fmH ¡�Y²©Ù. X

JM þ�?¿�:p ���mTpM �±�H ¥��þ|ëÓd§�o)Ò)¤���þ|�5Ü

¤, K¡H ÷v)Ò)¤^�. e?�ÚgH ´½Â3H þ�Ýþ, K(H, gH) ¡�M þ�giù

(�. �D�giù(�(H, gH) �6/M ¡�giù6/, P�(M,H, gH). XJM þiùÝþg

3Hþ����Ð´gH , @o¡g �gH �iùòÿ(ë� [4]). P∇R ´g �iùéä. d�, ·�3

giù6/(M,H, gH) þ�½��iùòÿg, P�(M,H, gH ; g). d�, �mTM äk��©)

TM = H ⊕ V (2.1)

Ù¥V ¡�R�©Ù.

3giù6/þ�3Xe�giù(��N�;�éä, ¡�2ÂBott éä, P�∇,

∇XY =



πH(∇RXY ), X, Y ∈ Γ(H)

πH([X,Y ]), X ∈ Γ(V ), Y ∈ Γ(H)

πV ([X,Y ]), X ∈ Γ(H), Y ∈ Γ(V )

πV (∇RXY ]), X, Y ∈ Γ(V )

(2.2)

�,∇ �±
Y²©ÙÚR�©Ù, �∇ ��Ø�±iùÝþg. 2ÂBott éä�LÇT �d

XeúªL�(ë� [5]):

T (X,Y ) = −πV ([πH (X) , πH (Y )])− πH ([πV (X) , πV (Y )]) (2.3)

�{ei}mi=1 Ú{eα}
m+d
α=m+1 ©O�©ÙH ÚV �ÛÜ��Ie|, ·��½:

1 ≤ i, j, k, ...,≤ m; m+ 1 ≤ α, β, γ, ...,≤ m+ d; 1 ≤ A,B,C, ...,≤ m+ d (2.4)

LÇT Y²ÑÝ½Â�divHT (X) =
∑
i

(∇eiT ) (X, ei), Ù¥X ∈ Γ (TM). -R�©ÙV �²

þ­Ç�þ|�:

ζ = πH

(∑
α

∇Reαeα

)
(2.5)

~ 1 éuiù�G(�(M,F , g), e§�Y²©ÙH ÷vr)Ò)¤^�§K(M,H, gH) ´

DOI: 10.12677/aam.2021.1011416 3914 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.1011416


q©x

giù6/, Ù¥gH = g |H . d�§

T (X,Y ) = −πV ([πH (X) , πH (Y )]) (2.6)

?�Ú, XJF ´�ÿ/�, K�þ|ζ = 0 �∇g = 0 [6]. ·��½�©¥iù�G(��Y²©

ÙÑ÷vr)Ò)¤^�.

�½p ∈M , ½Â

ηp (v) =
∑

1≤i<j≤m

〈T (ei, ej) , v〉2 =
∑

1≤i<j≤m

〈[ei, ej ] , v〉2 (2.7)

Ù¥v ∈ Vp. -

ηmin (p) = min
0 6=v∈Vp

ηp (v)

| v |2

©z [5] ¥Ún5.6 `²
H ´r)Ò)¤���=�ηmin ð��.

�(M,H, gH ; g) ´giù6/, (N,h) ´iù6/. P∇̃ ´(N,h) �iùéä. lM �N �1

wN�f �Y²Uþ½Â�:

EH(f) =
1

2

∫
M

| dHf |2 dvolg (2.8)

Ù¥dHf ´�©df 3H ���, dvolg ´giù6/MþdÝþg p��NÈ�. §�Euler-

Lagrange �§´

τH (f) = trace (∇df |H×H)− df (ζ) = 0 (2.9)

½Â 1 (ë� [5])1wN�f : M → N ¡�gý�NÚN�, XJτH (f) = 0.

Pf Ii Úf
I
ik ©O´df Ú∇df �©þ, ζk,A ÚT

α
ij,k ©O´ζ ÚLÇT ��C�ê. ©z [5]í�


Xe�C�ê���'X9Bochner úª.

Ún 1 �f : M → N ´1wN�, KÙ�C�ê���'X�:

f Iij − f Iji = f IαT
α
ij (2.10)

f Iαβ − f Iβα = f IkT
k
αβ (2.11)

f Iiα − f Iαi = 0 (2.12)
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�Bochner úª�:

1

2
∆H |dHf |2 =

(
f Iik
)2

+ f Ii τ
I
H,i + f Ii ζ

k
,if

I
k + ζkf Ii f

I
αT

α
ki + f Ii f

I
j R

j
kik + 2f Ii f

I
αkT

α
ik

− f Ii fKk R̃IKJLfJi fLk + f Ii f
I
αT

α
ik,k (2.13)

1

2
∆H |dV f |2 =

(
f Iαk
)2

+ f Iατ
I
H,α + f Iαζ

k
,αf

I
k + f Iαf

I
j R

j
kαk − f

I
αf

K
k R̃

I
KJLf

J
αf

L
k (2.14)

Ún 2 �(M,F , g) ´�ÿ/iù�G(�, 3B2R(x0) ⊂M þ,

RicH ≥ −k � | T |, | divHT |≤ k1 (2.15)

Ù¥k, k1 ≥ 0. �(N,h) ´iù6/��¡­Ç÷v

KN ≤ κ (2.16)

Ù¥κ ≥ 0. ef : M → N ´gý�NÚN�, Kk

∆H |dHf |2 ≥ (2− 2ε1) |∇HdHf |2 −
(

2k +
C2

ε2
+

C2
2

ε1ηmin

)
|dHf |2

+
1

2
ε1ηmin |dV f |2 − 2C2ε2 |∇HdV f |2 − 2κ |dHf |4 (2.17)

∆H |dV f |2 ≥2 |∇HdV f |2 − 2κ |dHf |2 |dV f |2 (2.18)

Ù¥ε1, ε2 ´�ê, C2 ´=�6uk1 �~ê. AO/, �k1 = 0 �, C2 = 0.

yyy²²² du(M,F , g) ´�ÿ/iù�G(�, K²þ­Ç�þ|ζ = 0 �Rjkαk = 0. |^8I

6/N �­Ç^�(2.16), (Ø(2.18)�d(2.14)��í�. |^�C�ê��'X(2.10) kXeO

�µ

(
f Iik
)2 ≥∑

I

∑
i<j

((
f Iij
)2

+
(
f Iji
)2)

=
1

2

∑
I

∑
i<j

((
f Iij + f Iji

)2
+
(
f Iij − f Iji

)2)

≥1

2

∑
I

∑
α

∑
i<j

(
f Iα
)2 (

Tαij
)2

=
1

2

∑
I

∑
α

(
f Iα
)2
η (eα)

≥1

2
ηmin | dV f |2 (2.19)
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òþª(2.19) �\(2.13), ¿éf Ii f
I
αkT

α
ik Úf

I
i f

I
αT

α
ik,k |^Schwarz Ø�ª, K��(2.17).

�(N,h) ´äk�¡­ÇKN ≤ κ, (κ ≥ 0) �iù6/, ρ ´N þ��½�:y0 �ål¼ê.

-

φ(t) =


1−cos(

√
κt)

κ
, κ > 0

t
2

2
, κ = 0

(2.20)

Ú

ψ(q) = φ ◦ ρ(q) (2.21)

diùAÛ¥�Hessian '�½n��

Hessψ ≥ cos(
√
κρ) · h (2.22)

Ún 3 (ë� [7]) e0 < D < π
2
√
κ

, K�3ν ∈ [1, 2), b > φ(D) Úδ > 0 =�6uD , ¦�

ν
cos(
√
κt)

b− φ(t)
− 2κ ≥ δ, ∀t ∈ [0, D] (2.23)

AO/, XJf ´l�ÿ/iù�G(�M ��¡­Çk�Kþ.κ �iù6/N ��K

¥BD(y0) þ�gý�NÚN�. @o

ν
∆H(ψ ◦ f)

b− ψ ◦ f
− 2κ | dHf |2≥ δ | dHf |2 (2.24)

3. Y²FÝ�O

3�!m©§·�k�Ñ��AÏ¼ê�½Â:

½Â 2 XJM þ�3��1w¼êr : M → [0,+∞) ´�;�, ��3~êC3, ¦�

| ∇Hr |≤ C3, ∆Hr ≥ −C3

(
1 +

1

r

)
(3.1)

K¡r ÷v'�½n5�.

5 1 eM ´Ricci ­Çke.�iù6/, K§�ål¼ê÷v(3.1).

�(Mm+d, H, gH ; g) ´���;���giù6/, 3B2R(x0) ⊂M þ÷v

RicH ≥ −k � | T |, | divHT |≤ k1 (3.2)
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Ù¥k, k1 ≥ 0. �r ´M þ÷v'�½n5��¼ê, �¼êϕ ∈ C∞0 ([0,∞)), ¦�

ϕ|[0,1] = 1, ϕ|[2,∞] = 0, −C ′4|ϕ|
1
2 ≤ ϕ ≤ 0 (3.3)

Ù¥C
′

4 ´�~ê. -χ(r) = ϕ( r
R

), K

|∇Hχ|2

χ
≤ C4

R2
, � ∆Hχ ≥ −

C4

R
3B2R\Cut (x0)þ¤á (3.4)

Ù¥C4 = C4(m, k, k1).

�
�O| dHf |2, �Ä9Ï¼ê

Φµχ =| dHf |2 +µχ | dV f |2 (3.5)

Ù¥µ ��½��ê.

Ún 4 3x ∈ B2R (x0) ?, eχ(x) 6= 0, Kk

∆HΦµχ ≥
(

1

2
− ε1

)
|∇HΦµχ|2

Φµχ

− 2κ |dHf |2 Φµχ

+

(
1

2
ε1ηmin + µ∆Hχ− 3ε−1

1 µχ−1 |∇Hχ|2
)
|dV f |2

−
(

2k +
C2

ε2
+

C2
2

ε1ηmin

)
|dHf |2 (3.6)

yyy²²² ±eO�Ñ3x :??1, -ε2 = ε1µχ
C2

, d(2.17) Ú(2.18) �,

∆HΦµχ =∆H

(
|dHf |2 + µχ |dV f |2

)

≥ (2− 2ε1) |∇HdHf |2 −
(

2k +
C2

ε2
+

C2
2

ε1ηmin

)
|dHf |2 +

1

2
ε1ηmin |dV f |2

− 2C2ε2 |∇HdV f |2 − 2κ |dHf |4 + µ∆Hχ |dV f |2 + 4µ 〈∇Hχ⊗ dV f,∇HdV f〉

+ 2µχ |∇HdV f |2 − 2κµχ |dHf |2 |dV f |2

=(2− 2ε1)
(
|∇HdHf |2 + µχ |∇HdV f |2

)
+ 4µ 〈∇Hχ⊗ dV f,∇HdV f〉 − 2κΦµχ |dHf |2

+

(
1

2
ε1ηmin + µ∆Hχ

)
|dV f |2 −

(
2k +

C2

ε2
+

C2
2

ε1ηmin

)
|dHf |2 (3.7)
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dCauchy Ø�ª, Kke��O:

|∇HΦµχ|2 =
∣∣∣∇H (|dHf |2 + µχ |dV f |2

)∣∣∣2
≤4 |dHf +

√
µχdV f |2 ·

∣∣∣∣∇HdHf +
√
µχ∇HdV f +

√
µ
∇Hχ
2
√
χ
⊗ dV f

∣∣∣∣2

=4Φµχ

(
|∇HdHf |2 + µχ |∇HdV f |2 +

µ |∇Hχ|2

4χ
|dV f |2 + µ 〈∇HdV f,∇Hχ⊗ dV f〉

)

l
,

(2− 2ε1)
(
|∇HdHf |2 + µχ |∇HdV f |2

)
+ 4µ 〈∇Hχ⊗ dV f,∇HdV f〉

=(2− 4ε1)
(
|∇HdHf |2 + µχ |∇HdV f |2

)
+ 2ε1µχ |∇HdV f |2 + 4µ 〈∇Hχ⊗ dV f,∇HdV f〉

≥
(

1

2
− ε1

)
|∇HΦµχ|2

Φµχ

−
(

1

2
− ε1

)
µ |∇Hχ|2

χ
|dV f |2

+ (2 + 4ε1)µ 〈∇HdV f,∇Hχ⊗ dV f〉+ 2ε1µχ |∇HdV f |2

≥
(

1

2
− ε1

)
|∇HΦµχ|2

Φµχ

−
(

1

2
− ε1

)
µ
|∇Hχ|2

χ
|dV f |2 −

(2 + 4ε1)
2

2
µ
|∇Hχ|2

4χ
|dV f |2

≥
(

1

2
− ε1

)
|∇HΦµχ|2

Φµχ

− 3ε−1
1 µ
|∇Hχ|2

χ
|dV f |2 (3.8)

ò(3.8) �\(3.7) =��¤y².

�e5´½n1�y²:

y² �âÚn3, ��·��ν ∈ [1, 2), b > φ (D) ÷v(2.23). -Fµχ = Φµχ
(b−ψ◦f)ν

. Ù¥ψ

d(2.21)½Â. �x ´B2R(x0) þχFµχ ���"�4��:, K3x :?, k

0 = ∇H ln(χFµχ) =
∇Hχ
χ

+
∇HΦµχ

Φµχ

+ ν
∇H(ψ ◦ f)

b− ψ ◦ f
(3.9)

0 ≥∆H ln(χF
µχ

) =
∆Hχ

χ
− |∇Hχ|

2

χ2
+

∆HΦµχ

Φµχ

− |∇HΦµχ|2

Φ2
µχ

+ ν
∆H (ψ ◦ f)

b− ψ ◦ f
+ ν
|∇H (ψ ◦ f)|2

(b− ψ ◦ f)
2 (3.10)
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|^Ún4, (3.10)3x :?�z�

0 ≥∆Hχ

χ
− | ∇Hχ |

2

χ2
−
(

1

2
+ ε1

)
| ∇HΦµχ |2

Φ2
µχ

− 2κ | dHf |2

+ ν
∆H (ψ ◦ f)

b− ψ ◦ f
+ ν
|∇H (ψ ◦ f)|2

(b− ψ ◦ f)
2

+

(
1

2
ε1ηmin + µ∆Hχ− 3ε−1

1 µχ−1 |∇Hχ|2
)
|dV f |2

Φµχ

−
(

2k +
C2

ε2
+

C2
2

ε1ηmin

)
|dHf |2

Φµχ

�ε1 = 1
2ν
− 1

4
, d(3.9) ª�

−
(

1

2
+ ε1

)
| ∇HΦµχ |2

Φ2
µχ

= −
(

1

2
+ ε1

)(
−∇Hχ

χ
− ν∇H(ψ ◦ f)

b− ψ ◦ f

)2

≥−
(

1

2
+ ε1

)
(1 + ε−1

3 )
| ∇Hχ |2

χ2
−
(

1

2
+ ε1

)
(1 + ε3)v2 | ∇H(ψ ◦ f) |2

(b− ψ ◦ f)2

-ε3 = 2−ν
2+ν

> 0, K
(

1
2

+ ε1

)
(1 + ε−1

3 ) = 2+ν
ν(2−ν)

,
(

1
2

+ ε1

)
(1 + ε3)ν2 = ν. u´

0 ≥∆Hχ

χ
− (1 +

2 + ν

ν(2− ν)
)
| ∇Hχ |2

χ2
+ ν
4H(ψ ◦ f)

b− ψ ◦ f
− 2κ | dHf |2

+ (
1

2
ε1ηmin + µ∆Hχ− 3ε−1

1 µχ−1 | ∇Hχ |2)
| dV f |2

Φµχ

−
(

2k +
C2

ε2
+

C2
2

ε1ηmin

)
| dHf |2

Φµχ

d(3.4) �Ún3, �

0 ≥− C4

χR
− (1 +

2 + ν

ν(2− ν)
)
C4

χR2
+ δ | dHf |2

+ (
1

2
ε1ηmin + µ∆Hχ− 3ε−1

1 µ
C4

R2
)
| dV f |2

Φµχ

−
(

2k +
C2

ε2
+

C2
2

ε1ηmin

)
| dHf |2

Φµχ

≥− Cν
χR

+ δ | dHf |2 +(
1

2
ε1ηmin −

µCν
R

)
| dV f |2

Φµχ

−
(

2k +
C2

ε2
+

C2
2

ε1ηmin

)
| dHf |2

Φµχ

(3.11)

Ù¥Cν = Cν(ν, C4), δ > 0 dÚn3û½�=�6uD.

qdΦµχ =| dHf |2 +µχ | dV f |2, �

| dV f |2= µ−1χ−1(Φµχ− | dHf |2)
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¤±(3.11) �z�

0 ≥−Cν
χR

+ δ | dHf |2 +(
1

2
ε1ηmin −

µCν
R

)µ−1χ−1

+ (−1

2
µ−1χ−1ε1ηmin +

χ−1Cν
R

− 2k − C2

ε2
− C2

2

ε1ηmin

)
| dHf |2

Φµχ

≥ 1

χ
(
1

2
ε1µ
−1ηmin −

2Cν
R

)

+ [δχΦµχ −
(

1

2
ε1µ
−1ηmin + 2k +

C2
2

ε1µ
+

C2
2

ε1ηmin

)
]
| dHf |2

χΦµχ

(3.12)

�
¦ 1
2
ε1µ
−1ηmin − 2Cν

R
�K§·��±�ε1µ

−1 = 4Cν
ηminR

, Qµ−1 = 4Cν
ε1ηminR

. u´

χΦµχ ≤δ−1

(
4Cν
R

+ 2k +
C2

2

ε1µ
+

C2
2

ε1ηmin

)
(3.13)

=δ−1C5

Ù¥C5 = 4Cν
R

+ 2k + C2
2

ε1µ
+ C2

2

ε1ηmin
. Ïd

max
B2R(x0)

χFµχ ≤
χΦµχ

(b− ψ ◦ f)ν
(x) ≤ C5

δ(b− φ(D))ν
(3.14)

dd�

max
BR(x0)

| dHf |2≤ bν max
BR(x0)

Fµχ ≤
C5b

ν

δ(b− φ(D))ν
(3.15)

K

max
BR(x0)

| dHf |2 ≤
4Cν
R

+ 2k +
C2

2

ε1µ
+

C2
2

ε1ηmin

= C1

(
k +

1

R

)
(3.16)

Ù¥C1 ��6uk, k1, κ, D. l
�¤½n1�y².
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