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Abstract
The Riemannian foliation is a special class of sub-Riemannian manifolds, if its hori-
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zontal distribution satisfies the bracket generating condition. In this paper, we study
the gradient estimation of the subelliptic harmonic maps and the Liouville-type

theorems.
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1. 518
H 2 i Liouville 4 € BRI &N, R™ EIAA SR AT B0 F (K. 1975 4F, Yau [1] ¥ HifE

JURIER G U, BT B AR Riced #hER A 58 4 B F IR0 b IR AT eR B B2 A TE. 1980 4,
S.Y.Cheng [2] #E)” 1 Yau K945 R 2 AFMBUREE, UEH T MRicci #IZ2F T A 584 HE F|Cartan-
Hadamard Ji % (AT B FE Al 1T, 19824F, H.I.Choi [3] fE MR B iE— DR T BARmE AN
FA AR b S0 2R 102 2 iR R IE BRI S T, 15 204 G Liouville & #E.

FH 1 (M H, gy g) R—AEES 2460 A MME F HIREH, £ Byp(zo) C M E,

D HEZGEMNR, £f : Bon(zo) C M — Bp(py) C N AKKE FAE, U dyf 2 £Bp(xo)
LR—BH R, ZAHHI,

max | dirf < C, (k + }1%) (1.2)

BR(I

E POy RAR#MTE, ki, K, D.

WL 1 4o RM B A IR R 89K FRicei i F B FE ALK FRBERA R4, A %HIFF
FLEG DM B B R 5 64 2 A6 1) 1 e S
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2. Fi&ER

FEIX 75, FRATTRe 11 A 28 IR B 2 AT A R AR (530 U0 AR Bt S ) 8 AR AN

WM fm +d 4C> i, H RUINTM FFN, Hdim H = m. FMAH FRAKF5A. W
RM FAERE— sip WYIET,M o7 DA H H ) S35 0% W B e A 2465 A2 s V) ) 3 26 1 5k
B, WIFRH 3 2365 A gk A, ik — gy 2w NAEH FIEE, W(H, gy) RAM EIRES
Sk, BT IREL 2450 (H, grr) WTEM FRAREZFIY, (M, H, gi). IERM 2 EEHE
TEH EWIBRE ELF g, IAFRg Ngn MR 2L (S [4]). 1ILVE g MRS, M5, FAE
WA R(M, H, gr) LR — NS5 g, id (M, H, gir; g). B, VINTM BAG IER 5@

TM=HaoV (2.1)

Hrh v AR EE M.
FERER 2T EAFAE T 5 IR B S5 RIAR R B I IERE, FRONT U Bott k&%, 1LV,

mx(VEY), XY eT'(H)
mu([X,Y]), X eT(V),Y eT(H)

VyY = (2.2)
m(X,Y]), X eT(H),Y eT(V)

T (VEY]), X, Y eT(V)

BIRV (RFF TP A s B A, BV — A RIS Eg. |~ X Bott BEEHIHERT Al H
W haXEKIEZ N [5):

T'(X,Y)=—ny ([rg (X), 7z (Y)]) — 75 ([7v (X)), 7v (Y)]) (2.3)
Yele )™, A{ea 0 A BINAATH RV 1R IEAS R4, B 1207
1<i, g, k.., <m; m+1<a,8,v,..<m+d; 1<ABC,..<m+d (2.4)

PRET KPHLE LCAdiogT (X) = 3 (Ve T) (X, e;), HHX € T(TM). RESAV K
Bt R s A

7

(=my (Z Vfﬂ%) (2.5)

5l 1 3 FREZAREM(M, F,g), ECHRKFHH #HRZRETERFME, WM H,gu) &
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REZRF, XPgy =g |g. BH,
T (X,Y) = —nv ([rg (X), 7z (Y)]) (2.6)

#H—F, wRF RAMHE, NEEH( =0 HVg=0 [6]. KMNAHZ AL PR Z rHREMGKFH
A ith RARIE T A A

[E5Ep € M, & X

Ny (v) = Z (T (ei,e),0)° = Z ([e:,e5] ,v)? (2.7)
Hiwev, 4
Mlp (U)

min (P) = okvey, | v |2

ik [5) 51 5.6 BB T H 2 SRFE T A R 2 A e, TERIE.
B(M, H,gy; g) RIRERERE, (N,h) RESR. iLV £(N,h) MRSE%. WM BIN [t
TEHWU F KPR E SO

En(f) = /M|dHf|2dvolg (2.8)

DN | —

Hrbdy f RWordf £H BRI, dvol, RIREERHRLM EHEREg 73 HERIT. € KEuler-
Lagrange J1&/&

T (f) = trace (Vdf |gxm) —df () =0 (2.9)

EX 1 (B [5)RBEIf : M — N #RB KRR BABSE, 42 X7y (f) = 0.

Sl Af oy Rkdf Rvdf forE, ¢y AT, Al MERERT KA 38 STk [B]HES T
R A S E RS ok R K Bochner 23

SIEE 1K M — N ALEeks, NWAXTFROIBXEA:

I I _ glpa
fij - fji - faTij (2'10)
iﬂ - féa = flgTj,(i’ (2'11)
fin—fL=0 (2.12)
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H Bochner XA :

1 2 o ; o
St di fI° = (fh)" + flrhs + FICE L+ AL FLTe + FLFIRL,, + 2f] FL.T5

— fLRERL R+ f TS

1 2 ;
SAmldv 7= (far)” + Faria + FaCo i + £1F] Riai

3132 2 &(M,.F,g) &AM F ot k&M, £Byp(z,) C M E,

R’LCHE—]C.EL |T‘,
Hdk k> 0. B(N,h) AR RN LA d EHT
KN <k

HEpr >0 Ff: M — N ZRAEBAmRS, WA

&

AgldgfI* > (2 = 2e1) |[Vuduf]? — <2k + =+

2

Ag |dy I >2|Vdy fI° = 26 |dg [ |dy f|?

1
+ =1 Nin |dv f|* — 2Cae5 [Vidy fI* — 26 |dp f|*

(2.13)
— fLIERE 1L R (2.14)
(2.15)
(2.16)
€ ) dn £
177rn1n
(2.17)
(2.18)

H ey, 0 RES, Cy REURM Th 9T A, Bk =08, C, =0.

W wT(M,Z,g9) 220
RN 6 F 5 44(2.16), (2
H:

D=3 () + (1))

I i<y

S EX (U 407+ 7 -

I i<y

1

M A G et kM, N-F¥HhEREHC=0 AR}, =0. A F 84
(2.18)7T W (2.14) A ¥4 7. AR AT FHMX R (2.10) A 4o Tt

)

(2.19)
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FrEX(2.19) RN(2.13), H3f] LTS A= f] AT . #VR Schwarz 75 X, W T4F(2.17).
W(N, h) 2 EAREIHEKY <k, (k> 0) BRRIE, p &N LR E — Sy IR

£
lfcos(\/Et)’ k>0
o(t) = ] (2.20)
L, k=0
F
¥(q) = doplq) (2.21)

A& JLT b ) Hessian HCHE BRI AN

Hessyp > cos(v/kp) - h (2.22)

SIE 3 (AL [7]) £0<D <37, MAfr e [1,2), b> ¢(D) 420 > 0 RIRMTD , 1243

cos(v/kt)
v o) — 2K >0,

B, e Bf RREME Z T REHUM BB @EEAER ERe R ZIARHBN & EQ
HBp(yo) L9k R AA RS AR 4

vVt € [0, D] (2.23)

A (o f)

S — 26 | dgf > 6| duf |? (2.24)

3. IKEREE bt
TEARTIFGE, FRAVSEL H— A FRRwR R B0 L
EMX 2 WmEM EHEAE—ANARBEZHr: M — [0, +00) Z45 %6, LEEFHKCs, 47

W Ao i P8 2 TR R
1 FEM R Ricci ER TR Z RN, W Co3EHHHHZ(3.1).

WM™ H, gy; g) s~ M AFRTEE KRB Y, /£Bop(xo) € M L2

RiCH Z —k H | T |, | d’i?)HT |§ k‘l (32)
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Hbk, ky > 0. r &M i e B I R 2, Bk Ep € C°([0, 00)), #115
Ployy =1 @l =0, —Cilel? < <0 (3.3)
Hioy RIEFH. Ax(r) = o(%), W

IvHX|2<C4 H Avv> -9 #pc T 3.4
Ty SR HX 2~ [T Byr\Cut (z0) AL (3.4)

;H\:EPCAL == C4(TTL,]€,]€1>.
NI dy f |2, 75 RE B R £

q)ux :| du f |2 +ux | dy f |2 (3'5>

Horrp AfEE I IERL
g]fﬂ 4 /ﬁ:x € B2R (170) %, %X(‘%) 7é 0, N'J;ﬁ

1 3, |
)|VH i _2H‘dHf|2(I)ux

AH(I)HX Z <2 — &1 P

%

1 L
+ (281nmm + puApx — e px |VHX|2> |dv f1?

C. C?
- (% =2 ) i fI? (3.6)
2

1//min

WY AT AR SRRAT, Aep = TEX, W(2.17) 4=(2.18) 47,

A=A (dn I + oy )

1
[di fI* + 51 ldy £

C. C2
>(2—2¢)) [Vuduf] — <2k+€2+ 2 )
2

17/min
— 2Coe2 |Vydy I = 26 |du " + pAux |dv fI* + 4 (VX @ dy f, Vidy f)
+20x [Vady f|* = 26px | du fI dv fI?

=(2 - 2¢y) (|VHdHf|2 + px |VHde|2) +4u (VX @ dv f, Vydy f) — 268, |dp f|*

81nmin

1 2 Cs 022 2
+ | 5&1mmin + pAHX |dv f|” — 2k+g+ | f| (3.7)
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8 Cauchy 5 X, WA F 34+
2
‘VH(I)ux|2 = ‘VH <|dHf|2 + X |dvf|2>‘

Vux

NS @ dy f

<4|duf + /ixdy I ‘deHf VIV sy /e

1| Vax|?

=4P <|VHdHf|2+NX|deVf|2+ Ay

v fI* + 1 (Vudy f,Vax @ dvf>>
M,
(2= 220) (|Vadiaf* + x| Viady £) + 41 (Virx @ dy £, Vardy f)

=(2 — 4ey) <|deHf|2 + px |VHde|2> + 2e10x |Vidy fI* + 4 (Vix @ dy £,V irdy f)

1 Vud. > (1 Vx|’
2<2—61>|f11>‘”‘|—<2—61>’”;m|dvf|2

HX

+ (24 4e))u (Vady £,Vax @ dy f) + 2e1p0x |V gy f|*

1 Vi ® 1 |VHX| (2 +4e1)” |VHX|
> (1 ) MESad (1 d d
= <2 E1> ‘I)ux 2 €1 X | Vf| 9 | f|

1 D, [ v
Z<El> Rl e s (3.8)

F(3.8) KN(3.7) BP T T AIE .
FEH R 2 BRI

MERR ARYE 51 HS, MTHGE MKy € [1,2), b > ¢ (D) i 2(2.23). L F,,
B (2.21)58 3. Wz & Bogr(zo) FxFlu —MNAEZRIMKAE S, WTEr 5S4k,

— Pux H
= Gogery FEHY

VX VHCI)HX+ V(o f)

0=VgyIn(xF = + v 3.9
H (X HX) % @MX b _ 'Z,Z) o f ( )
Apx |VHX|2 AH(I),U.X |qu);Ax|2
0>AygIn(yF ) = — + _
m <X “X) X X2 (I>ux q)ix
2
+VAH (Yolf) +U|VH (¢ o f)l (3.10)

b=vof =~ (b—yof)
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FIF 54, (3.10)#Ex SAbaltb A

2 1 o |2
OZAHX_|VH2X| —(+51>|VH2“X|—2H|dny2
X X 2 Dlix
2
AW h) | Va o)l
b-wol T (b-vof)
1 o o2
" <2€177“‘i“+“AHX_3511MX 1|VHX|2> |<I‘>/f‘
%%

2 2
— <2k + % + Ci?) M
€2 €1Mmin q)px

Wey = 5 — 1, H1(3.9) 15

2 o 2
(o) St o) (-5

1 iy Vax ? 1 o V(o f)?
>—<2+51>(1+5 ) X2 <2+51>(1+53)U —(b—q/;of)2

ey =3 >0, (3 +ea) +e") = 3%, (5 +a) L+ea)?=v. TH

Apx 24+v | Vax [ Ag(pof) 2
>7 —(1+ —2k|d
" ) L Ty
1 d 2
+ (G EUmin + HARX — 3ertux | Vaux |2)|(I¥7f|
5%
2 2
€2 €17Mmin (I)ux
H(3.4) 55133, 15
Cy 24v 04 2
>_2r_
1 71 C(4 |de |2
+ (GE1min + pARX — 32, R2) D
2 2
€2 €1Mmin q)ux
& 2, 1 pCy | dv f ?
> _ v il I
= XR+6 | dHf| +(26177mzn R ) @#X
2 d 2
(m G, G ) | diaf | (3.11)
€2 €1Mmin (I);LX

Hrhe, =C,(v,Cy), 6 >0 H 7| B3 E HAUKHE T D.
RHH(PILX :| dHf |2 +MX ‘ de |27 ff%‘

| dv f |2: Milxil(q)ux_ | du f |2>
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FTEA(3.11) "4 A

-C, 2 1 pCy. 1
> J— . —
I x'C, Cy C3 \lduf?
+( 2”’ Xoem T R €2 glnmin) (I)ux
1.1 2C
> (ze1pt  Min — —2
_X(261,u nmzn R )
1 C? C2 | duf|?
(5 [ — - -1 min 2k —2 : 3.12
+[ X®ux <251,u n + + e pt + 1T min X(I)ux ( )
%Tﬁi%slﬂilnmm - 2%/ EHEﬁ’ ?‘Zﬁ]ﬂuﬂx&ﬁﬂil = ni?:R’ E%qul = 51:715:,11%' :'FIE'%
4C C2 C3
P, <6! Lok 24 —2 3.13
X X = ( R + * e + E1Mmin ( )
=5"1Cs
:’E:EPC5 = % + 2k + % + 6177051"' JH:
XLy Cs
max xF,, < x) < 3.14
BQR(JCO)X = (b_ P Of)y( ) o 5(b_ ¢(D))V ( )
A5
Csb”
max |d 2<p max F,, < ———>— 3.15
Br(zo) lduf I '< Br(zo) " T 8(b— ¢(D))” 319)
ny
4C, C? C?
max | dyf \2§£+2k—|—f2+72
Br(zo) R 1l E1MNmin
1
_ ¢, <k N R) (3.16)

HhCy RAKBT k, ki, k, D. M58 508 ELLTIEBH.
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