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Abstract

It was aimed to study the Radford′s biproduct over BiHom-bialgebras. By applying

the thought of analogy, the notion of BiHom-comodule coalgebra and BiHom-Smash

coproduct over BiHom-bialgebras was defined. Further, a necessary and sufficien-

t condition for the BiHom-Smash product and BiHom-Smash coproduct to form a

BiHom-bialgebra was obtained.
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1. 0�

3C/þfznØ�Ä:þ§©z [1, 2]é Smash {È?1
0�ÚïÄ,Ù½ÂXe: � H

´��V�ê, B ´� H-{�{�ê, K Smash {È B ×H ´3 B ⊗H þ½Â��ê, é?¿

� b ∈ B, h ∈ H, §�{¦{´

(b× h) = (b1 ⊗ b2(−1)h1)⊗ (b2(0) ⊗ h2).

'u Smash {ÈkÃõ/ª�í2, ©z [3–6]©O�Ñ
 Hom-Smash {ÈÚÜþ Hom-

Smash {È�Vg9�
­��(Ø. 
�� Hom-�êÚÜþ Hom-�ê�í2, Graziani

� [7]JÑ
 BiHom-(Ü�ê, BiHom-{(Ü{�êÚ BiHom-V�ê�Vg, ¿��eZ�~

f, Ó�ïÄ
 BiHom-V�êþ� Smash È�eZ5�. �Xé BiHom-(���\&Ä, Nõ

�'�Vg��
í2, 'X®²½Â
 BiHom-Lie ��ê!BiHom-Novikov �êÚÃ���

BiHom-V�ê�� [8, 9].

�©/Ï BiHom-V�ê, ½Â
 BiHom-V�êþ� Smash {È, ¿?ØÙ5�, �Ñ


BiHom-Smash ÈÚ BiHom-Smash {È/¤ BiHom-V�ê�¿©7�^�.
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2. ý��£

Äk£��
Ä�Vg. �©¥¤k��þ�m!ÜþÈ9Ó�N�Ñ3�½�� k þ?1.

éu{�ê C, ¦^ Sweedler .PÒ5L«{¦: é?¿� c ∈ C, ∆(B) = c1 ⊗ c2.

½Â 1 [7] � A ´���5�m, αA : A → A, βA : A → A ´�5N�. XJ�3�5N�

µ : A⊗A→ A, a⊗ b 7→ ab, ¦�é?¿� a, b, c ∈ A, ÷v

αA ◦ βA = βA ◦ αA, αA(ab) = αA(a)αA(b),

βA(ab) = βA(a)βA(b), αA(a)(bc) = (ab)βA(c),

@o¡ (A,µ, αA, βA) � BiHom-(Ü�ê. XJ��3�� 1A ∈ A, ¦�é?¿� a ∈ A, ÷v

αA(1A) = 1A, βA(1A) = 1A,

a1A = αA(a), 1Aa = βA(a),

@o¡ (A,µ, αA, βA) �kü �� BiHom-(Ü�ê. {P� (A,αA, βA).

½Â 2 [7] � C ´���5�m, ψC : C → C,ωC : C → C ´�5N�. XJ�3�5N�

∆ : C → C ⊗ C, ÷v

ψC ◦ ωC = ωC ◦ ψC , (ψC ⊗ ψC) ◦∆ = ∆ ◦ ψC ,

(ωC ⊗ ωC) ◦∆ = ∆ ◦ ωC , (∆⊗ ψC) ◦∆ = (ωC ⊗∆) ◦∆,

@o¡ (C,∆, ψC , ωC) � BiHom-{(Ü{�ê. XJ��3�5N� ε : C → k, ÷v

ε ◦ ψC = ε, ε ◦ ωC = ε,

(idC ⊗ ε) ◦∆ = ωC , (ε⊗ idC) ◦∆ = ψC ,

@o¡ (C,∆, ψC , ωC) �k{ü � BiHom-{(Ü{�ê. {P� (C,ψC , ωC).

½Â 3 [7] � (H,µ, αH , βH) ´ BiHom-(Ü�ê, (H,∆, ψH , ωH) ´ BiHom-{(Ü{�ê.

XJéu?¿� h, g ∈ H, ÷v

∆(hg) = (h1g1)⊗ (h2g2),

αH ◦ ψH = ψH ◦ αH , αH ◦ ωH = ωH ◦ αH ,

βH ◦ ψH = ψH ◦ βH , βH ◦ ωH = ωH ◦ βH ,

(αH ⊗ αH) ◦∆ = ∆ ◦ αH , (βH ⊗ βH) ◦∆ = ∆ ◦ βH ,

ψH(hg) = ψH(h)ψH(g), ωH(hg) = ωH(h)ωH(g),

@o¡ (H,µ,∆, αH , βH , ψH , ωH) � BiHom-V�ê. XJ�3�� 1A ∈ A Ú�5N� εH : C →
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k, ÷v

∆(1H) = 1H ⊗ 1H , εH(1H) = 1,

ψH(1H) = 1H , ωH(1H) = 1H ,

εH ◦ αH = εH , εH ◦ βH = εH ,

εH(hg) = εH(h)εH(g),

@o¡ (H,µ,∆, αH , βH , ψH , ωH) �kü �Ú{ü � BiHom-V�ê. {P� (H,αH , βH ,

ψH , ωH).

XJ��3�5N� SH(é4) : H → H, ¦�é?¿� h ∈ H, ÷v

βHψHSH(h1)αHωH(h2) = εH(h)1H = βHψH(h1)αHωHSH(h2),

@o¡ (H,αH , βH , ψH , ωH) � BiHom-Hopf �ê.

½Â 4 [7]� (H,αH , βH , ψH , ωH)´BiHom-V�ê, (A,αA, βA)´BiHom-(Ü�ê, αH , βH , ψH , ωH

´V�. XJ (A,αA, βA) ´� (H,αH , βH , ψH , ωH)-� (��^½Â�H ⊗A→ A, h⊗ a 7→ (h · a)),

¦�é?¿� a, b ∈ A, h, g ∈ H, ÷v

(hg) · βA(a) = αH(h) · (g · a),

αA(h · a) = αH(h) · αA(a),

βA(h · a) = βH(h) · βA(a),

1H · a = βA(a), h · 1A = εH(h)1A,

h · (ab) = (α−1H ω−1H (h1) · a)(β−1H ψ−1H (h2) · b),

@o¡ (A,αA, βA) ´� (H,αH , βH , ψH , ωH)-BiHom-��ê.

½Â 5 [7] � (H,αH , βH , ψH , ωH) ´ BiHom-V�ê, (A,αA, βA) ´� (H,αH , βH , ψH , ωH)-

BiHom- ��ê, αH , βH , ψH , ωH , αA, βA ´V�. XJr BiHom-(Ü�ê A⊗H ½Â� A]H, �

é?¿� a, b ∈ A, h, g ∈ H, ÷v

(a]h)(b]g) = (a(β−1H ω−1H (h1) · β−1A (b)))](ψ−1H (h2)g),

@o¡ (A]H,αA ⊗ αH , βA ⊗ βH) � (A,αA, βA) Ú (H,αH , βH , ψH , ωH) � BiHom-Smash È.

3. BiHom-Radford′s VÈ

Ì�0�
 BiHom-Smash {È�½Â, ¿��Ñ
 BiHom-Smash ÈÚ BiHom-Smash {

È/¤ BiHom-V�ê�¿©7�^�.
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½Â 6 � (H,αH , βH , ψH , ωH) ´ BiHom-V�ê,(B,∆B, ψB, ωB) ´ BiHom-{�ê.e

(B, ρ, ψB, ωB) ´� H-BiHom-{�,Ù¥{��^½Â� ρ : B → H ⊗ B,b 7→ b(−1) ⊗ b0 =

ωH(b(−1))⊗ ψB(b(0)).¦�é?¿� b ∈ B, h ∈ H, ÷v

ψH(b(−1))⊗ ψB(b(0)) = (ψB(b))(−1) ⊗ (ψB(b))(0),

ωH(b(−1))⊗ ωB(b(0)) = (ωB(b))(−1) ⊗ (ωB(b))(0),

ωH(b1)⊗ b21 ⊗ b22 = b11 ⊗ b12 ⊗ ψH(b2),

βHψH(b1(−1))αHωH(b2(−1))⊗ b1(0) ⊗ b2(0)
= αHβHωHψH(b(−1))⊗ b(0)1 ⊗ b(0)2,

b(−1)ε(b(0)) = ε(b)1H , b1ε(b2) = ω(b), ε(b1)b2 = ψ(b).

@o (B,∆B, ψB, ωB) �¡�� (H,αH , βH , ψH , ωH)-BiHom-{�{�ê.

·K 1 � (H,αH , βH , ψH , ωH)´BiHom-V�ê, (B,∆B, ψB, ωB)´� (H,αH , βH , ψH , ωH)-

BiHom-{�{�ê, αH , βH , ψH , ωH , ψB, ωB ´V�. XJé?¿� a, b ∈ B, h, g ∈ H, ÷v

1) �� k-�m, B ×H=B ⊗H,

2) BiHom-{¦{, =

∆(b× h) = (b1 × α−1H ψ−1H (b2(−1))β
−1
H (h1))⊗ (ψ−1B (b2(0))× h2).,

@o (B×H,αB ×αH , βB × βH) ´ BiHom-{(Ü{�ê. ¡Ù� BiHom-Smash {È.{ü �

εB × εH .

y² d BiHom-{�{�êÚ BiHom-Smash-{È�½Â�µ

(∆⊗ ψB)∆(b× h)

= (∆⊗ ψB)(b1 ⊗ α−1H ψ−1H (b2(−1))β
−1
H (h1)⊗ ψ−1B (b2(0))⊗ h2)

= [b11 ⊗ α−1H ψ−1H (b12(−1))(β
−1
H α−1H ψ−1H (b2(−1)1)β

−2
H (h11))]

⊗[ψ−1B (b12(0))⊗ α−1H ψ−1H (b2(−1)2)β
−1
H (h12)⊗ (b2(0) ⊗ ψH(h2))]

= ωB(b1)⊗ α−1H ψ−1H (b21(−1))(β
−1
H α−1H ψ−2H (b22(−1)1)ωHβ

−2
H (h1))

⊗ψ−1B (b21(0))⊗ α−1H ψ−2H (b22(−1)2)β
−1
H (h21)⊗ (ψ−1B (b22(0))⊗ h22)

= ωB(b1)⊗ (α−2H ψ−1H (b21(−1))β
−1
H α−1H ψ−2H (b22(−1)1)ωHβ

−1
H (h1)

⊗ψ−1B (b21(0))⊗ α−1H ψ−2H (b22(−1)2)β
−1
H (h21)⊗ (ψ−1B (b22(0))⊗ h22)

= ωB(b1)⊗ (α−2H ψ−1H (b21(−1))β
−1
H α−1H ψ−2H ωH(b22(−1)))ωHβ

−1
H (h1)

⊗ψ−1B (b21(0))⊗ α−1H ψ−2H (b22(0)(−1))β
−1
H (h21)⊗ (ψ−2B (b22(0)(0))⊗ h22)

= ωB(b1)⊗ ωHα
−1
H ψ−1H (b2(−1))ωHβ

−1
H (h1)⊗ ψ−1B (b2(0)1)

⊗α−1H ψ−2H (b2(0)2(−1))β
−1
H (h21)⊗ (ψ−2B (b2(0)2(0))⊗ h22)
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= (ωH ⊗∆)(b1 ⊗ α−1H ψ−1H (b2(−1))β
−1
H (h1)⊗ ψ−1B (b2(0))⊗ h2)

= (ωH ⊗∆)∆(b× h).

`² (∆⊗ ψB)∆(b× h) = (ωH ⊗∆)∆(b× h). ·K 1 y..

Ún 1 � (H,αH , βH , ψH , ωH) ´ BiHom-V�ê, (B,αB, βB) ´ BiHom-�ê,e

(B,αB, βB) ´� H-BiHom-{�,K (B,αB, βB) �¡�� H-BiHom-{��ê,Ù¥{��^�:

ρ(ab) = a(−1)b(−1) ⊗ a(0)b(0), ρ(1B) = 1H ⊗ 1B.

Ún 2 � (H,αH , βH , ψH , ωH) ´ BiHom-V�ê, (B,ψB, ωB) ´ BiHom-{�ê,e

(B,αB, βB) ´� H-BiHom-�,K (B,αB, βB) �¡�� H-BiHom-�{�ê,Ù¥��^�:

∆(h · b) = h1 · b1 ⊗ h2 · b2, εB(h · b) = εH(h)εB(b).

½n 1 � (H,αH , βH , ψH , ωH), (B,αB, βB, ψB, ωB) ´ BiHom-V�ê, αH , βH , ψH ,

ωH , αB, βB, ψB, ωB ´V�. K BiHom-Smash È (B]H,αB]αH , βB]βH) Ú BiHom-Smash {È

(B ×H,αB ×αH , βB × βH) /¤ BiHom-V�ê, ��=�é?¿� a ∈ A, h ∈ H, e�^��d:

(I) (B×] H,αB × αH , βB × βH) ´ BiHom-V�ê.

(II)±e^�¤á,

c1)εB ´�êÓ�� ∆B(1B) = 1B ⊗ 1B.

c2)(B,αB, βB, ψB, ωB) ´� (H,αH , βH , ψH , ωH) BiHom-�{�ê,

c3)(B,αB, βB, ψB, ωB) ´� (H,αH , βH , ψH , ωH) BiHom-{��ê,

c4)∆B(ab) = a1(a2(−1) · β−1(b1))⊗ β(a2(0))b2, (4)

c5)h1 · b(−1) ⊗ h2 · b(0) = α−1H ((ω−1H (h1) · b)(−1))
αHωHβ

(−1)
H ψ

(−1)
H (h2)⊗ ((ω−1H (h1) · b)(−1)).

y² Äk,·�ky² (I)⇒ (II).

Ï� ∆B×H Ú εB×H Ñ´�êÓ�,é?¿� a, b ∈ B.h, k ∈ H. ·�k

ε((a× h)(b× k)) = ε(a(β−1H ω−1H (h1) · β−1B (b))× (ψ−1H (h2)k))

= εB(a(β−1H ω−1H (h1) · β−1B (b)))εH(h2)εH(k)

= εB(a(β−1H (h) · β−1B (b)))εH(k)

ε(a× h)ε(b× k) = εB(a)εH(h)εB(b)εH(k).

- h = k = 1H . �±�� εB(ab) = εB(a)εB(b). - a = 1B, k = 1H , �±��

εB(1B(β−1H (h) · β−1B (b)))εH(1H) = εB(h · b) = εH(h)εB(h).
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Ï�

∆(1B × 1H) = (1B1 ⊗ α−1H ψ−1H (1B2(−1))β
−1
H (1H))⊗ (ψ−1B (1B2(0))⊗ 1H)

= (1B1 × ψ−1H (1B2(−1)))⊗ (ψ−1B (1B2(0))× 1H)

= (1B × 1H)⊗ (1B × 1H).

�mü>Ó��^ Id⊗ εH ⊗ Id⊗ εH , �±�� ∆(1B) = 1B ⊗ 1B.

�mü>Ó��^ εB ⊗ Id⊗ Id⊗ εH , �±��

εB(1B1)ψ
−1
H (1B2(−1))⊗ ψ−1B (1B2(0))εH(1H) = 1B(−1) ⊗ 1B(0) = ρ(1B) = 1H ⊗ 1B.

- h = k = 1H . Ï�∆((a× 1H)(b× 1H)) = ∆(a× 1H)∆(b× 1H), ¤±·��±O�.

∆((a× 1H)(b× 1H))

= ∆(a(β−1H ω−1H (1H) · β−1B (b))× ψ−1H (1H) · 1H) = ∆(ab× 1H)

= ((ab)1 × α−1H ψ−1H ((ab)2(−1)) · β−1H (1H))⊗ (ψ−1B ((ab)2(0))× 1H)

= ((ab)1 × ψ−1H ((ab)2(−1)))⊗ (ψ−1B ((ab)2(0))× 1H).

∆(a× 1H)∆(b× 1H)

= [(a1 × α−1H ψ−1H (a2(−1)) · β−1H (1H))⊗ (ψ−1B (a2(0))× 1H)]

[(b1 × α−1H ψ−1H (b2(−1)) · β−1H (1H))⊗ (ψ−1B (b2(0))× 1H)]

= [(a1 × ψ−1H (a2(−1)))(b1 × ψ−1H (b2(−1)))]⊗ [(ψ−1B (a2(0))

×1H)(ψ−1B (b2(0))× 1H)]

= (a1(β
−1
H ω−1H ψ−1H (a2(−1)1) · β−1B (b1))× ψ−2H (a2(−1)2) · ψ−1H (b2(−1)))

⊗(ψ−1B (a2(0))(β
−1
H ω−1H (1H) · β−1B (ψ−1B (b2(0)))× ψ−1H (1H) · 1H))

= (a1(β
−1
H ω−1H ψ−1H (a2(−1)1) · β−1B (b1))× ψ−2H (a2(−1)2) · ψ−1H (b2(−1)))

⊗ψ−1B (a2(0))(ψ
−1
B (b2(0))× 1H)).

Ïd,

((ab)1 × ψ−1H ((ab)2(−1)))⊗ (ψ−1B ((ab)2(0))× 1H)

= (a1(β
−1
H ω−1H ψ−1H (a2(−1)1) · β−1B (b1))

×ψ−2H (a2(−1)2) · ψ−1H (b2(−1)))⊗ (ψ−1B (a2(0))(ψ
−1
B (b2(0))× 1H)).

DOI: 10.12677/aam.2021.108295 2840 A^êÆ?Ð

https://doi.org/10.12677/aam.2021.108295



Z� �

ü>Ó��^ εB ⊗ Id⊗ Id⊗ εH .

εB((ab)1)ψ
−1
H ((ab)2(−1))⊗ ψ−1B ((ab)2(0))εH(1H) = (ab)(−1) ⊗ (ab)(0).

εB(a1(β
−1
H ω−1H ψ−1H (a2(−1)1) · β−1B (b1)))(ψ

−2
H (a2(−1)2)ψ

−1
H (b2(−1)))

⊗(ψ−1B (a2(0))ψ
−1
B (b2(0)))εH(1H)

= εB(a1)εB(a2(−1)1)εB(b1)ψ
−2
H (a2(−1)2)ψ

−1
H (b2(−1))

⊗ψ−1B (a2(0))ψ
−1
H (b2(−1)ψ

−1
B (b2(0))

= εB(a1)ψ
−1
H (a2(−1))b(−1) ⊗ ψ−1B (a2(0))b(0)

= a(−1)b(−1) ⊗ a(0)b(0).

�±�� ρ(ab) = (ab)(−1) ⊗ (ab)(0) = a(−1)b(−1) ⊗ a(0)b(0).

ü>2gÓ��^ Id⊗ εH ⊗ Id⊗ εH .

(ab)1εH(ψ−1H ((ab)2(−1)))⊗ ψ−1B ((ab)2(0))εH(1H)

= (ab)1 ⊗ (ab)2 = ∆(ab).

(a1(β
−1
H ω−1H ψ−1H (a2(−1)1) · β−1B (b1)))εH(ψ−1H (a2(−1)2)

ψ−1H (b2(−1)))⊗ ψ−1B (a2(0))ψ
−1
B (b2(0))εH(1H)

= (a1(β
−1
H ω−1H ψ−1H (a2(−1)1) · β−1B (b1)))εH(a2(−1)2)εH(b2(−1))

⊗ψ−1B (a2(0))ψ
−1
B (b2(0))

= (a1(β
−1
H ψ−1H (a2(−1)) · β−1B (b1)))⊗ ψ−1B (a2(0))b2.

�±�� ∆(ab) = (ab)1 ⊗ (ab)2 = (a1(β
−1
H ψ−1H (a2(−1)) · β−1B (b1)))⊗ ψ−1B (a2(0))b2, = c4) ¤á.

- a = 1B, k = 1H . Ï� ∆((1B × h)(b× 1H)) = ∆(1B × h)∆(b× 1H), ¤±·��±O�.

∆((1B × h)(b× 1H))

= ∆(1B(β−1H ω−1H (h1) · β−1B (b))× ψ−1H (h2) · 1H)

= ∆(ω−1H (h1) · b× αHψ
−1
H (h2))

= (ω−1H (h1) · b)1 × α−1H ψ−1H ((ω−1H (h1) · b)2(−1)) · β−1H αHψ
−1
H (h21)

⊗ψ−1B ((ω−1H (h1) · b)2(0))× αHψ
−1
H (h22).
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∆(1B × h)∆(b× 1H)

= [1B1 × α−1H ψ−1H (1B2(−1)) · β−1H (h1)⊗ ψ−1B (1B2(0))× h2][b1

×α−1H ψ−1H (b2(−1)) · β−1H (1H)⊗ ψ−1B (b2(0))× 1H ]

= [(1B × h1)⊗ (1B × h2)][(b1 × ψ−1H (b2(−1)))⊗ (ψ−1B (b2(0))× 1H)]

= [(1B × h1)(b1 × ψ−1H (b2(−1)))]⊗ [(1B × h2)(ψ−1B (b2(0))× 1H)]

= [1B(β−1H ω−1H (h11) · β−1B (b1))× ψ−1H (h12) · ψ−1H (b2(−1))]

[1B(β−1H ω−1H (h21) · β−1B ψ−1B (b2(0)))× ψ−1H (h22) · 1H ]

= [ω−1H (h11) · b1 × ψ−1H (h12) · ψ−1H (b2(−1))][ω
−1
H (h21) · ψ−1B (b2(0))

×αHψ
−1
H (h22)].

�±��:

(ω−1H (h1) · b)1 × α−1H ψ−1H ((ω−1H (h1) · b)2(−1)) · β−1H αHψ
−1
H (h21)

⊗ψ−1B ((ω−1H (h1) · b)2(0))× αHψ
−1
H (h22)

= [ω−1H (h11) · b1 × ψ−1H (h12) · ψ−1H (b2(−1))][ω
−1
H (h21) · ψ−1B (b2(0))

×αHψ
−1
H (h22)]

ü>Ó��^ Id⊗ εH ⊗ Id⊗ εH .

(ω−1H (h1) · b)1εH(α−1H ψ−1H ((ω−1H (h1) · b)2(−1)))εH(β−1H αHψ
−1
H (h21))

⊗ψ−1B ((ω−1H (h1) · b)2(0))εH(αHψ
−1
H (h22))

= (ω−1H (h1) · b)1εH((ω−1H (h1) · b)2(−1)))εH(h21)

⊗ψ−1B ((ω−1H (h1) · b)2(0))εH(h22)

= (ω−1H (h1) · b)1 ⊗ (ω−1H (h1) · b)2εH(h2)

= (h · b)1 ⊗ (h · b)2.

ω−1H (h11) · b1εH(ψ−1H (h12))εH(ψ−1H (b2(−1)))

⊗ω−1H (h21)ψ
−1
B (b2(0))εH(αHψ

−1
H (h22))

= ω−1H (h11) · b1εH(h12)εH(b2(−1))⊗ ω−1H (h21)ψ
−1
B (b2(0))εH(h22)

= h1 · b1 ⊗ h2 · b2.

�±��∆(h · b) = (h · b)1 ⊗ (h · b)2 = h1 · b1 ⊗ h2 · b2.
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ü>2Ó��^ εB ⊗ Id⊗ Id⊗ εH .

εB((ω−1H (h1) · b)1)(α−1H ψ−1H ((ω−1H (h1) · b)2(−1)))εH(β−1H αHψ
−1
H (h21))

⊗ψ−1B ((ω−1H (h1) · b)2(0))εH(αHψ
−1
H (h22))

= α−1H ((ω−1H (h1) · b)(−1))αHβ
−1
H ψ−1H ωH(h2)⊗ (ω−1H (h1) · b)(0).

εB(ω−1H (h11) · b1)ψ−1H (h12)ψ
−1
H (b2(−1))⊗ ω−1H (h21) · ψ−1B (b2(0))εH(αHψ

−1
H (h22))

= εB(h11)εB(b1)ψ
−1
H (h12)ψ

−1
H (b2(−1))⊗ ω−1H (h21)ψ

−1
B (b2(0))εH(h22)

= h1b(−1) ⊗ h2b(0).

�±�� h1b(−1) ⊗ h2b(0) = α−1H ((ω−1H (h1) · b)(−1))αHβ
−1
H ψ−1H ωH(h2) ⊗ (ω−1H (h1) · b)(0). = c5)

¤á. ¤±,c1)− c5) Ñ¤á.

y3,·�5y² (II) ⇒ (I).éN´�y ε((a × h)(b × k)) = ε(a × h)ε(b × k), ε(1B × 1H) =

ε(1k),∆(1B × 1H) = (1B × 1H) ⊗ (1B × 1H). �â BiHom-{(Ü{�ê�½Â��, é?¿�

h ∈ H, ·�k

ωH(a(−1))⊗ a(0)(−1) ⊗ a(0)(0) = a(−1)1 ⊗ a(−1)2 ⊗ ψ−1B (a(0)). (1)

h11 ⊗ h12 ⊗ h21 ⊗ h22 = h11 ⊗ ω−1H (h121)⊗ ψ−1H (h122)⊗ ψH(h2). (2)

y3·�O�

∆((a× h)(b× k))

= ∆(a(β−1H ω−1H (h1) · β−1B (b)× ψ−1H (h2)k)

= [a(β−1H ω−1H (h1) · β−1B (b))]1 × α−1H ψ−1H ([a(β−1H ω−1H (h1) · β−1B (b))]2(−1))β
−1
H (ψ−1H (h21)k1)

⊗ψ−1B ([a(β−1H ω−1H (h1) · β−1B (b))]2(0))× ψ−1H (h22)k2
((1),c2)

= a1(β
−1
H ψ−1H (a2(−1)) · β−1B (β−1H ω−1H (h11) · β−1B (b1)))

×α−1H ψ−1H ((ψ−1B (a2(0))(β
−1
H ω−1H (h

12
) · β−1B (b2)))(−1))β

−1
H (ψ−1H (h21)k1)

⊗ψ−1B ((ψ−1B (a2(0))(β
−1
H ω−1H (h12) · β−1B (b2)))(0))× ψ−1H (h22)k2

(c3)
= a1(β

−1
H ψ−1H (a2(−1)) · (β−2H ω−1H (h11) · β−2B (b1)))

×(α−1H ψ−2H (a2(0)(−1))α
−1
H ψ−1H ((β−1H ω−1H (h

12
) · β−1B (b2))(−1)))(β

−1
H ψ−1H (h21)β

−1
H (k1))

⊗(ψ−2B (a2(0)(0))ψ
−1
B ((β−1H ω−1H (h12) · β−1B (b2))(0))× ψ−1H (h22)k2

= a1(α
−1
H β−1H ψ−1H (a2(−1))β

−2
H ω−1H (h11)) · β−1B (b1))

×[(α−2H ψ−2H (a2(0)(−1))α
−2
H ψ−1H ((β−1H ω−1H (h

12
) · β−1B (b2))(−1)))β

−1
H ψ−1H (h21)]k1

⊗(ψ−2B (a2(0)(0))ψ
−1
B ((β−1H ω−1H (h12) · β−1B (b2))(0))× ψ−1H (h22)k2

= a1((α
−1
H β−1H ψ−1H (a2(−1))β

−2
H ω−1H (h11)) · β−1B (b1))

×[α−1H ψ−2H (a2(0)(−1))(α
−2
H ψ−1H ((β−1H ω−1H (h

12
) · β−1B (b2))(−1))β

−2
H ψ−1H (h21))]k1
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⊗ψ−2B (a2(0)(0))ψ
−1
B ((β−1H ω−1H (h12) · β−1B (b2))(0))× ψ−1H (h22)k2

(2)
= a1((α

−1
H β−1H ψ−1H (a2(−1))β

−2
H ω−1H (h11)) · β−1B (b1))

×[α−1H ψ−2H (a2(0)(−1))α
−1
H ψ−1H (α−1H ((β−1H ω−2H (h121) · β−1B (b2))(−1))α

−1
H β−2H ψ−1H (h122))]k1

⊗ψ−2B (a2(0)(0))ψ
−1
B ((β−1H ω−2H (h121) · β−1B (b2))(0))× h2k2

(c5)
= a1((α

−1
H β−1H ψ−1H (a2(−1))β

−2
H ω−1H (h11)) · β−1B (b1))

×[α−1H ψ−2H (a2(0)(−1))(α
−1
H ψ−1H β−1H ω−1H (h121)α

−1
H ψ−1H β−1B (b2(−1)))]k1

⊗ψ−2B (a2(0)(0))ψ
−1
B (β−1H ω−1H (h122) · β−1B (b2(0)))× h2k2

((1),(2))
= a1((α

−1
H β−1H ψ−1H ω−1H (a2(−1))β

−2
H ω−1H (h11)) · β−1B (b1))

×[(α−2H ψ−2H (a2(−1)2)α
−1
H ψ−1H β−1H (h12))(α

−1
H ψ−1H (b2(−1)))]k1

⊗ψ−2B (a2(0))(β
−1
H ω−1H (h21) · β−1B ψ−1B (b2(0)))× ψ−1H h22k2

= a1((α
−1
H β−1H ψ−1H ω−1H (a2(−1))β

−2
H ω−1H (h11)) · β−1B (b1))

×(α−1H ψ−2H (a2(−1)2)ψ
−1
H β−1H (h12))(α

−1
H ψ−1H (b2(−1))β

−1
H (k1))

⊗ψ−1B (a2(0))(β
−1
H ω−1H (h21) · β−1B ψ−1B (b2(0)))× ψ−1H h22k2.

∆(a× h)∆(b× h)

= [a1 × (α−1H ψ−1H (a2(−1))β
−1
H (h1))⊗ ψ−1B (a2(0))× h2][b1 × (α−1H ψ−1H (b2(−1))β

−1
H (k1))

⊗ψ−1B (b2(0))× k2]

= [(a1 × α−1H ψ−1H (a2(−1)) · β−1H (h1))(b1 × α−1H ψ−1H (b2(−1)) · β−1H (k1))]

⊗[(ψ−1B (a2(0))× h2)(ψ−1B (b2(0))× k2)]

= a1((β
−1
H ω−1H (α−1H ψ−1H (a2(−1)) · β−1H )1) · β−1B (b1))

×ψ−1H ((α−1H ψ−1H (a2(−1)) · β−1H (h1))2)(α
−1
H ψ−1H (b2(−1)) · β−1H (k1))

⊗ψ−1B (a2(0))(β
−1
H ω−1H (h21) · β−1B (ψ−1B (b2(0))))× ψ−1H (h22) · k2

= a1((α
−1
H β−1H ψ−1H ω−1H (a2(−1))β

−2
H ω−1H (h11)) · β−1B (b1))

×(α−1H ψ−2H (a2(−1)2)ψ
−1
H β−1H (h12))(α

−1
H ψ−1H (b2(−1))β

−1
H (k1))

⊗ψ−1B (a2(0))(β
−1
H ω−1H (h21) · β−1B ψ−1B (b2(0)))× ψ−1H h22k2.

Ïd·�k ∆((a× h)(b× k)) = ∆(a× h)∆(b× h), � (B×] H,αB × αH , βB × βH)

´ BiHom-V�ê, y²�..

e½n 1¥� (B×] H,αB × αH , βB × βH) ´ BiHom-V�ê,K·�¡�� BiHom-V�ê

� Radford′s- VÈ, ½{¡� Radford′s-BiHom-V�ê,e¡·�?Ø�o�¹e Radford′s-

BiHom-V�ê (B×] H,αB × αH , βB × βH) ´ BiHom-Hopf�ê.
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·K 2 � (B×] H,αB ×αH , βB ×βH)´Radford′s-BiHom-V�ê, eH ´BiHom-Hopf -�

ê,Ùé4©O´ SH , SB : H → H.(SB ◦αB = αB ◦SB, SB ◦βB = βB ◦SB),K (B×] H,αB×αH , βB×
βH) ´ BiHom-Hopf -�ê,Ùé4 S �

S(b× h) = (1B × SH(α−1H β−1H ψ−1H (b(−1))β
−2
H ψ−1H ωH(h)))(SB(αBβ

−2
B ψ−2B ωB(b(0))× 1H).

y² : é?¿� b ∈ B, h ∈ H, k

(Id ∗ S)(b× h)

= (b1 × α−1H ψ−1H (b2(−1))β
−1
H (h1))SH(ψ−1B (b2(0))× h2)

= (b1 × α−1H ψ−1H (b2(−1))β
−1
H )[(1B × SH(α−1H β−1H ψ−2H (b2(0)(−1))β

−2
H ψ−1H ωH(h2)))

(SB(αBβ
−2
B ψ−3B ωB(b2(0)(0)))× 1H)]

= [(α−1H (b1)× α−2H ψ−1H (b2(−1))α
−1
H β−1H (h1))(1B × SH(α−1H β−1H ψ−2H (b2(0)(−1))

β−2H ψ−1H ωH(h2)))](SBαBβ
−1
B ψ−3B ωB(b2(0)(0))× 1H)

= [α−1H (b1)(β
−1
H ω−1H ((α−2H ψ−1H (b2(−1))α

−1
H β−1H (h1))1) · β−1B (1B))× ψ−1H ((α−2H ψ−1H (b2(−1))

α−1H β−1H (h1))2)SH(α−1H β−1H ψ−2H (b2(0)(−1))β
−2
H ψ−1H ωH(h2))]

(SBαBβ
−1
B ψ−3B ωB(b2(0)(0))× 1H)

= [b1 × (α−2H ψ−1H (b2(−1))α
−1
H β−1H (h1))(SH(α−1H β−1H ψ−2H (b2(0)(−1))β

−2
H ψ−1H ωH(h2))]

(SBαBβ
−1
B ψ−3B ωB(b2(0)(0))× 1H)

= [b1 × (α−2H ψ−1H (b2(−1)))((α
−1
H β−1H (h1)(SHα

−1
H β−2H ψ−1H ωH(h2)))SHβ

−2
H ψ−2H (b2(0)(−1))]

(SBαBβ
−1
B ψ−3B ωB(b2(0)(0))× 1H)

= (b1 × (α−2H ψ−1H (b2(−1)))SHβ
−1
H ψ−2H (b2(0)(−1)))(SBαBβ

−1
B ψ−3B ωB(b2(0)(0))× 1H)εH(h)

= (b1 × α−2H ψ−1H (b2(−1)1)SHβ
−1
H ψ−2H (b2(−1)2))(SBαBβ

−1
B ψ−2B ωB(b2(0))× 1H)εH(h)

= (b1 × 1H)(SBαBβ
−1
B ψ−1B ωB(b2)× 1H)εH(h)

= (b1SBαBβ
−1
B ψ−1B ωB(b2)× 1H)εH(h)

= 1B × 1HεB(b)εH(h)

= 1B × 1Hε(b× h).

`² S ´ (B×] H,αB × αH , βB × βH) �é4.

4. (�

3c<ïÄ�Ä:þ, $^a'�g��{, ²L�þ�O�, �©ò Smash {Èí2�

BiHom-�êþ, �Ñ
 BiHom-Smash {È�½Â, ��
 BiHom-Smash ÈÚ BiHom-Smash

{È/¤ Radford′s-BiHom-V�ê�¿©7�^�. 3�©�ïÄÄ:þ, ò5�?�ÚïÄ

Yetter-Drinfeld �±9[n��¯K.
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