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Abstract

The Cahn-Hilliard equation is a fourth-order nonlinear partial differential equation

with a wide range of applications in various fields such as physics, biology, and chem-

istry, so it is of practical application to study its numerical methods. In this study,

we analyzed the Cahn-Hilliard equation in a second-order numerical format, demon-

strated its error estimate and unconditional energy stability, and suggested a spatial

and temporal adaptive strategy based on the posterior error estimate, namely the

superconvergent cluster recovery (SCR) method, for numerical solutions.
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1. Úó

�©ïÄ�Cahn-Hilliard�§U�LãXeµ
ut = −ε∆

2

u +
1

ε
∆f(u) (x, t) ∈ Ω× (0, T ],

∂nu = ∂n(−ε∆u +
1

ε
f(u)) = 0, (x, t) ∈ ∂Ω× (0, T ],

u(x, 0) = u0 x ∈ Ω.

(1.1)

3þã�§¥§Ω L«Rd(d = 2, 3) ¥äkLipschitz>. ∂Ω �k.�¶n L« Ω �ü 	{

�þ¶u L«� |Cþ¶f(u) ´����5¼ê¶ε ´��~ê¶t ´�ª�m"

Cahn-Hilliard�§å
u1958cCahnÚHillard�mM5Ø© [1]§£ã
9åÆ¥�ü«Ô�

��p*Ñy�§�±^5�[�N¥E,��©lÚozy� [2–5] (Xµá��ÆÚ6NÄå

Æ¥)"

î8��§Nõ�öéCahn-Hilliard�§��'nØ9Ùê��{?1ïÄ"BarrettÚElliott

JÑ^�NÚ��Nk���{5ïÄCahn-Hilliard�§ [6–8]"ShenÚXu JÑCahn-Hilliard�

§�Iþ9ÏCþ(SAV)�{ [9]"ZhaoÚXiao òL¡k��{(SFEM)�­½��Ûª�{�(

Ü [10]§Ù¥æ^
g·A�{?1
ïÄ"3 [11] ¥g·A�{éA��¯K?1
ïÄ"

3 [12] ¥§òÄuSCR���Ø��O�f^u�|CþÚ�Ý¼ê��mlÑ"3 [13] ¥§æ
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^
g·A�mÚ�{éCahn-Hilliard �§?1
ïÄ"

3�©�ïÄ�.¥§du�ëêε �)�.¡�´I�'Ù§Ü©æ^�°[���y©§

±9ê��[I�é��mâU��­½G�§Ï
æ^
g·AüÑ"�©¤¦^�SCR {�

Ð´dHuang ÚYi [14]JÑ�§¿�òÙA^uAllen-Cahn�§ [15]"�©(�Xeµ312 !

¥§JÑ
Cahn-Hilliard�§����lÑ�ª [16]§©Û
Ã^�Uþ­½5ÚØ��O"3

13!¥§0�
SCR�f�mÚ�mlÑz�Ø��Of"314!¥§ÏLA�ê��~`²

g·A§S�k�5"

2. Uþ­½�lÑ�.

�
;�3z��mÚ�þ¦)o��§§Ú\��#�Cþµ =: −ε∆u + 1
ε
f(u) ¿ò(1.1)

L«�µ 
ut = ∆µ (x, t) ∈ Ω× (0, T ],

µ = −ε∆u +
1

ε
f(u) (x, t) ∈ Ω× (0, T ],

∂nu = ∂nµ = 0 (x, t) ∈ ∂Ω× (0, T ],

u(x, 0) = u0 x ∈ Ω,

(2.1)

Ù¥ε > 0´���ëê§�Lá��mLÞ.¡�þÝ§uL«�|Cþ§u0 ∈ H1(Ω)(t = 0)´

Ð©^�§��5�f(u) = F ′(u)§Ù¥F (u) = 1
4
(u2 − 1)2´��V²³¼ê"¢Sþ§Cahn-

Hilliard�§�±�w�´gdU¼êE(u)�H−1− FÝ6µE(u) =
∫

Ω
( 1
ε
F (u) + ε

2
|∇u|2)dx §¿

�±í�ÑCahn-Hilliard�§÷v±eUþ5Æµ

d

dt
E(u) = −

∫
Ω

|∇(−ε∆u+
1

ε
f(u))|2dx ≤ 0, (2.2)

ù¿�XgdUE(u)3�mþ÷vUþPò�A5E(u)(tn+1) ≤ E(u)(tn), ∀ n ∈ N"

3��!¥§�
�BQã0��
ò3�©¥¦^�ÎÒ"IO�Sobolev�mò^Hm =

Wm,2(Ω)5L«§HméA��ê�±^‖ · ‖m5L«§
L2 ��êÚSÈ©O^‖ · ‖ Ú(·, ·)L«"
d	§^‖ · ‖∞L«L∞ ��ê"

�Th = {eh}´�Ω¥/G5K�n�/§h´¤keh��¥����»"-Vh�©ã�5ëY

¼ê�éA�k���m§�mVh�Ä¼ê´IO�Lagrange Ä¼êφz(z ∈ Nh§Ù¥Nh�Ln

�/º:�8Ü)µVh = {v ∈ H1(Ω) : v|eh ∈ P1(eh), ∀eh ∈ Th}, Ó�§½ÂV 0
h = Vh

⋂
H1

0 (Ω)"d

	§éu¢êp ≥ 0Ú÷v^��¤kv(t)§½Â±e�êµ‖v‖Lp(0,T ;X) = (
∫ T

0
‖v(t)‖pXdt)

1
2 .

(2.1)�f/ª�µ¦)u ∈ L∞(0, T ;H1(Ω))§w ∈ L2(0, T, ;H1(Ω))§

{
(ut, w) + (∇µ,∇w) = 0 ∀ w ∈ H1(Ω),

(µ , v) = ε(∇u,∇v) +
1

ε
(f(u), v) ∀ v ∈ H1(Ω).

(2.3)

(2.3)��lÑ�ª�µ¦)uh ∈ C1(0, T ;Vh)¥§¦� (uh,t, wh) + (∇µh,∇wh) = 0 ∀ wh ∈ Vh,

(µh , vh) = ε(∇uh,∇vh) +
1

ε
(f(uh), vh) ∀ vh ∈ Vh.

(2.4)
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ò[0, T ]þ!©��0 = t0 < t1 < ... < tN = T�N�©§=In := (tn−1, tn]"4t L«�mÚ�§
¿�kT = N4t, n = 1, ..., N"3dÄ:þ�lÑ��ª�µ¦)unh ∈ V n

h , n = 1, 2, ..., N§
(
un
h −Πnun−1

h

4t
, wh) + (∇µn− 1

2

h ,∇wh) = 0 ∀ wh ∈ V n
h ,

(µ
n− 1

2

h , vh) = ε(∇ûn
h,∇vh) +

1

ε
(f(unh, u

n−1
h ), vh) ∀ vh ∈ V n

h ,

(2.5)

Ù¥ûnh§Úf(unh, u
n−1
h ) ©O½Â�µ

ûnh =
unh + Πnu

n−1
h

2
,

f(unh, u
n−1
h ) =

(unh)3 + (unh)2Πnu
n−1
h + unh(Πnu

n−1
h )2 + (Πnu

n−1
h )3

4
− unh + Πnu

n−1
h

2
,

(2.6)

µn− 1
2´¥:tn−

1
2 = (tn−1 + tn)/2�Cq�§
Πn �L���k���mVh"

½n2.1. �lÑ�ª(2.5)-(2.6)´Ã^�Uþ­½�§Ù)÷v

E(unh) ≤ E(un−1
h ), ∀n ≥ 1.

y². -wh = 4tµn− 1
2 Úvh = un − un−1 3(2.5)¥��

4t‖∇µn− 1
2

h ‖2 + E(unh)− E(un−1
h ) = 0,

ù¿�X¤JÑ��lÑ�ª(2.5)-(2.6)�±
Uþ�P~5"

�
�ÑØ��O§òý�ÝK�f½Â�Ph : H1 → Vh§§÷v±e^�

(∇(Phv − v),∇αh) = 0, ∀αh ∈ Vh. (2.7)

l©z [17]¥§��±eü�Ø�ª¤á§

‖v − Phv‖ ≤ Ch2‖v‖2, ‖(v − Phv)t‖ ≤ Ch2‖vt‖2. (2.8)

�
�BO�§½Â
±eØ�¼ê§

ẽn = Phu(tn)− unh, ên = u(tn)− Phu(tn),

ēn−
1
2 = Phµ(tn−

1
2 )− µn− 1

2

h , ěn−
1
2 = µ(tn−

1
2 )− Phµ(tn−

1
2 ).

ÏL�È©{���VÐmª�Young’sØ�ª§N´�� [18]

‖Rn
1‖2 ≤ 4t3

∫ tn

tn−1

‖uttt(t)‖2dt, ‖Rn
2‖2 ≤ 4t3

∫ tn

tn−1

‖utt(t)‖22dt, (2.9)

Ù¥

Rn
1 =

u(tn)− u(tn−1)

4t
− ut(tn−

1
2 ), Rn

2 = −4(
u(tn) + u(tn−1)

2
− u(tn−

1
2 )).
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½n2.2. -unh �u(tn) ©O´(2.5)-(2.6)Ú(2.1)�)"@o§éuu ∈ C2(0, T ;H2(Ω))§k

‖ukh − u(tk)‖+ (
4t
ε

k∑
n=0

‖µn− 1
2

h − µ(tn−
1
2 )‖2)

1
2 6 C(ε, T )(K1(ε, u)4t2 +K2(ε, u)h2),

Ù¥

C(ε, T ) ∼ exp(T\ε),

K1(ε, u) =
√
ε(‖uttt‖L2(0,T ;L2) + ‖utt‖L2(0,T ;H2)) +

1√
ε

(‖utt‖L2(0,T ;L2) + ‖u2
t‖L2(0,T ;L2)),

K2(ε, u) = ‖u0‖2 +
√
ε‖ut‖L2(0,T ;H2) +

1√
ε
‖µ‖C(0,T ;H2) + ‖u‖C(0,T ;H2).

y². òtn−
1
2?��f/ª(2.3)~�(2.5)§��

1

4t
(ẽn − ẽn−1, wh) + (∇ēn− 1

2 ,∇wh) = (Rn
1 −

1

4t
(I − Ph)(u(tn)− u(tn−1)), wh),

(ēn−
1
2 + ěn−

1
2 , vh) =

ε

2
(∇ẽn +∇ẽn−1, vh) + ε(4Rn

2 , vh) +
1

ε
(f(u(tn−

1
2 ))− f(unh, u

n−1
h ), vh),

,�©O�wh = 1
2
ε4t(ẽn + ẽn−1)Úvh = 4tēn− 1

2§¿òþãü��ª�\

‖ẽn‖2 − ‖ẽn−1‖2 +
24t
ε
‖ēn− 1

2 ‖2

= 4t(Rn
1 , ẽ

n + ẽn−1)− (I − Ph)(u(tn)− u(tn−1), ẽn + ẽn−1)− 24t(Rn
2 , ē

n− 1
2 )

+
24t
ε2

(f(u(tn−
1
2 ))− f(unh, u

n
n−1), ēn−

1
2 )− 24t

ε
(ěn−

1
2 , ēn−

1
2 )

:= I + II + III + IV + V,

¦^�kε�CauchyØ�ªÚYoung’sØ�ª§5�OI, II, III ÚVµ

I ≤ 4t‖Rn‖‖ẽn + ẽn−1‖ ≤ ε4t4

2

∫ tn

tn−1

‖uttt(t)‖2dt+
4t
2ε
‖ẽn‖2 +

4t
2ε
‖ẽn−1‖2,

II ≤ ‖(I − Ph)(u(tn)− u(tn−1))‖‖ẽn + ẽn−1‖

≤ ε

2

∫ tn

tn−1

‖(I − Ph)ut(t)‖2dt+
1

2ε
‖ẽn‖2 +

1

2ε
‖ẽn−1‖2,

III ≤ 34tε‖Rn
2‖2 +

4t
3ε
‖ēn− 1

2 ‖2 ≤ 3ε4t4
∫ tn

tn−1

‖utt(t)‖22dt+
4t
3ε
‖ēn− 1

2 ‖2,

V ≤ 24t
ε

(
√

3‖ěn− 1
2 ‖)( 1√

3
‖ēn− 1

2 ‖) ≤ 34t
ε
‖ěn− 1

2 ‖2 +
4t
3ε
‖ēn− 1

2 ‖2.
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�{üå�§{��u(tn) = unÚu(tn−
1
2 ) = un− 1

2
§©Û1o�IVµ

IV =
24t
ε2

(
unh − un−1

h

2
− un− 1

2
+ (un− 1

2
)3 − (unh)3 + (unh)2un−1h

h + unh(un−1
h )2 + (un−1

h )3

4
)

=
24t
ε2

[(
unh − un−1

h

2
− un− 1

2
) + ((un− 1

2
)3 − (

un − un−1

2
)3) + ((

un − un−1

2
)3 − gn)

+ (gn − (unh)3 + (unh)2un−1
h + unh(un−1

h )2 + (un−1
h )3

4
, ēn−

1
2 )]

:=
24t
ε2

(IV1 + IV2 + IV3 + IV4, ē
n− 1

2 ),

Ù¥

gn =
(un)3 + (un)2un−1 + un(un−1)2 + (un−1)3

4
.

UY^�È©{���VÐm§Cauchy-SchwarzØ�ªÚ(2.9)é±þo�?1©Û§�Ñµ

‖IV1‖ = ‖−ẽ
n − ên − ẽn−1 − ên−1 + un + un−1

2
− un− 1

2
‖

≤ ‖ ẽ
n + ẽn−1

2
‖+ ‖ ê

n + ên−1

2
‖+4t3

∫ tn

tn−1

‖utt(t)‖2dt,

‖IV2‖ ≤ ‖3ξ2
1(
un + un−1

2
− un− 1

2
)‖ ≤ 3ξ2

14t3
∫ tn

tn−1

‖utt(t)‖2dt,

‖IV3‖ = ‖(un)3 − (un)2un−1 − un(un−1)2 + (un−1)3

8
‖

= ‖((un)2 − (un−1)2)(un − un−1)

8
‖ ≤ ‖ξ2

4
(un − un−1)2‖ ≤ ξ2

4
4t3

∫ tn

tn−1

‖u2
t (t)‖2dt,

Ù¥ξ1 u(un + un−1)/2Úun− 1
2
�m§ξ2 uunÚun−1�m§ζ1Úζ2 uun−1Úun�m§

‖IV4‖ =
1

4
‖2

3
(un)3 +

1

3
(un + un−1)3 +

2

3
(un−1)3 − 2

3
(unh)3 +

1

3
(unh + un−1

h )3 +
2

3
(un−1

h )3‖

= ‖1

6
((un)3 − (unh)3) +

1

6
((un−1)3 − (un−1

h )3) +
1

12
((un + un−1)3 − (unh + un−1

h )3)‖

≤ 1

2
‖ξ2

3(un − unh)‖+
1

2
‖ξ2

4(un−1 − un−1
h )‖+

1

4
‖ξ2

5(un − unh + un−1 − un−1
h )‖

≤ C(‖un−1 − un−1
h ‖+ ‖un − unh‖) ≤ C(‖ên−1‖+ ‖ẽn−1‖+ ‖ên‖+ ‖ẽn‖),

Ù¥ξ3 uunÚun−1�m§ξ4 uun−1Úu
n−1
h �m§
ξ5  uun +un−1Úu

n
h +un−1

h �m"�
�

yξ3§ξ4§ξ5��3§I�÷v^�‖unh‖∞ ≤ C, ∀1 ≤ n ≤ N [19]"
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�e5§òØ�ªIVi, i = 1, 2, 3, 4Ü¿�IV§�Ñ

IV ≤ 24t
ε2

(‖IV1‖+ ‖IV2‖+ ‖IV3‖+ ‖IV4‖)‖ēn−
1
2 ‖

≤ 34t
ε

(‖ ẽ
n + ẽn−1

2
‖+ ‖ ê

n + ên−1

2
‖+4t3

∫ tn

tn−1

‖utt(t)‖2dt+ 3ξ2
14t3

∫ tn

tn−1

‖utt(t)‖2dt

+
ξ2

4
4t3

∫ tn

tn−1

‖u2
t (t)‖2dt+ C(‖ên−1‖+ ‖ẽn−1‖+ ‖ên‖+ ‖ẽn‖))2 +

4t
3ε
‖ēn− 1

2 ‖2

≤ C4t4

ε

∫ tn

tn−1

‖utt(t)‖2dt+
C4t4

ε

∫ tn

tn−1

‖u2
t (t)‖2dt

+ C(‖ên−1‖2 + ‖ẽn−1‖2 + ‖ên‖2 + ‖ẽn‖2) +
4t
3ε
‖ēn− 1

2 ‖2.

ÏLÜ¿ù
�I, II, III, IV,V§¿ln = 1, ..., k (k ≤ T/4t)?1¦Ú§(Ü(2.8)��

‖ẽk‖2 − ‖ẽ0‖2 +
4t
ε

k∑
n=1

‖ēn− 1
2 ‖2

≤ 1

2
4t4ε‖uttt(t)‖2L2(0,T ;L2) +

ε

2
Ch4‖ut(t)‖2L2(0,T ;H2) +

34t
ε

k∑
n=1

‖ěn− 1
2 ‖2

+
C4t4

ε
‖utt(t)‖2L2(0,T ;L2) + C

4t4

ε
‖u2

t (t)‖L2(0,T ;L2) + 3ε4t4‖utt(t)‖2L2(0,T ;H2)

+ C

k∑
n=1

(‖ên−1‖2 + ‖ẽn−1‖2 + ‖ên‖2 + ‖ẽn‖2).

��§A^lÑGronwallÚnÚn�Ø�ª5�¤y²"

3. Äu���Ø��O�SCR

SCR�{´éæ�:+¥�)�?1�5õ�ª[Ü§,�?1¦�§����¡E:þ�

¡EFÝ"�mlÑzØ��O�f´dü��mÚ��m�ê�Cq���½Â�§
�ml

ÑzØ��O�f´dFÝ½Â�§=ê�FÝ�¡EFÝ�� [14]"3e©¥ò{�0�XÛ¼

�¡EFÝ§©�ü�Ú½"

Ú½1: éu��SÜº:z = z0 ∈ Nh

⋂
Ω ��§�¡EFÝ§¦�UÀJé¡©Ùuz ±��

:zi = (xi, yi)§1 ≤ i ≤ n(��4�)§��5`ÀJ�G!:Ly��ûÐ"

½ÂSCR�fGh : Vh → Vh × Vh�µ

(Ghuh)(z) = ∇pz(x, y).
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4Kz�Làõ>/���:§é����5õ�ªpz(x, y)§÷v±e^�

pz(x, y) = arg minp1∈P1

n∑
i=0

(p1(zi)− uh(zi))
2,

�
;��hÚå�O�Ø­½§F½ÂXe

F : (x, y)→ (ξ, η) =
(x, y)− (x0, y0)

h
,

Ù¥h = max{|xi − x0|, |yi − y0| : 1 ≤ i ≤ n}§@o[Ü�õ�ª�±��

pz(x, y) = PTa = P̂T â,

¿� PT = (1, x, y), P̂T = (2, ξ, η)§

aT = (a1, a2, a3), âT = (â1, â2, â3).

Xê�þâ�±ÏL�5�§(½ATAâ = ATu§Ù¥

A =


1 ξ0 η0

1 ξ1 η1
...

...
...

1 ξn ηn

 and u =


u(z0)

u(z1)
...

u(zn)

 .

��§ÏLþã©Û��¡EFÝ

Ghu = ∇pz =

(
a2

a3

)
=

1

h

(
â2

â3

)

Ú½2: ÏL3Ωþ����Ghu�¡EFÝ

Ghu =
∑
z∈Nh

Ghu(z)φz.

^ηntÚηh,eh©O���mÚ�m�lÑzØ��I§,�3�{¥N��mÚ�Ú��·A5§

ηnt := ‖unh −Πnu
n−1
h ‖, ηh,eh := ‖Ghuh −∇uh‖0,eh , η2

h =
∑

eh∈Th

η2
h,eh

3SCRlÑzL§¥§�mÚ��XØ��O�Cz
Cz§������â�mÚ�
Cz§

¤±z�#��tnÒ¬�ï��#���§¿3T��þUY�ï��#��mVh§Ù¥Πn �L

���k���mVh"

4. ê�¢�

�!¥§ÏLê��~é�ª(2.5)-(2.6)3ØÓÐ�^�e?1�["
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�~4.1. éuCahn-Hilliard�§(2.1)§-Ω = [−1, 1]× [−1, 1]§ε = 0.01§Ð�Xeµ

u0(x, y) = tanh
((
x2 + y2 − 0.152

)
/ε
)
×

tanh
((

(x− 0.31)2 + y2 − 0.152
)
/ε
)
× tanh

((
(x+ 0.31)2 + y2 − 0.152

)
/ε
)
×

tanh
((
x2 + (y − 0.31)2 − 0.152

)
/ε
)
× tanh

((
x2 + (y + 0.31)2 − 0.152

)
/ε
)
×

tanh
((

(x− 0.31)2 + (y − 0.31)2 − 0.152
)
/ε
)
×

tanh
((

(x− 0.31)2 + (y + 0.31)2 − 0.152
)
/ε
)
×

tanh
((

(x+ 0.31)2 + (y − 0.31)2 − 0.152
)
/ε
)
×

tanh
((

(x+ 0.31)2 + (y + 0.31)2 − 0.152
)
/ε
)

(4.1)

ã 1Ð«
38�ØÓ�mÚ�e��X���g·A(J9Ùê�)§�±wÑ��[z´

ÎÜ"Y²85K§!:êþ�5��"lã 2 ¥��Uþ��m�Cz
~�§!:ê±9�

mÚ��¬��m�Cz
Cz",	3Uþ�¯�üz�ã§���mÚ��±ÓPê�)�

Cz§
���­½G��§�mÚ�¬C�"

Figure 1. Results of grid adaptive and numerical solutions

ã 1. �~ 4.1 (CH), ��g·AÚê�)�(J
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Figure 2. From left to right: Distribution of energy, nodes and time steps

ã 2. �~ 4.1 (CH), l��m: Uþ!!:Ú�mÚ��©Ù�¹

�~4.2. 3ëê�Ω = [−1, 1]× [−1, 1]§ε = 0.01§ò±e�Ð�A^3(2.1)

u0(x, y) = tanh
((

(x− 0.3)2 + y2 − 0.252
)
/ε
)

tanh
((

(x+ 0.3)2 + y2 − 0.32
)
/ε
)
, (4.2)

3ã 3¥§w«
ØÓ�mÚ�e��g·A��Ú�A�ê�)"²wwÑ��C�·A"

Y²8�5K"d	3ã 4¥�±*	�lÑ�mCz�L§§ùL²Uþ��m
P~"ã 4Ð

«
�m�!:ê/�mÚ��m�'X"3ê��[�@Ï�ã§ê�)�Cz´d����m

Ú�5ÓP�§�XÚ��­½��mÚ�¬C�'�5��"

Figure 3. Results of grid adaptive and numerical solutions

ã 3. �~ 4.2 (CH), ��g·AÚê�)�(J
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Figure 4. From left to right: Distribution of energy, nodes and time steps

ã 4. �~ 4.2 (CH), l��m: Uþ!!:Ú�mÚ��©Ù�¹

5. (Ø

�©éuCahn-Hilliard�§����lÑ�ª§y²
Ù´Ã^�Uþ­½¿��mÚ�m

þþäk��°Ý",�½Â
�mÚ�mlÑ�f§|^ÄuSCR �g·A�{?1��lÑ§
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