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Abstract

The Cahn-Hilliard equation is a fourth-order nonlinear partial differential equation
with a wide range of applications in various fields such as physics, biology, and chem-
istry, so it is of practical application to study its numerical methods. In this study,
we analyzed the Cahn-Hilliard equation in a second-order numerical format, demon-
strated its error estimate and unconditional energy stability, and suggested a spatial
and temporal adaptive strategy based on the posterior error estimate, namely the
superconvergent cluster recovery (SCR) method, for numerical solutions.
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1. 515
WA Cahn-Hilliard J7 FEBEME 38 10
ut:—aAzu—i—%Af(u) (z,t) € Qx(0,T],
%u:&&%Au+éﬂm%ﬂL(Lweaﬁx@TL (1.1)
u(z,0) = uy ze .

7E LR RERH, Q FRRY(d = 2,3) B A Lipschitzd 5t 00 A F48; n Fox Q HIERALIME
s u MR f(u) 2PN EREREG e 2 DMEEG ¢ ZRANEL

Cahn-Hilliard /7 F£ 25 T 19584F Cahn A Hillard I FF G 1R SC [1], iR 17 #4772 4 B Fh 47 5
(A B B G, o] DU SRS [ 44 o 52 2% B A 2 S ARAL B R [2-5] (Gn: MPRMRF =R RAAR SN 71
iy,

&4 N1k, W2 AE#E T Cahn-Hilliard 77 72 (A < B8 A HBUE 77757 78, Barrett flElliott
SRt P R A A T R AT BR 7T 7 92 R BT 7t Cahn-Hilliard /7 72 [6-8].  ShenfllXu $#2 H} Cahn-Hilliard J7
T2 A B A B A8 B (SAV) )79 9. ZhaoMIXiao 43 i 4 BR 7T 1% (SFEM) 5 K 5 2 sty i AR 45
& [10], HASRA T HER T EBAT T 1E [11] T E S BT R AE R A R AT T A
7E [12] H, AT SCRIE IR ZEAGTHE T T A A2 AU R B S M AL 76 [13] Hh, R
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F T E R [A) 5 KA Cahn-Hilliard 77 R28E4T 1 0FFC.

FEARSCRE SO R, 1T /NS 8e 7 AR ) S I 2 2 75 2 B LR 70 SR FH SE RS 40 1R R A% 1) 2
DA HE AL 7 ZEARAC IS (8] A Rk BRSO IRAS,  BRITTR A 1 & NG A ST s FH ISCR Vi
¥IJ& HHuang FIYi [14]$2 H 1, H B¥H N H T Allen-Cahn 7 72 [15]. A& W T L2 15
W, $2H T Cahn-Hilliard 77 #2 (1) B 2 B k& X [16], 20 7 Gk A Re Efe e PEAI R ZE ik 1. 7E
E3H, AT SCRE T IN A F1 25 (8] B B (R 2 Ak . AEEB47 b, dad LA Hio e 50 15 B
3w MR A 21

2. REERENSHRE
AT BEGLTERE I 5 K SRR 72, 3N HTIE it =2 —cAu+ Lf(u) FHE(1.1)

RIRN:
= Ap (x,t) € Qx(0,T],
1
p=—cAu—+ gf(u) (x,t) € Qx (0,7, 2.1)
Opu=0,pu=0 (x,t) € 09 % (0,7,
u(z,0) =up r e Q,

Hrbe > 02— Mh2H, AEMB RS EATNER, okrnfnZE, v e H(Q)(t = 0)=2
WIGR %A, AR f (u) = F'(u), HHF(u) = $(u® —1)22— AXXF@F%IZ{%& PR b, Cahn-

Hilliard 77 #2 /] ARG VE /2 B B (u) I H 1 — BEEIR: E(u) = [,(2F(u) + 5|Vul?)dz , IF
w] PLHES: 4 Cahn-Hilliard 75 F235% 2 UL R e B #i 4.
CZE /|V( cAu+ f( ))[2dz < 0, (2.2)

REWRE H HBEE (u) fEI ) B3 2 B R R AFEE(u) (") < E(u)(t"), Vn € No

TEA/NTIH, N T HERUR N H— L e A SO IR 5. FrdfERISobolevZ ¥ HH™ =
Wm2(Q)kFR, H™XRLPTEET LA - || oRFKaw, WL PIYEEF AR || - || F(, )RR
Ak, H| - [Jeom L HIaEL.

WTh = {en } RIBQPIEARNNE =MTE, hdFrfe, tm P RN ER. 2V, A5 B MEIES:
BR BOAE NS L) A BR4E 25 1], 25 (6] V), 1 28 bR B AR HE ) Lagrange 2E R8¢, (2 € N, HAN,RE=
AT R EER): Vi, ={ve HY(Q) : v, € Pi(en), Ve, € T}, AN, BEXVh = VhﬂHl( ) U
Gb, R SHp > R R R T A o(t), EXEANEE: (v, 0mx) = fo v (t)|[%dt)?

)M AN: Rifu € L=0,T; H'(R)), w € L*(0,T,; H'(Q)),

{ (ug, w) + (Vp, Vw) =0 Vw € H'Y(Q), (2.3)
(w,v) = &(Vu, Vo) + %(f(u),v) Vv e HY(Q). '
(2.3) BB N Rifw, € CH0,T; Vi) H, 15
(an,e, wn) + (Vin, Vwy) =0 Yw, € Vy,
1 (2.4)
(n s on) = e(Vun, Vo) + —(f(un),on) - Von € Vi
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[0, TIIZI R0 =10 < 1 < .. <tN = TAN%Ey, RIL, = ("1t At RoRETREPEK,
HHET = NAt,n=1,...,N. {EHIEME42BEHEERA: Rifu) € Von=1,2,...N,
n __ Hn n—1 o1
(%,wh) + (Vi 2,Vw,) =0 Yw, € V',
t ) (2.5)
(2 ,vn) = e(Vul, Vuy,) + g(f(u’,f,uz_l),vh) Vo, € V",

o, AL (up, ul ™) A RE A

R s Hnu}f‘l’
: 1 1 1 1 (2'6>
ety = (0 T L)+ (™) a4 T
ho Up 4 2 ’

PR S = (1 ) 20 ME, T, AR AT BRIG A AV,
EIE2.1. 2B HHK(2.5)-(2.6) R LM/ EMATH, LHL

E(u}) < BE(u}™"), Vn>1.

PEB. Bw, = Atp 2 Mo, = u™ —un~t 1E(2.5) 11533
AV, 2P+ E(up) — E(up™') =0,

XA PR L A B o 30(2.5)- (2.6) PR EF T REE . D
N T RHRZEM T, BEBGERE T2 ONP, - HY — Vi, B2 LT

(V(Ph’l} — ’U), VOéh) = 0, Yoy, € V. (27)

MECHR [17]74, 43 3L A AR UL,

lv = Pyoll < CR?[[vlla, [I(v = Prv)ell < Ch?[[ug]lo. (2.8)

N TS, & T LU RZE R,
e" = Pyu(t") —up, " =u(t")— Puu(t"),
et = Pyt h) = TE @ h = (e ) = PG,
A R I 2R ) R T 05 Young s A&, A A 1EH [18]

" tn

IR * < At?’/ luee (0)[1*dt, || R3 > < At3/ [luee ()13t (2.9)
1 tn—1
a w(t™) —u(t"h) 1 w(t™) + u(t"h) )
R = ——— " —w(t"?), Ry=-L(———F——ult"™?)).
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EIE2.2. Aull Bu(th) AR (2.5)-(2.6)%=(2.1)89 %%, A4, tFueC?0,T; HA(Q)), H

g, — u ()] + ( leu — u(t" 2|2 < C(e, T) (K (e, u) A8 + K (e, u)h?),

Hrp

Cle,T) ~ exp(T\e),

1
Ki(e,u) = Ve(lumell 20,1502y + lweell L2 0,7502)) + %(HUHHL%O,T;L?) + lluf |22 0,122))

1
Ks(e,u) = |Juollz + velluel 20,112y + %HMHC(O,T;Hz) + [Julloo,r;m2)-

IR KR kI AR (2.3) 08 % (2.5), 13E

1

@ = ) + (Ve ™2, Vuy) = (R} — *(I Py)(u(t") —u(t"™1)), wn),

At

1

1 € ~n ~n— n 1 n—3 n o, n—
(e" 2 4e" 2,y = é(Ve + Vet ) + e(ARY, vy) + g(f(u(t 2)) — fluy,up b, ),

SRIG S M B wy, = LeAt(en + en— 1) Filv, = Ate"—3, FEH RN AN

2/t
el — e 1P 4+ e 2 1

= ARy, &+ e"Y) — (I — Pu)(u(t") —u(t"™"),&" + &™) — 2At(Ry, " ?)

2/t 1 n on 1 20t 1
+ 5 (F(t™™2) = flu, un_y),@"72) — —(e"7=,e"

=TI+ II+III+1IV +V,
18 A A e Cauchy A5 XA Young’ sAE R, kL IL, IIT M1 V.

eAt*

tTI,
I At A
D <atRrle + e < 555 [ fua)Pa+ ST +
tn—

t
P

I1< (1= P)(u(t) — u(e)le" + &7

.

€ 1, ., n

<2 [0 Pow e ol + e
tn—l

£

m<mme+wwW9¢ﬁ/nwm%+WWH

tn—1

v < 2Bl b e < 2P +

lem= 2|2,
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AR, S () = u, Mlu(t" ) =, 1, S HTESIEIRIV:

IV = 2?%15 uﬁ;’?l —u, 1+ (un_%):a . (up)® + (up)?up, " Zuﬁ(uzlﬁ + (uzfl)s)
B R e A
+%¢h_wm3+amfuzlﬁfﬂ¢;52+@¢1y’wa]
= 2?; (IVy + IV, +IV; + IV, 6" ),

Hr

gn _ (un)3 + (un)2un71 + un(unfl)2 + (un71)3
1 .

GRS RN ZREEFF, Cauchy-Schwarz ANSE 3 A(2.9) % LA E VU BT 4047, 3

—en —en—ent — el f o, +upy
Vsl = | ; |
en + gn—1 em + en—1 "
o R e Lo [ PG
tn—l
2, Un + Up—1 2 3 " 2
ITVa]| < 36 <, )| < 3EAE [ un()]dt,
tn—l
U, 3 U, 2un_ — Uy (Upy— 24+ Uy — 3
((un)? = (un—1)*) (un — un-1)

=1 ) 1

n—

52 2 52 3 " 2 2
<11 (un = 1) < 50 A t N @)1t
,ﬁ\ﬁljflﬁﬂ:(un +un_1)/2$ﬂun,%ZI‘Eﬂ, fzfiﬂ:unﬂun_l?_l‘*ﬂ, Cﬁﬂcgﬁﬂ:un_ﬁﬂun‘zfﬁl,

1,2 1 2 o .1 . .2
[TV, = ZHg(“n)g + g(un + 1)’ + g(un,l)‘”’ - g(uh)g + g(uh +up )+ g(uh Dl

1
I3

3 n\3 1 3 n—1\3 1 3 n n—1\3
((un)” = (up)”) + G ((Wa-1)” = (u™)") + 35 ((n + wn1)” = (ug +up ™))

1 1 B 1 ., B
< §|I£§(un —up)| + §H€i(un—1 —up )|+ 2 &3 (up — upy 4+ upy —up )|

< O(lun—r = up I+ lun — i) < CUEH + ™+ (1€ + le™ D),
HA A Fu, Mu, 1 Z 18], E T, Flu) 208, TMés B Fu, + wp o Flul +uf P 208 TR
WEEs, &4y ESIIMETE, B2 KM vl < C, V1 <n < N [19]s
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Bk, BASERIV,, i =1,2,3, 45NV, B

2Nt .
IV < —=(ITVa | + [TV + [IVs]| + [IVa])lle 2

3At, & et o en 4 ent! " "
< T4 I+ 08 [ uaPar+ 3686 [ ol
tn—1 tn—
5 r An— ~n— N ~n A nf—
+ 280 [ zde+ e+ 18 + el + D) + S lle
tn—1

o/ NN CAt*
<28 [ i 8 [ o
tnfl tnfl

ClleH 1P+ [lem M1 + [l + flem]®) + II‘”" [
A HXILILIILIV,V, HMn =1,k (k< T/A)BATRM, 454 (2.8)57]

¥ = 1€l + — Z e~

L\DM—'

€ 3At -1
Atielugee ()l|72(0,522) + §Ch4||ut( Wizomimz) +— Z lenm=?

CAt! At
+ lee (DN 22(0.miz2) + C—= I (Dlle20.min2) + 38w () 2207m12)

k
+OY (e e P + e + fle)1®).
n=1

wh, N B Gronwall 5] B = A AE A K MIEH. O

3. ETRIGMREMITAISCR

SCRIF IR AER, RAE i BE R A REAT Ze M 2 A&, RREAT RS, RIEREKE & LK
PREAR . I T) B AOA 1R 22 il T 551 1 IF T 25 Tl i B R OB 2 22 5 SCRY, i 2 [ B
WL RZEAG TH S T2 R REE S, BNBUERE R SIKE R 2 22 [14]. 1R T SO ) 29 4R an fr 3k
THRERREL, 73 N B IR

LT W T ANz = 2 € My NQ BEERRERE, R RIERI R A T2 A B

Mz = (zi,y5), 1<i<n(ZBDAN), —BRUEREPIRTT SRS N R 4T,
EXSCRﬁ%Gh : Vh — Vh X thj:

(Grup)(2) = Vp.(z,y).
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IEK AR ZILHIREA R, B AERIEZ T p. (2, y), W2 LT %AF

n

pZ(xvy) =arg minp1€P1 Z(pl(zl) - uh(zi))zﬂ
=0

N T @GNSR EARE, FEXWT

(z,y) — (20, %0)
h b

Foo(zy) = (&) =
Hhh = max{|z; — o, |yi —yo| : 1 <i <n}, WAMERZTRATLUE N
p(z.y) =PTa=P"4,
I H P" = (Lz,y), P"=(2¢n),

aT = (al,ag,ag), éT = (dl,&g,&g).

AAUA R LB VTR EAT A = ATy, H

1 & mo u(zo)
A= 1 5_1 71 and u = u(21

e, EIE BT AS BIRE AR

Gu=Vp,=| % | =
as

FIR2: EAAEQ EEARG, u IR EHEE

S| =

()

Ghu = Z Ghu(2>¢z

2EN}

Fn Riiny, e, 73 A D9 I RIS TR ) S BAOAG AR ZE 4R b7, 9% e 72 5025 o i B 8] 2D A0 R A o 1

= llupy = Toup M, mae, o= |Gatn = Vunlloe,, 1= Y i,
eheﬂl

FESCREHUL I R rhr, I [A] DA B IR Z2 Al v A AR AL T AR AL, RS /I AR A e 1] 28 4 T A2 4K
FIT AR SR — Nt i M — B R, R IZ A LR SR — RS RV, L, ARER
R IR ITEV,

4. BUEKRH

AT, U SR (2.5)- (2.6) FE A FIBE S A R #EAT AL

DOI: 10.12677/aam.2022.1111884 8362 I FH#e e t J


https://doi.org/10.12677/aam.2022.1111884

FHSCHE 45

EHl4.1. 3 F Cahn-Hilliard742(2.1), 4Q = [-1,1] x [-1,1], € =0.01, #{i4=TF:
uo(@,y) =tanh ( (2 + 37 ~ 0. 152)/5)

tanh (((z = 0.31)% + y? = 0.15%) /2 ) x tanh (((@ + 0.31)2 + 5* — 0.15) /=) x
tanh ((m2 + (y—0.31) 0.152)/5) x tanh ((m2 (y+0.31)2 — 0.152)/5) x
tanh (( 2 —0.31)2 + (y — 0.31)% — 0.15?) /5) x (4.1)
tanh (((z = 0.31)% + (y + 0.31)* = 0.15%) /e ) x
tanh (( z+0.31)2 + (y — 0.31)% - 0. 152)/5) x
tanh (( z+0.31)% + (y + 0.31)% — 0. 152)/5)

K 1IN T AENANA RN A AT 1 — R A1 I B S 45 R S BB AR, v DLE s diifh 2

FFEEARCFEIMM, 5 BBk Db, WE 2 F 15 3 6 B Rl () A28 40 T geob, 5 s B R

AP A 2 B I (8] A A T A2 k. 53 M RE R
AL, B RRRE RS, MK AR,

PRIV B, /NI 8] 254K AT LA e 501 A 1)

node = 9901, clem = 19784

<

T =8.75e—006, At=1.25¢—07 node = 8557, clem = 17096

<

T =4.75¢—05, At=1.25¢—07

1

0.8
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02
0
—02
—0.4
—0.6
—().8
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Figure 1. Results of grid adaptive and numerical solutions
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Figure 2. From left to right: Distribution of energy, nodes and time steps

& 2. Bl 4.1 (CH), NEF|F:

PN=N
He B

TR [R)25K ) 73 A1 15 0

BHla.2. EAHEAHQ=[-1,1] x[-1,1], e =0.01, ¥ AT e#{ER R E2.1)

wo(x, y) = tanh (((x —0.3)2 4% — 0.252)/5) tanh <((x +0.3)2 492 — 0.32)/5), (4.2)

FERE 3R, SRR TR R R BN (KA B 38 L R R AIAR L ) BB e S Y A% A 0 B %
IKPERIIREN,  BEANE ] 4rh ] DARLEE 21 2 BN (8] AR AL (K R, X 3R B R Bl I ) T e ek [ 4%
7 1) 571 R 8/ I TP R 2 TR 6 2R AR BUEARLL R 000 B, B A (A2 A 2 B /NP I 1)
AT, 24 RGUE BIFEE I I 8] 20 2 2215 FL R TR,
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Figure 3. Results of grid adaptive and numerical solutions
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Figure 4. From left to right: Distribution of energy, nodes and time steps
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E¥IEA TR, A T I RIS R B T, MR TSCR. 1 B &R 5 AT I 43 B AL
B¢ 8 T B SR RALE B2V A Rk,

B it
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EEUH
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