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Abstract

In this paper, aiming at the priori estimation problem of neural network in differential equation
solving, the Extreme Learning Machine (ELM) was embedded in particle swarm optimization algo-
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rithm and a class of deep learning algorithms using gradient update are compared, and they are
applied to a class of differential equation solving and compared. Unlike the deep learning algo-
rithms using gradient information to optimize the loss function, ELM used Moore-Penrose genera-
lized inverse instead of gradient information to update the weight to minimize the loss function.
This paper proved through experiments that ELM has no requirements for the interval of the equ-
ation, and the training time is short, but the disadvantages are that if the solution is discontinuous,
it has requirements for the type of breakpoints, etc. This kind of deep learning algorithm deepens
the number of network layers, and the advantages are learning more abstract features, and the
solution can be discontinuous. While the disadvantages are strict requirements for the interval of
the equation, otherwise the gradient is disappear, which is verified by the experimental results,
and the training time is long. Such deep learning algorithms sometimes are accompanied by some
pruning algorithms to compress the network. The conclusion of this paper can be used for prior
algorithm selection to improve the efficiency of solution.
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AR, BEETHERE IS SN LR RN KR, WAz AT &AM, AT
BB RS T RE[L] [2] [3]e SAMRZEMNE. ARTGESELMBUETIEAR, $hE M 241 S 4
Tl 77 R B SR A 10 R 3B A o (H B RTRA AR — N EEe, AT DU — AN SRie A, kB BRI
2 SERI RIS B R AP IR AR BOR , XK 23 ORI S B BT T8 A A 2 — o g AG 288 i AL ) o 22 19 % S ] LA
FELIG 3 73 T 15 2 51 [4] [5] [6]A B B 2 % [ 7] [8] -

Huangguangbin #4% BB H T AR = WL IE(ELM) [9], BEEVRR I H SRR 2 Fh sk o 77 FEAR S e
F1[10] [11], ‘ERFET —FE LI R Z iR 2 M %, Hi i AUE @ iT Moore-Penrose |~ X iz B3R5
ZEAEACNZR FED,  REG 7R 5 ) A BT 2% DASBE ie) M TTTAS 20T 32 B o AR 7 RE I A
THPEEORE S, B LR .

TR BE 2 2] K 2 AR 4 b B2 M5 R TR, ARAL 400 2R s B DA SR SR A 7 72, D36 Bl A B K 2%
Karniadakis ##% AT /& 03845 B 28 AR . TR B F5 1 It Re e V2 # S A T % 280
G377 R ie) s, AT T a4 2 R LE /N A B rh A P E A A RS BRI 2 b, S T — R
IR B 27 ) SR —— PR W FERLFR AP 22 M 45 [12] [13] (Physics-informed neural networks, PINNs). Jit LA
PINNSs 38 % 52 2500 A & M EE A2, ] DUd i 1 ey A AR At () A 2C 1 Al Se 14 w5
JitEe IXFERR AT LAFI AT PINNS & Rt — 28 il 70 77 BRI SR A 7125 20 28t AT DUAT S50t SR g 45556
M4 77 #E[14] [15].

WK, — ORI TN GURE P b 28 X 4% 330 4T LU [16], 75 H — e 2500 35 B A A TR 8 At 1 28 2R i %
GIEMI A R o ARSCENRT R — KRR, X IRy, UER] TR R E T, ELM fiTH
Moore-Penrose |~ S B AX 1 FEAS 5T BB LIS 2451 2% bR Hlse /M, PINNS T B 42248 F B P45 B AL
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BURE AR BB /N . BSRIR L 7 S AR P A W 2 R e R SR, (EL BB X 2% AR, o I W F) ) AR 75
A%, 0 SELMRAL, IIZRIS IR, A ASTA] RS o WOA SOM A RS A HL SR AR X 1838 B /N i) st 737
FEHEAT 1 BRI DL S, ELM AT — SR A0 B6 58 BB R IR S5 25 1 Bk

2. FXTIE
2.1. YIRIEEHMEMLE
RS — T4 7 FE IR AR ((1)~(2)):

du d’u. | px _
f(x,&,ﬁ,---,joU(x,q)dq,lj=0,><eQ 1)
B(u,x)=0,x€0Q 2)

GRS HCN 0, IBA((L)~(Q2) i J7#E, FHA1(2)2h Dirichlet. Neumann. Robin 25 /& 1
FGEAT, KT I ARG A R, R TR RO I — ANRERR o B, OB S I I T 25 A (2) T LATET B HB AR
i 25358 | Dirichlet 1 5 264 1 —FloRE RS AL[13]: B DU 0, A ((1)~(Q) i N 3 T FE

E PINNs 1, B 5ehi—Apigmss, b 0 (x0) M u(x) L, 1E NS () R — R &
L EMHEM L, #EMEMMAR x, I HHH—5 o(x) EBAH R . K, 6={W',b' }1§I£L P
2o W2 b BT A BUCE SRR E A R RS . LB VAN AD [17RREUR Sy, 343 0 (x;0) %
FHEN x 55

HIR, BRI G (x;0) LAl RD - B JT R AL SR A I EO B 26 A2 25,
FRATH L8 B (B, SRrbBERL A A0 1) R EER R A1), AR A, ET, = (X, %, X}, T; € Q5
T, = (%, %y, X Ty €0Q, AT P Mt , BRI G (x;0) LR A2 5,
SE SRR SRR T REANIA R SRR 22 L2 JEHOIAURI CR A #4177 1% 22 (mean square error, MSE)) [13]:

L(6:T)=w, L, (6:T; )+ WL, (6:T,), ®)
Horp
L, (6’,Tf)__|_f X;f f[x, e ,J'Ou(x,s)ds,/lJ, )
1 .
Lb(G;Tb)zmeT:”B(u,x)"Z. (5)
R MR R BN NS, KRS, [
¢ =argminL(6;7), (6)
HI N ZREF B2 I 25 A, R DASKR g 7 R AR AT I T RS B A
2.2. BUERIRPREE SIHL
XFFREARIY - Sl DT RE((7)~(8))
A A ¢x A
W'(X)=€!//(X)—EJ‘Ol//(X—t)dF(t)—;[l—F(X)},XE[O,C] @)
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v(0)-— ®

PR =ML (TNN) [L7]0 7Rk, T M AN, BN 0ER X, j=1- M, H 2N
JRHZ 0. BT ELM Bt M # 22 4t th an  CRA IR 32 = A R 5 vigoisofi 2, B2 20(9)~(11)):

sin[k—nx], k<N,
q

p09=1 ©
sin(—nx+ﬁj, k>N,k=12,---,2N.
q 2
AbERnY
2N
w(x)=> wd(ax +b), j=1-M, (10)
i=1
HIAH :
v (0)= 2w (b) - (W)
¥ (9) (L0)HTN(7), 1HBIG H RIS, 25 R FE 2N -
WH, =Y, (12)

AR [ (3, (%, — %)+, )oF (x) HRERERIER, TRILARATEF S0 2 AR
ATKIERIRSY, TR

= (13)

AITTREPRE —DYUEFAF . BINZFAF (1) R 24453 (14):

WH =Y (14)
FFH = [Hy Ho Ly W =W Y = [V Yo s W RIBUZ ROBCEAERE, Y Afi, BV
AN RBEUE R -
ELM XA/ ik BB S W, (SRR /IME, AL GURR I T R RAR B EISAC, HR A
LU
W =argmin|HW -Y[* =H"Y, (15)

Hor, HY R4 H ) Moore-Penrose |7 3, H* :(HTH)_l HT.

HED q 2—NHERTCHSE AUEFRTRICT I =ABERESE 9, % q BRGREEY
WA RS RS, E Zhou [18]/E SCH AT 4h 58 o IR EUTIE, AU A48 i i s e 2 5 b 18
WALEVE[L9], AR AR T - = P02 W 2% (PSO-TNN) . 3R-AT 18 F KL F-BEAR A0 335 e /M MSE (1 7]
DA R R 26 T8 (PP 1R 22 HR A) SRR L g, AT S B = B s A AL o
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2.3. ¥EPiERA

SEFEL 1. X TR S b 2%

i) #i& M sigmoid/tanh E R, 4T ILER By T RE((7)~(8)), BUEEEHTREIE N 0 &

i) 1% P relu Wi B8 A T IR AR M0y T RR((7)~(8)) 38 SIS TE R T 0 19, HH relu (x) = max {x,0} »
BSOS RN, Tr LRI — BORARLNE, 35 A SRt iR 2 SRR

i) -

BEATHUE L, T limsigmoid (x) =1, HLEREEIAS] 1079, #oe AT |[a—-d| <107, IBAINA
a=d o

b T ARG 5 O RE(7~8), BT [y (x—t)dF (t) R n =20 ) Gaussian-Legendre SR 24 ki
T

joxy/(x—t)dF(t)zzn;wiy/(x—t(xi))F’(t(xi)), (16)

Horbrt(x) & Legendre ZIIAMZER, xe[0,c], RAWIEERMAMLERMIZITE, B N A,
Xoi =1 N, IR SRR R W By 1, (R E AR b B 0 [

W Zg S5 KN — JZBRIRZ O TIEMI T, 52 2 R M S5 a5 /AL, Fhee 25 iy
Yi :il//(vvijxi +b) o

B, X5 HN[0,a) Fla,c]. M a=inf{a,[sigmoid(a)-1<107 na e[0.c]}, Heoow. #
vxe[ac], #BA sigmoid(x)=1-
AR [ HHR 2K bR KLU ke y

MSE (X,W,b) = MSE, (0,W,b)+MSE (x,W,b) (17)
Horp,
MSE, (%,W,5) :%z V()2 () + 2 [ (6 -)F (1) + 21 (x N
- ) (18)
MSE, (0,W,b) :‘w(o)—ﬁ
MR R R H(17)~(18), S HBREWT
9 =%ﬁw'b)=% xp (%) (1w (%)) —%W(Xi ) 1w (%)), (19)

Horp i Ak AREREE K205 | MRETT, (- LARERB - LUERIIBEL, U s M x, e[ac], i=1-s,
Hw=1b=0, ﬁw(xsi)ﬂ, fR1E1(19)/5 8] g*, =0, 1 ADAM ifb55i%k[20], SHCE Bt -

; 2
W =W_, ———
t t-1 \71 . t (20)

m,

Sy

~ V, 2,
» Vi :l_tﬂ sme=4m_+(1-£)9, v, = g0 Yy :ﬁzvt—l+(1_ﬁ2)(gt—l) ; W =09,
2
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B,=0999, £=10"°, n K, WH 107~107°. F¥ gk =0HA(20), HEIw, =w_,, BIBAEEH K.
AMECARAL, BCEEHE L, SECTYEE R M AR IR ER K.

SEHL 2. EWG TR y (x) AR, CAIRIT RO S5 o BOR B, 1R 22 e 43 B R U 1 BR B
2 S (AT R

UEW: SRA = Al e MR TR sAR (X, ) = zw¢@x+b) =1--,M o Hon s

RIS gy » I J0BRBLEAT TEAEPE, & 0T = R T4 TR e S 795
BB TBABA B, SR AL LR BAPIA S BT
$58 v (x) E&E?ﬂy(x):{l'(x)'bao
I(x),x<a

1) F L(x) R (x) A0 TR R, TS 550 = fi b6 B SR L (x) = zm(xﬁu

(0= 28 (x)+ Hofenf <o )y <om o Lk=Lovo . HATE

8

0

Zgaﬂﬁ. (X)_Zﬂk% (X)

= k=0

erro(x) =

1

8

< Xl (x)- A ()]

8

=§||(a ~B)4 ()|
SZ max (a; — 4, )| (%)
< max (a3

<C

2) 4 L(x) M 1(x) Z2DH —ADAFESE TR, WA DH —DAREH =M R AR ok
TRo

gib, HXIJUNREBT RIS A RRE, BARERARE. A6 TN o MR, BarER
TR EATELE o

e 1o 5 M eR BT TE) W 5500 B8 — SRAN I 282 RN 38 — 28 () WKy )OO L [T 7 A o SCIE O, S AR 22
RNATRP, TTLAMEH ELM SRE T RE; 25 058 IS0 s R0 55 = S 1a] Wt psi 0 76 8] Wy s Ab T 58 St e, A
LARZE S TCPRBIAEAE, AREH ELM KAETTHE

HEW 2. X T IXIAE [a,b] I3 T5 e

i) 4fEH] sigmoid/tanh BEEEREL, |b| > 10 B |a| > 10 I, HAERIES: AE T8 AL RS S ARALR
TREE 2 2 0SSR g 03 J7 1%

i) A relu SOE R 2 ab > 0 Bl |a| > || B |b| > |a] I, ELAFZ SR ANE T AR A5 B AL
(R FEE 25 ) IR SR MR 00 T

i) MR, ELM & TR T .

3. SEEEMTE
1) 1% B DABUAE SR A0SR BRI E B 1 0).
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2) ¥ PSO-TNN F1 TNN PA & PINNS, 3K fift 22 6540 AR M\ Pareto 437 28 B XU AR T (1) 8 7= M < i
BRI HAIE B O LU R - 3o J7 RE[21] [22]:

v (x)= 2y () -2y (x-t)dF (t)—%[l— F (x)],x <[0,25000]

B
ﬁ;ﬁlﬂc=600,/1=1,ﬁ=3,9=0.2,;/=1OOO,F(X)=1—7—, 1% 1) R AT AR, HE AN — SR S AR,
y+X

% 1.

Table 1. Exact solutions of known points

#= 1. OEERBENS

X v (x)
100 0.807
500 0.724

1000 0.645
5000 0.313
10,000 0.148
25,000 0.025

KHMZITCAEN =12 /1) PSO-TNN F1 TNN PLEMZE 64NN =50 F1JZ %0 L = 3 [ PINNs SRAFIX 1%

i, BEASES, x =0, x, =100, xi+2=25§80',i=1,~~-,50%&1§i%é§%ﬁﬂ?:

2 2 R 1 R T T FERRSTRAR . PSO-TNN A1 TNN LK PINNS FOBE M S AR iR 2 . H2e 2
B ET 0, % B0 A, PSO-TNN ) MSE 2 8.91703e—08, H1[17]H 17 TNN 35158 MSE Z1°24 7.1372e—07,
1M B PINNs 3R75 MSE £)°/ 2.2680e—01 . X T~ A %01 55, PSO-TNN A1 TNN FIUHE ffE1EH AL K1, PSO-TNN
(RS B RS B . MIZRISIA] L, PINNS i8] 4 1293.0747 s, 1 PSO-TNN {X 75 % 2.3057240 s #{xtT
TE SCE X AN TG R R, MR A A2 1R 2, ELM #00 TIRE %1 .

AT IR R X (R BEAT AR, AR, x€[0,100], BEMME=. & 2WH, HIFEE
AR B R DX 1045 B et FRELAS/NS, - PINNS AT DAFE 5 RE R 2 SJ 45504 F, MSE 2908 2.3297e-07, 1] DAASLAT Hh
bl VLY Ei ) 18
Table 2. Error and time of three algorithms in different intervals under Pareto distribution
R 2. Pareto 27 N AR X B =M EERIRE LUK ETE

PSO-TNN (12*1) PINNS (50*3) TNN (12*1)
X MSE t/s MSE t/s MSE t/s
[0, 100] - - 2.3297e-07 1166.9992
[0, 25,000] 8.91703e—08 2.3057240 2.2680e—-01 1293.0747 7.1372e-07 2.1427120
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Figure 1. Numerical and analytical solutions by PINNs, PSO-TNN in (1)
B 1. (1)BY PINNs, PSO-TNN &R I R A FufE

2) f#iH PSO-TNN F1 TNN BL K PINNS, 3K fif 22 155 A0 Al R 250700 S 110 28 S XURGABE 28 (1) e 7 M 26 i) 7
SRR SRR B O PL R R - Bl J7 RE[21] [22]:

' (x ):iy/ ——jy/ (x-t)dF (t ——[1 F(x)].x€[0,10]
w(O)zﬁ

¥, o .
Hotie=31-48-20=-L f” F(x)=1-e i, iil‘il%ﬂﬂ‘]ﬁ%ﬁﬁﬁ%yx(x):ﬁe o, SR IMET

AN =12 ) PSO-TNN %n TNN LK A2 6N N =50 /23T L = 3 19 PINNs SRAFEZ 5 FE, o518 b
AT, FEAR: X =%, =0, 20 HL ST el e

3 A 2 AT T FE MRS PSO-TNN A1 TNN L& PINNs ()08 fif S AR iR 22 . HH
% 3 hEAE AT &N, PSO-TNN () MSE Jy 1.6967e—10, Hi[17]7 ) TNN 3£45 ) MSE #)°} 4.1665e—06,
Mt PINNs 313077 1% 2418 6.8827e-08. E4K PINN [FFEL T R4 TNN, (HIIZkI Az KT
PSO-TNN #1 TNN. SR PINN [FRAR T IR 44 TNN, (HIZ:m )z KT PSO-TNN A1 TNN. &4,
PSO-TNN it T TNN 1 PINNs. PSO-TNN (#f# ] AR # #E i il o AUIIZRES 18] |, PINNSs B[]
1124.6291's, 1fii PSO-TNN {X 75 % 0.0406790s. #% T %& SCH X [A] ¥ Pl 45 K B 7 72 AT [) i 2
w2, ELM M TFIRES ). 5QE T, RIFERE RS - i, UXEAE, SFFR
il 7 2 P I 8% 5 ) o R AR AR BE I

Table 3. Error and time of three algorithms under exponential distribution

3. BB OB T =ME L IRERETE

PSO-TNN TNN PINNs
N*L MSE t/s MSE t/s N*L MSE Tls
12*1 1.6967e—10 0.0392967 4.1665e—06  0.0406790 50*3 6.8827e-08  1124.6291
200*1 6.1304e—09 1.2220447 4.2635e—06  1.0881098 100*3
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Figure 2. Numerical and analytical solutions by PINNs, PSO-TNN in (2)
[ 2. (2)B PINNs, PSO-TNN H{E R I B EHafR
4. G5RiE
AL AR T Ay - By TR 5, e A 1 st ORI 2 S LA G A5 R
MR 2 27 >0 1) e BARGR M S22 — PINNS HEAT KA LLACHY , S FIRTEN] 7Y - B TR ((7)~(8))
X (&9 [0,b],b>>10 1, %] sigmoid/tanh G & E, BN 0, A& & PINNs sKAETTE; %1
relu OGRS, AN MR GIRLIER T LM, FEORZIR N PRSI 3) 7 — R
SEHT IR BE 2 ) BE Ay iR b, SR T N ANE R s 2 B IR W fU R SR AL e 2 B IE H ELM. X
LSRRI E T W EE S, SRR |a) <10 H o] <10, fEF] PSO-ELM Fl PINNs ffJiRZEAHIT, {H
st A I A 7 R AT H PSO-ELM e ARSCXET- PRI 7 ik AT X LUER 7T, AT DL T RE S8 R B R 18 SR 5
W, R TEANE, A TR ESHRANR (], [23]H R I T PINNS B (A1 s 5o T R R AT
BIEALRE 7T, AR R FE PT LASSGEE PINNS 3203 F THER 2 h B JRIELL T .
EemB
SOMNARHEHRITH (B RS F 6 A 747[2020]5016), S K% — R ERFERE & T H (XIG2021040); 531
REFHIH (X3G2021027); SR FAE R A A THRITHE .
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