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Abstract

The purpose of this article is to extend the dynamic results of SD oscillators with
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dry friction on a plane to an inclined plane. The analysis results indicate that the

system will have one or two equilibrium sets. And the stability of the equilibrium set

was proved through non smooth Lyapunov functions. Finally, we provided numerical

simulations to illustrate the dynamics and validate the results.
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1. Úó

3L��A�cp§�«��ìÑy3NõA^�Æ¥§XÅ�ó§ [1]!©f)ÔÆ [2]!¬

�ÄåÆ [3]ÚþfåÆ [4]"®²JÑ
�þ���ì§¿òÙA^uþã+�§~X [5–7]"C

c5§ù�#�< [8]JÑ¿ïÄ
SD£1wÚØëY¤�f§^uïÄl1w�ØëYÄåÆ�

=C"ÏLUC²wÝëê��§SD��ì�±´²w�ÚØëY�"�5§T�ö�< [9] ïÄ


�«äkr�n5��5�#.��5��ì§T��ìäk1wÚØëY�A5§ù�ûu

1wëê��"(JL²§r�n5��5¬��õ³ÄåÆ!p�òzÛÉ5!õ­­½5½

õ­k¢¯­",
§�Þ�>�þã�õê��ì¤�Ñ"o�#�< [10]JÑ¿ïÄ
�«3

Y²¡þäkZ�Þ�SD�f£�ã 1¤"3�.¥§�þmÏLfÝ�k��5��§T��U


-|ÜåÚØ "b��þ�$Ä3L¡þ´Y²�§©¥�Ñ
²ï8�3�^�±9­½

5"
du¢Só§¥§��Y²´éJ�y�§·�3 [10]ó��Ä:þ§ò�.í2�äk�

�θ�²¡þ£�ã 2¤"AO/§�θ = 0 �§§�Ð´Y²¡"�©�Ñ
²ï8�3�^�±

9²ï8�­½5"

2. êÆ�.

ã2¥§�þm©OÏL����ë���½:"b��þ©ª3��²¡þ"·�±R�Ú

�¡��:��:§5½÷�¡�e������§ïá�IX"�þ3��²¡þ� �Ú�Ý

©O^xÚẋL«§lL«����©�Ý§hL«½:ÚL¡�m�ål§θL«�¡���§gL

«­å\�Ý§µL«�ÞåXê"�
{z�.·�©ª-h = 0"�ÞåFs(x)d¥Õ½Æ�§

¿d [10]y²÷v�¹µ
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Figure 1. An SD oscillator with dry friction

ã 1. �Z�Þ�SD�f

Figure 2. SD oscillator model on an inclined plane

ã 2. �¡þ�SD�f�.

FS ∈ −µFN (x) Sign(ẋ),

Ù¥FN (x) = mg cos θ §Sign(ẋ) deª½Âµ

Sign(ẋ) =


1, ẋ > 0,

[−1, 1] , ẋ = 0,

−1, ẋ < 0.

�âÚî1�½ÆÚ [10], �±��e��©�¹

(ẋ, ẏ)T ∈ F 0(x, y) (2.1)
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Ù¥§

F 0(x, y) = (y, g sin θ − k

m
x+

kl

m
Sign(x)− µg cos θ Sign(y))T .

w,§XÚ£2.1¤do��5fXÚ|¤µ
ẋ = y,

ẏ = − k
m

(x− x∗01),
x > 0, y > 0, (2.2)


ẋ = y,

ẏ = − k
m

(x− x∗02),
x < 0, y > 0, (2.3)


ẋ = y,

ẏ = − k
m

(x− x∗03),
x < 0, y < 0, (2.4)

±9 
ẋ = y,

ẏ = − k
m

(x− x∗04),
x > 0, y < 0, (2.5)

Ù¥µ

x∗01 = l − mg

k
cos θ(µ− tan θ), x∗02 = −l − mg

k
cos θ(µ− tan θ)

x∗03 = −l +
mg

k
cos θ(µ+ tan θ), x∗04 = l +

mg

k
cos θ(µ+ tan θ)

3. �ÛÄåÆ

·�y3�±�Ñ�h = 0�(J"�âµ�ØÓ�§·�^Ê�½n5?Ø²ï8�êþÚ

­½5"

½n1µéuXÚ(2.1),�µ > tan θ, e�äó¤á:

(i) �l < mg
k

cos θ(µ− tan θ), �3���²ï8E =
{

(x, 0)T |x∗02 ≤ x ≤ x∗04}§�E ��ÛìC­
½;

(ii) �l = mg
k

cos θ(µ − tan θ), =, x∗01 = 0, �3���²ï8E =
{

(x, 0)T |x∗02 ≤ x ≤ x∗04

}
�E�

ÛìC­½;
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(iii) �mg
k

cos θ(µ − tan θ) < l < µmg cos θ
k

,�3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0
}
ÚE02 ={

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 ´k��mìC­½�;

(iv) �l = µmg cos θ
k

, i.e., x∗01 = x∗03, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0} ÚE02 ={
(x, 0)T |x∗01 = x∗03 ≤ x ≤ x∗04

}
Ú���Q:(0, 0)T . d	, E01 ÚE02 ´k��mìC­½

�;

(v) �µmg cos θ
k

< l < mg
k

cos θ(µ + tan θ), �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0
}
ÚE02 ={

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T .d	, E01 ÚE02 ´k��mìC­½�;

(vi) �l = mg
k

cos θ(µ + tan θ), =, x∗03 = 0,�3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ x∗03 = 0
}

ÚE02 =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 ´k��mìC­

½�;

(vii) �l > mg
k

cos θ(µ + tan θ), �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ x∗03 = 0} ÚE02 ={
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 ´k��mìC­½�"

y²µ²ï8��35Ú�ê�±ÏLXÚ(2.1)��þ|��.y3b�l < mg
k

cos θ(µ− tan θ). �


(½E0 �­½5, ·�ATy²E0 ¥z�:Ñ´­½�. éu��²ï:(x̄∗, 0)
T ∈ E0, �Äe

¡�¼ê

Vx̄∗(x, y) =

 k
2m

(x− x∗01)
2

+ 1
2
y2 − k

2m
(x̄∗ − x∗01)

2
, x ≤ x̄∗,

k
2m

(x− x̄∗)
2

+ 1
2
y2, x > x̄∗

(3.1)

�x∗02 ≤ x̄∗ ≤ x∗01,

Vx̄∗(x, y) =
k

2m
(x− x̄∗)

2
+

1

2
y2 (3.2)

�x∗01 ≤ x̄∗ ≤ x∗03, and

Vx̄∗(x, y) =

 k
2m

(x− x∗03)
2

+ 1
2
y2 − k

2m
(x̄∗ − x∗03)

2
, x ≥ x̄∗,

k
2m

(x− x̄∗)
2

+ 1
2
y2, x < x̄∗

(3.3)

�x∗03 ≤ x̄∗ ≤ x∗04. �±��Vx̄∗ (x̄∗, 0) = 0 ÚVx̄∗ ´�½�. d	, �±��max ˙̄V
(2.1)
x̄∗ ≤ 0

3x < 0��²¡§�x∗02 ≤ x̄∗ ≤ x∗01,max V̇
(2.1)
x̄∗ ≤ 0 �x∗01 ≤ x̄∗ ≤ x∗03 Úmax ˙̄V

(2.1)
x̄∗ ≤ 0 3x > 0�

�²¡§�x∗03 ≤ x̄∗ ≤ x∗04. Ïdz�²ï:(x̄∗, 0)
T ∈ E0 Ñ´­½�, @oE0 ­½. -x̄∗ = 0, ·

�k

V̇
(2.1)

0 =



{
k
m
x∗01y

}
, x > 0, y > 0,{

k
m
x∗02y

}
, x < 0, y > 0,{

k
m
x∗03y

}
, x < 0, y < 0,{

k
m
x∗04y

}
, x > 0, y < 0,

{0}, y = 0,{
k
m

(ξx∗01 + (1− ξ)x∗02) y | ξ ∈ [0, 1]
}
, x = 0, y > 0,{

k
m

(ξx∗03 + (1− ξ)x∗04) y | ξ ∈ [0, 1]
}
, x = 0, y < 0.
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dul < µmg/k

x∗02 < x∗01 < 0 < x∗03 < x∗04.

Ïd, max ˙̄V
(2.1)

0 ≤ 0

Z
(2.1)
V0

=
{

(x, y)T ∈ R2 | 0 ∈ ˙̄V
(2.1)

0

}
��fØCf8´E0. Ïd§E0 �Ûk��mìC­½. @o£1¤=��y. y3b�l >
mg
k

cos θ(µ+ tan θ). @o

x∗02 < x∗03 < 0 < x∗01 < x∗04.

�
y²E01 ÚE02�ìC­½5, ·�|^(3.2) x̄∗ ∈ [x∗02, x
∗
03] Úx̄∗ ∈ [x∗01, x

∗
04] . �q/, (iii)-(vi)

�±�y²"��§·�y²(ii). l = mg
k

cos θ(µ− tan θ) L²

x∗02 < x∗01 = 0 < x∗03 < x∗04.

�ÄoäÊìÅ¼ê(3.1) éx̄∗ ∈ [x∗02, 0] ±9(3.3) éx̄∗ ∈ (0, x∗04]§$^£i¤¥�qy²�y

²(iii).

½n2-½n5y²�½n1aq§�¡���Ñ½n§Ø2\±y²"

½n2µéuXÚ(2.1), �µ < 1
2

tan θ§e�äó¤áµ

(i) �l < µmg cos θ
k

, �3���²ï8E =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
¿�E �ÛìC­½;

(ii) �l = µmg cos θ
k

, =x∗01 = x∗03, �3���²ï8E =
{

(x, 0)T |x∗01

= x∗03 ≤ x ≤ x∗04} ¿�E �ÛìC­½;

(iii) �µmg cos θ
k

< l < mg
k

cos θ(tan θ − µ), �3���²ï8E =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
¿�E

�ÛìC­½;

(iv) �l = mg
k

cos θ(tan θ − µ), =, x∗02 = 0, �3���²ï8E =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
¿�E

�ÛìC­½;

(v) �mg
k

cos θ(tan θ − µ) < l < mg
k

cos θ(tan θ + µ), �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0
}

ÚE02 =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC

­½;

(vi) �l = mg
k

cos θ(tan θ + µ), =, x∗03 = 0, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ x∗03 = 0
}

ÚE02 =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC

­½;

(vii) �l > mg
k

cos θ(tan θ + µ), �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ x∗03} ÚE02 ={
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½.

½n3µéuXÚ(2.1), � 1
2

tan θ < µ < tan θ, e¡äó¤á:

(i) �l < mg
k

cos θ(tan θ−µ), �3���²ï8E =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04} ¿�E k��m�Û
ìC­½;
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(ii) �l = mg
k

cos θ(tan θ − µ), =, x∗02 = 0, �3���²ï8E =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
¿�E

k��m�ÛìC­½;

(iii) �mg
k

cos θ(tan θ − µ) < l < µmg cos θ
k

, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0
}
ÚE02 ={

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½;

(iv) �l = µmg cos θ
k

, =, x∗03 = x∗01, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0} ÚE02 ={
(x, 0)T |x∗01 = x∗03 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC

­½;

(v) �µmg cos θ
k

< l < mg
k

cos θ(tan θ + µ), �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0
}

and E02 ={
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½;

(vi) �l = mg
k

cos θ(tan θ + µ), =, x∗03 = 0, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ x∗03(0)
}

ÚE02 =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC

­½;

(vii) �l > mg
k

cos θ(tan θ + µ), �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ x∗03} ÚE02 ={
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½"

½n4µéuXÚ(2.1), �µ = 1
2

tan θ,

x∗01 = l +
µmg

k
cos θ, x∗02 = −l +

µmg

k
cos θ

x∗03 = −l +
3µmg

k
cos θ, x∗04 = l +

3µmg

k
cos θ

e�äó¤áµ

(i) �l < µmg cos θ
k

, �3���²ï8E =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04

}
¿�E k��m�ÛìC­½;

(ii) �l = µmg cos θ
k

,=, x∗03 = x∗01 and x∗02 = 0,�3���²ï8E =
{

(x, 0)T |x∗01 ≤ x ≤ x∗04 = x∗03

}
¿�E k��m�ÛìC­½;

(iii) �µmg cos θ
k

< l < 3µmg
k

cos θ, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0} ÚE02 ={
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½;

(iv) �l = 3µmg
k

cos θ, =, x∗03 = 0 �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ x∗03 = 0} ÚE02 ={
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½¶

(v) if l > 3µmg
k

cos θ, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ x∗03 = 0} ÚE02 ={
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½"

½n5µéuXÚ(2.1), �µ = tan θ§

x∗01 = l, x∗02 = −l

x∗03 = −l +
2µmg

k
cos θ, x∗04 = l +

2µmg

k
cos θ

e�äó¤á:
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(i) �l < µmg cos θ
k

, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0
}
ÚE02 =

{
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½¶

(ii) if l = µmg cos θ
k

, =, x∗01 = x∗03 �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0} ÚE02 ={
(x, 0)T |x∗01 = x∗03 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC

­½¶

(iii) if µmg cos θ
k

< l < 2µmg cos θ
k

, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0} ÚE02 ={
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½¶

(iv) �l = 2µmg cos θ
k

, =, x∗03 = 0, �3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ 0} ÚE02 ={
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½¶

(v) �l > 2µmg cos θ
k

,�3ü�²ï8E01 =
{

(x, 0)T |x∗02 ≤ x ≤ x∗03

}
ÚE02 =

{
(x, 0)T |x∗01 ≤ x ≤ x∗04

}
±9���Q:(0, 0)T . d	, E01 ÚE02 Ñ´k��mìC­½¶

éu¤k��¹, �µ = tan θ, XÚ�²ï8�êþ�2.

4. ê��[

�!¥§·�é���ü�²ï8��¹?1ê��[§�y1n!¥�(J"

Figure 3. System trajectory diagram with h = 0 and different values of l. (a) a unique equilibrium set;
(b) two equilibrium sets

ã 3. h = 0§ØÓl����XÚ;�ã"(a)��²ï8¶(b)ü�²ï8

ã 3¥�wÑ§£a¤¥��²ï8k��m�ÛìC­½§£b¤¥ü�²ï8þ�k��mì

C­½"
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