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Abstract

In this thesis, we study the vanishing viscous limit of one-dimensional nonlinear viscous
system with multi-layer structure. It is proved that when two non-interacting shock
waves satisfy the entropy condition for the inviscid system, the asymptotic equivalence
can be achieved between the solution of the viscous system and the solution of the
inviscid system. This is proved based on matched asymptotic analysis and energy
estimate related to the stability theory of viscous shock profile. First, the approximate
solution of the viscosity system is constructed by the multi-scale matched asymptotic
expansion method, and then the final conclusion is obtained by the stability analysis

with the method of energy estimate.
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1. 515
A, JATE T2 2 S5 R A AR R T O g R
ou® + 0, (f(u(w, 1)) = e, (B(u)d,u), v €R™, z€R', ¢t >0, (1)
R A5 R N TG R X 5 R 2
(9tu—|—8x(f(u(x,t))) =0, u€R", zeR', t>0, (2)
A BT S A S8 &R, e f ORI R, HAFAE g(u(a,t)), 13 Vag(u(z,t) = B(u(x,t)).
Rt R AR B — A>T r EER R, A IR R AR R o) AR AR ) At fh — B & 2 08
H . FESEBRR b, JERE 7 2 0 AR o S AN SR 1Y), i AR A 12 ik ] Wy — %, 3K S AL WF 72 5

5%, B RFERRACE IR S AR R, NATTRERE 1 T 2 A5 R i 30 F fd g T S e IR sk %1
FFEHL IR A Hoff [1] T 19 408 Jo g BRI A (e i, — 4S50 nT R 45 4 30 1) Navier-Stokes 77 12
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I TCRE A R i) @31, UEBR T 7 R IR AR A7 AE, FF H AR T 20, BURS T ok Euler 77 P20 4.
FEIEAD I, Goodman H1 Z.P. Xin [2] X — A2 MRS 14 <3 B 75 R 50 T RGP e 51 Th A 1 v 2
HEAT THE, 4930 ORI TTRR S JOR T R TR I S . SR ok, IS IR AN FT, AR
W) 7 AT 5 AR A I B S IN — AR KRG P <3 AR T A 9 SRR PR AR BR ) @ [3-10], Z.P. Xin [11] 1iE
By 7 BA OB WA I Navier-Stokes 77 F5 1) fif 75 120 B 41 4 18] W (14 DX 355 it 25 G 14 (40 714 2K T W 8
BB Y. Wang [12] WFFL T 24k 250 W2 k = O(e) , FFH BB 2 R4 s e 2 AR, ]
FE 45 5 # Navier-Stokes 75 F2 1 EFEBUN IR ; H.Y. Wang [13] 1 i 28 A I8 55 44 (149 ]R8 40 Fl 2 A g
AT ITENT T 1A IR MR B AR LR, R p- RS SRR IR S AR ) TR R R B, 6T AN
JEHT B TCRE 77 RE A, WO e [B) W RO B 38 A PT Re 2 2 A HR B [14-22), IX A ) AR A4S 5 N &
JeiEER. EAL T Euler J7 FRU0R . Wi I I R fich 18] 0T P — M 2 I ) 5L T, F.ML. Huang [16] UE#] T
Boltzmann J7 #2775 ME— i FF U Sl T B = B AR 4 B Riemann f# T € 1 Maxwell fi#. Xf
T [RI B RO RG 1A st 5 0 P A e R A 5, HLHL. Zeng (23] WE B T BA /NILEPL BN (FIRS PE 7 iE 40
[T A € M. Hakho A1 T. Wang [24] BFFT 1 24AH N 1) Euler 54t )ik B 5 4N 1L I8 R0 ik [ B 1)
H AT, Navier-Stokes 75 F2 (1) fif 1 2= 8 BN PR A 5 ol 26
AL A B O T RGP IR JE G M (0 XUl 7 AR A, FRATTHS s, X T AH B AR s, RIS AR
TR DL, FEP N S, W RE < AR B0, I R RE S AR e [B] T [25, 26], X fH45 ] B
ATk, PR AR SCERAT FE TR A AR AR 00, (E 2R AL 45 AR A IR 2 A~ 4R AH AR
R0 N RIFE R, S PIAN B0 2 Lax i 2620, RGP D7 PR 20 A g e ST okt 7 FR 2L ) . SC
BRI A PSS, R AL AR R RE A . RS B o DL G H T R T IR U7 vk, AT
I8 HORE YT R B AMR. T e 0 X o ) R T, FE A IS R T A BB — T, FRATRI A 1 AL i E B
FRSE Y € B (27, 28] BIAH CHR IR 15 B4 38 IR 1T ACL A A2 3OS 1) T i 0o 328 B85 WB0ist 1) TG R 7 R e
ITREIMEIE, A5 2T UE, HAR BRI 7 R AR 7 Rl 2 R e X &R 788 =%, &
T REEAG T B 77 VEREAT RRE Mo M. 8 S At A SRt P s 351 T R MR AH OQ B BB G 32 AT e e
flivh, PR ERGHAT A R, L RR A B s, B S AT B SR A, AT AR R 1 T R
(P ARA A 55 TO R 5 R 1R B S A PR AT S5 AN 1 I UE B . SR AT R GBI 9T, AR SCAS 31 7RG B B8 v i
S, XA A SR 7 A = L
YT (1) F(2) , FATA LA R RO
(1) Wi 2 Lax sk
fEx=st),i=12H
A (u(si(t) —0,t)) < -+ < Ap(u(si(t) —0,1)),
A si(t) = 0,6) > 5 5(6) > My (u(s:(1) +0,1),
—0.1emA,(u(s;(t) +0,t)) < -+ < A (u(s;(t) +0,1)).

HXWFAERE t <T Mk =0,1,2,3,4 FHIIRIELE

OFu(s;(t) —0,t) = lim 9% (u(z,1)),

z—s;(t)~

Ou(si(t) +0,t) = lim 0% (u(x,t)),

z—s;(t)t
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Hri=1, 2
2) MEZ ueld, KU RY, 0 RY, H (i) - (iv) KoL
(i) 7ETE IEREHRE S(u) , B3 SABHER, Horl A(u) = f/(u) , A(u) TT0HB1L, BIFEAE I RipE
R(u) , L(u) 1§15
A=RAL,RL =1,

,E\:EP A:diag()\l,)\Q,--- 7)\n)7 )\1 < )\2 < e K )\p <0< )\p+1 < An,
(ii) SB XFRIESE, BIFFAE ¢ > 0, 15 (SBE,€) > col€f?, W THER £ e RY;
(iii) LBR & IEER].

FEER

EIB 1. BT REAL (2) & A XU, 7 ul(x,t) € C2([0,T); H2(R)) /& T F24 (2)
IR, XVt € [0,T), i = 1,2, FEIEFE n, i =1, 2,2

[u®(si(t) +0, 1) —u’(si(t) — 0, 8)| <, 3)

WX 2N e > 0, HEM n € (0,1), MtETRA (1) £ M — — DI M u(2,t) €
CH([0, T]; H*(R)) Wi/t

sup / [uf (-, t) —u’ (-, t)Pdx < Ce™, (4)
0<t<T
sup  |u(-,t) —u’(-,t)| < Ce, i=1,2, ()
0<t<T
|lz—s;(t)|>e”

Hrby e (3,1).

T FRRY IS
A b, JATE Seaad o DAL T A UL A 7 i T AR (1) KRR o (o, t). A
FHep Lo 3T 5 BEAIE BT (DA AR A4 36 1 45 PR
2.1. PN S LR &1
T, I SR R D, AR TR (1) M DA SR TT
uP" (x,t) ~ ul(z,t) + eu'(x,t) + 2u?(z,t) + - - (6)

Horpa®, - AR o = s(t) SEANESE, FEHABXBOLH. K wO RN (1) FFIRGE e BT
oK, W LIS E
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O(1): 0w’ + 9, f(u’) =0,

O(e) : dpu' + 0. (f'(u)u') = D2g(u?),
O() : 0rd® + 0, (f/(u)u?) = 82 (B(u)u) — %
SO, FEMBEIR (o = s ()} W, HelblT-A0 R TF T LA 5 L

uyN (z,t) ~ ul(€,t) +eul(é,t) + e*ul(E, ) + - -

X HL ¢ I T B AR AR AT 2
¢ = x%l(t) +,(t,2),
Sofr 6, i b B 2]
S1(t,e) = 00(t) + by (t) + €765 (t) + - -
K ulN FONTFRRAL (1) 135
O(2) : 0ef(ul) — 100 — B9 ) = 0

O(1) : 0 (B(ul)uy) — O (f'(ul)ul) + $10¢ul = 899u + d,u’,

S

O(e) : 92 (BQu?) — (' (ud)u2) + 0eu? = 5106l + 0l + O

50 (F ) k) — 202 (B (W) ok d)):

0 (f" (u”) (u')?).

(15)

Hoepogy =92, 6 = 90 ZEWIEE SO VCHEC X S, ST 75 TR 28 30 JR A P9 4103 PR AL A 1 —

B, AR MVLECAAE, B2 € — oo f7

ul(€,t) =u’(s1(t) £0,t) + o(1), (16)
ug(§,t) =u'(s1(t) £0,1) + (€ — 67)0,u’(s1(t) £ 0, 1) + o(1), (17)

u2(&,t) =u?(s1(t) £ 0,t) + (€ — 60)0pu' (s1(t) £ 0,t) — 610,u’(s1(t) £0,1)
b5 (6= 80200 (51(1) £0,0) + o), (18)

SR {x = s1(¢)} METRRITINEME, FAVEBEBBIZ {z = s2(t)} WLz plig

uy™ (1) ~ a(C, 1) + ety (¢, 1) + a3 (¢, t) + 2a((, 1) (19)
=720 45,0, (20)
So(t,e) = 63(t) + &by (t) + 255 (t) + - - (21)
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1 A
O(g) :0c f(42) — 820,02 _64‘( (@ )) =0,
O(1) :02(B(a%)al) — 8 (f'(a2)ul) + 20ct = 630,02 + 9,al,
Ofe) : 3?( (@0)a3) — O (f()@?) + 52003 = 630l + 830l + i}
1 /
+ 5‘ e (f" (@) (g i) = 50¢ (B () (i, )

ol gy = 42§ = O 45 pTRILR

U, (C, 1) =u' (s2(t) £ 0,) + (¢ — 02)9u’ (s2(t) £ 0,¢) + o(1),

@3 (C,t) =u®(s2(t) £ 0,8) + (¢ — )05’ (s2(t) £ 0,) — 6,0,u(s2(t) £ 0,1)

4L (¢ 892020 (salt) £ 0.8) + o(1).

2.2. fEMEUR R E DS

£ o = s (t) BEEHE LT H R Jrfedl

f(@)e — $10¢ = f(D)ee,
G(&,t) = u = u’(s1(t) — 0,8), & — —o0,
d(E,t) — u, = ul(s1(t) +0,t), € — +oo,

Hrh, (29) - (30) AILFKAE, T2
s1(w —up) = flw) — f(u).
A (28) - (30) 5 F AT FEAH M

(¢ —ur)ee = B~ (9)(f' (@) — 511) (¢ — up)e — B~ (9)dB() (¢ — ur)e, (¢ — ur)e),
) —u —u, £ — —oo,

p(&,t
o€, t) —u, =0, &— +oo,

(27)

(31)

Kb u=w—u. WC={uecR"|(32) — (34) A ®(u,&) = ¢ —u,,VE e R}, MKT C HULF
iR

Rl 2.1, fEIRIX (A1) — (A3) BOZITATIR T, FA4E— 0 BI/h&RIE Y Hidh 0 e RY, V e U, 15
(i) - (iii) BRoZ, Horp
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(i) C &Y H4&it0 FOLHERE, 0 € V;

(i) ToC = N(0), N(0) /& B~ () (A — &I) FRFAEEL X RERFAE 1) B 2E B A ANAE 145 i

(iil) Ou, A u, BN,

LK T ®(u, &), M ¢ € O, N, FFEFE ¢, X a> 0B, | 0,0:P(u, &) |< cexp(—al) ML
FEVERA A 2.1 A S 28— 5] 3.

5138 2.1. B7(¢)(A(0) — s 1) WIFAAFEAE RN 45 A0) — s, 1 A, BNB=1(¢)(A(0) — $11)
RR 2.2, AF1E o, ul AR R AR RO

atul + 0, (fl(uo)ul> = gmx(uo)» (35)
O (f/(ugl)uil) — 3§51 - E)Euil = 852 (B(ugl)uil) — (5? . 8§u21 — 8tugl, (36)
uil (€ — +00) = 0,u(s1(t) £ 0,)(& — 8Y) +u'(s1(t) £0,t) +o(1). (37)

W8 2.3, MR (A1) — (A3), H T,C N E*A(0) = 0.
HEBE (A1) ATRD, A(u) /£ QN C WA, BEE i 2.3 AT MR T 0 (s(1y40): C N ETA(u®(s(t) +
0),t)) = {0}. H1k, FHIRT u' ML B 2 2 Lopastinski 2 F

dut + 0, (f'(W)u') = guu(u®), (38)
u'(s1(t) +0,t) € Cy, (39)
u'(0,z) = 0. (40)

N TAE] (38) - (40) BF A3 E 1, FATAH T 52 [29]
513 2.2, HEYILE 1

ou+ A(uw)d,u=0, x>0,0<t<T,
B(t,u(t,x=0))=0,0<t<T,

u(t =0,2) =ug(x), x>0.

T Lok Ty R A% U, wo(2) € CR(RY), B € CY([0,T] x U), F B2 0 MR AP 5%
F: B(0,u(0) = 0, B a: = uo(0), fRLMETTFE4]

v+ A(a)0,v =0, z>0,0<t<T,

d,B(0,a)v(t,0) = h(t), t > 0,

v(t=0,z) =vo(x), x>0.
i 2 — 2L Lopastinski 26F, WAFAE T* > 0 AN EYTIAAE ) @G ME— K20 Be C1 W RATAME

AL 1 AR, B B,(0,a) = d,B(0, a)A(a)ug(0), WIfERZ C* ). ¥ (38) - (40) Wi &
EREB LA, T 513 2.2, FETEME—1 ul(t, ) € H>([0,T] x RL) fi (38) - (40) A . Flit
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Ak, BAVE T wb, b, AR ET LS E] o2, u?, ol a2 MAFA7EE.
2.3. IE{LLfR

BUAEFRAN TR AT R ORI AT ABARR. FATT e I8 e B AN e B 3L R AR AR CRE U

O(z,t) = u®(z,t) + eul(z,t) + u?(z,t), x # s;(t),i = 1,2, (41)
Lo ) = (X2 g0y gt 425 4 4 sui(%sl(t) + 60 + e8! + €262, 1)

+ 5%?(%81(75) + 60 + e0] + %63, 1), (42)
Lo t) = o222 g0 s ot bc2g2 e (B2 g0 g1 c22

R Pl G | SO RS I (43)

Hrb o, o, ol MAERE LR ORGH. BEBRE mi(y) € CEMR), i = 1,2 FFil 2
0<m(y) <1:
1, lyl <1,

mi(y) = hi(y), 1< |yl <2,
0, ly| > 2,

ot hy(y) RICHREL, y = =20 R 0 < hy(y) < 1. ik, 5 SO5RE (1) KRR
v¥(x,t) = myly +mols + (1 —mqy —me)O + d(z,t) = 0v°(x,t) + d(z, t), (44)

Horb, d(a,t) NEBHMEIET, ~ € (3,1). HBIRZ WAL PR RIRIE, o° (2, ¢) #2712
O + 0, f(0°) — elg(v) oo = 3 il 1), (45)
Hr, gi(z,t) G RECE T

qi(z,t) = (L= m1 —ma){[f(0) = f(u") — ef'(u")u' — & f'(u)u® — %f”(uo)(ula u')

— 3 Bu)uZ + B (u)u?(cul + *u?) + %B”(uo)(u1 +eu?)? (ud + eul +e%u2)},
2
! / € 1
go(,t) = ma{ (F(1) = f(u) = ef (Whug — & ' (u)ug = " (u) (ug, ;)
+3620,ul + 301 0,ul + £*020,ul + £3500,u% 4 e*610,u2 + £5620,u>
3
+ %&c [B' (u)0a (ug, ug)] + €02 [B" (ug) pug] — 03[ B(uy)0zu,]

— 30%[B' (u?)0,ul (0,ul + £0,u?]},
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62 10\ (A1 ~1
7f (us)(usﬂus)

gs(,1) = mi{(f(L) — f(85) —ef' (@), — & f'(@))a5 — 5

©e320,00 + S3800,00 1 620,00 + £2600,02 + 600,02 4 £3620,42
+ S0,B/ ()9, (a2, 42)] + <0, [B" (1), 1] — 02[B(12)d, )

—302[B'(4°)0,4l (0,4} + 0,42},

qa(z,t) = Omq (I — O) + Oymao(Ir — O) + f(mily + maols + (1 — my —m2)0),
—{maf(L) + maf(I2) + (L = m1 —m2) f(O)}s +e(B(0)0s)s
+ 0xma(f(I1) — f(O)) + Oama(f(I2) — f(O))
+e{mi(B(Li) — B(O))(I1 — O)y + ma(B(2) — B(O))(I2 — O)z }s
—e0,mi(B(I) — B(O))(I1 — O)y — €0yma(B(I2) — B(0))(I2 — O),
+e{miB(O)(I1 — O); + meB(O)(I2 — O): }4
—€0;m1B(O) (11 — 0)z — €0;m2B(0)(I2 — O),
+e{mi(B(I,) — B(0))O, +ma(B(l2) — B(0))O.}.
—e0;m1[B(I) — B(0)]0; — e0,ma[B(I2) — B(0)|0,

— 5{g(m1]1 + m212 + (]. —mq — mg)O)}m,

G52, 1) = dy — e(g(v7) = g(v° = d))ae + (f(v°) = (7 = d))a

(i) supp ¢1 € {(z,t) : |z — s;(t)] > 7,0 <t <T,i=1,2},

Oy (z,t) = O(1)e*™", (/T 10%ar (-, ) 17dt) 2 < O(1)e= =D 1= 0,1,2; (46)
0
(ii) supp g2 C {(z,t) : |z — s1(t)| < 27,0 <t < T},
Ol ga(z,t) = 0(1)e D71 =0,1,2; (47)
(iii) supp g3 € {(@, 1) : |[x — s2(t)| < 27,0 <t < T},
dlgs(z,t) = 0(1)e@ V7 1=0,1,2; (48)
(iv) suppgs C {(z,t) : &7 < |z —s;(t)| < 27,0 <t < T},

Olqu(x,t) = 0(1)eB D7 1=0,1,2. (49)
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iR =30 iz, t), W Re = O(1)e. BUES d(x,t) F FFIY Bl i

d; = e(B(v°)d,). — R,
d(xz,t) = 0.

g, M o® i 2 an IR sE T R, B

Opv° + 0. f (v°) — €0: (B(v7)0:0%) = (B(0°)d. ), — e(9(v%) — 9(v%)) ,, + (f(v°) = £(77)),-

NG THEREY B d(2,t). B d(x,t) 0 gi(w,t) BILER, BATAT A2 LR 5]
5138 2.3. % d(z,t) & HFE (50) FIfE, U vt € [0,T] B FHUETH

T
sup /d(xat”zdx—l—s/ /|8xd(x,t)|2dxdt§0557,
R 0 R

0<t<T

T
sup /Iﬁmd(x,t)lzdx+s/ /‘8§d(x,t)‘2dxdt§0557_2,
R 0 R

0<t<T

T
sup /}aid(-’v,t)\zdwrs/ /lai’d(:c,t)fdxdt§6’5574,
R 0 R

0<t<T

5y—1
sup || d(z,t) ||pem< Ce T,
0<t<T

5y—3
sup || Ozd(z,t) ||Lemy< Ce 2,
0<t<T

SI38 2.4. X T (42) & X v (2,t) , A

u(x,t) +O(l)e, |z —si(t)| >¢e,i=1,2
v (z,t) = S ul(&,t) + O(1)e, |x — s1(t)] < 267
W2(¢,t) + O(1)e?, |z — sa(t)| < 2e7.

3. REMSH
3.1. IRERE
B uf (x,t) R (1.1) PHESLAR, 4
ut(z,t) = v (x,t) + w(x,t), z€R t€0,7).

Wy + 0y (f'(v°)0) + Qua
=202 (B(v°)) + £Qa0z — £(B(0°)dy) | + e[B(v°)d — Qslan + [—f'(v°)d + Qula,

(51)

(58)

(59)
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w(x,0) = 0.
Hr
Q1= f(u) — f(v°) = f'(v)w, (60)
Q2= g(u®) — g(v7) — g'(v)w, (61)
Qs = g(v%) — g(v°) + ¢'(v°)d, (62)
Qa = f(0°) = f(v°) + f'(v7)d. (63)

Lw(x,t) = Wy (z,t). XF (58) #l4rA 15

Wy + f'(v°)0 + Q1 = e(B(v*)y,) |+ €Qap — eB(0°)dy + e[B(v°)d — Qs]x + [~ f'(v7)d + Qu), (64)

w(zx,0) = 0.
BEAT R AR 4
i t) =eu(y,r), y=""0 -1 (65)
W, — swy + f'(v°)wy, + Qn
= (B )wy), + Q2 — B(0)dy + [B(v°)d — Qs], + [—f'(v°)d + Qul, (66)
w(y,0) = 0.

R 3.1, (Sefhivh) R 7 i (66) A ME—fR w € CU([0,70]; H2(R)) , il &2

sup [lw(-, 7)||ue < ce’, (67)
0<t<T
i<}
sup [w(-,7) % +/ [wy (-, 7)[F2dr < ™72, (68)
0<t<T 0

Hrf, 6>0. (3.9) F f/(v°) AAERFERE, NPRIERER MG THIBAHET, SRR AL, Jose X

0(y, ) = L(v*)w(y, 7), (69)
M(y,7) = (9yL(v7)) - R(v), (70)
N(y,7) = (0-L(v%)) - R(v%). (71)
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0(y,0) = 0.
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