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Abstract

In this paper, we mainly studies the finite time stability problem of Markovian switch-
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ing probability Boolean control networks. We provide a necessary and sufficient con-

dition to verify the finite time stability of Markovian switching probabilitic Boolean

control networks and provide specific proof to verify our conclusion.
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1. Úó

�XXÚ)ÔÆ�uÐ§NõÆö��\ïÄ
ÄÏN��ä��'¯K§¿��NõR�

�(J. ÄÏN��äÌ�´�[�½/ÚN|¥�ÄÏ�m�p�^
�)��
Ä��ä, Ù

Ì��^´ÏL�|©fN�Ïf(N!Ïf�±´DNA!RNA!�x�½ùn«Ô�¥ü«½õ

«/¤EÜÔ�?Û|Ü)�p�^½�[�¥�Ù¦Ô��p�^, ±��mRNAÚ�x��Ä

ÏL�Y², ?
û½[��õU. �
�\�\ïÄÄÏN��ä, Æö�lØÓ�Ý5ïÄÚ¿

ÛÄÏN��ä�., ©OJÑ
�«ØÓ�êÆ�.ÚO��.5£ãÄÏ�m��p�^'X,

~X~�©�§�. [1]!ê��Åó�. [2]!Ù��ä [3]�, ù
êÆ�.3ÄÏZýÚN�ï

Ä¥u�X­��^.

31976c, KaufmanJÑÙ��ä�., ¿�r§A^uÄÏN��ä�SÜÄåÆ¯K�¡

�ïÄ. Ù��äd�|lÑ�Ù�Cþ|¤, z�Ù�CþÑk���éA�Ù�¼ê(z�Cþ

éA�¼ê�UØÓ), ¼êfi(½Cþ i�e��G�, ¿^Ù�$�Î ∧, ∨Ú ¬ (©O�Ü6$

�Î�, ¿ÚÄ)L«. �C, §�Ð3Ù��äÜ6Ä�XÚ�ïÄ¥Ú\
�«#�{, ¡�Ý


�ÜþÈ, �±^5ïÄÜ6Ä��äXÚ����'¯K, ù«�{¿©Ðy
§3?nlÑ

�XÚ�¡�'¯K�`�5. 3©z [4]¥, §�Ð�<|^Ý
��ÜþÈ��{, 3lÑ�m

Ä��Ü6XÚ¥, òÜ6Cþ/00Ú/10��=z��þ/ª[0, 1]> Ú[1, 0]>, ?
�±rÜ6

¼ê=z��A��ê/ª. Ïd, ïÄ<
�)û
Ù��ä�U�5 [5]!�*ÿ5 [6]!­½

5 [7]��'¯K, ¿¼�
�X�­��(J.

XÚ�­½Ú	½¯K´���~­��¯K, äk¢SA^d�. ~X, 3£�;¾�, <�

F"ÏL�Ô¦¯Ú�)ÔN��n�èxG� [8]. 'uÙ����ä, VÇÙ����äÚê�

�Å��Ù����ä�­½Ú	½¯K®²��
NõR��¤J. d	§o��3 [9]¥ïÄ
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�kóÀ�Ù����ä�­½Ú	½¯K, ¿�Ñ
�
�A�¿�OK. 3 [10]¥, 4��<|

^êâæ�5ïÄVÇÙ����ä�G��"��ì¦�Ù	½Ú8Ü	½.

'uVÇÙ����ä, ê��Å��Ù����ä�	½¯K®²k�'�(J, �´'u

ê��Å��VÇÙ����ä�	½¯Kvk?Û�'�(Ø, ¿�E,�ä�ïÄäk¢S¿

Â, Ïd·�éÙ?1
ïÄ©Û.

2. ý��£

ÎÒµD = {0, 1}¶Dn =
∏n
i=1D¶N´g,ê�8Ü¶N+´����ê8¶∗´Khatri-RaoÈ§

⊗´Kronecker È¶Ra×b ´��a × b��Ý¢Ý
8Ü¶δin´ü Ý
In�1i-�; W[m,n] =

[In⊗ δ1
m, In⊗ δ2

m, . . . , In⊗ δmm ]´����Ý
¶Φ2n = δ22n [1, 2n + 2, . . . , (2n− 2)2n + 2n− 1, 22n]´

��ü�Ý
¶∆n = {δ1
n, . . . , δ

n
n}¶[a, b] = {a, a + 1, . . . , b}§Ù¥a < bÚa, b ∈ N+¶δin´ü

 Ý
In�1i-�¶∆n = {δ1
n, . . . , δ

n
n}; A = [δl1n , . . . , δ

ls
n ], l1, ..., ls ∈ [1, n]´��Ü6Ý
§{

P�A = δn[l1, . . . , ls]; La×b ¶La×b´���Ý��Ü6Ý
8Ü¶| M |L«8ÜM¥���
Äê;Pm×n´��m × n�Ý��VÇÝ
8Ü¶ �½��Ý
P ∈ Pm×n, PijL«�1i1Ú

1j����§÷v0 ≤ Pij ≤ 1§
m∑
j=1

Pij = 1¶�½ü�8ÜMÚN , M\N = {x ∈ M | x /∈ N};

1>n = [1 1 · · · 1︸ ︷︷ ︸
n

]¶ Pr{A | B} L«¯�A3,�¯�B®²u)�^�e�u)�VÇ.

½Â2.1. [4] �½ü�Ý
M ∈ Rn×mÚN ∈ Rp×q, Ý
MÚN��ÜþÈ$�Xe:M n N =

(M ⊗ Il/m)(N ⊗ Il/p), P�M nN , Ù¥lL«mÚp���ú�ê.

Ún2.1. [4] �Ä��Ü6¼êf(a1, · · · , an) : Dn → D, �3�����Ý
F ∈ L2×2n , ¦

�δ2−f(a1,··· ,an)
2 = F nn

i=1 δ
2−ai
2 , Ù¥f�(�Ý
dFL«.

3. Ì�(J

·�Ì��Ä�´�ks���&Ò, n�!:Úm���Ñ\�ê��Å��VÇÙ����

ä:

Xi(t+ 1) = f
σ(t)
i (X(t), U(t)), i ∈ [1, n], σ(t) ∈ [1, s]. (1)

Ù¥X(t) = (X1(t), · · · , Xn(t)) ∈ Dn, U(t) = (U1(t), · · · , Um(t)) ∈ Dm©OL«XÚ(1)�G�Ú�

�Ñ\; σ(t)L«��&Ò, ¿���&ÒS�σ(t), t ∈ N´��k�G�àgê��Åó, §��

mG�8Ü�S = [1, s]ÚVÇ=£Ý
�P .

3ÄÏN��ä¥, rXÚG�ÏL4���¦�U
­½3n�G�, Ïd·�Ì��O�

����6��ìU(t) = kσ(t)(X(t)), ¦�XÚ(1)U
	½�G�Xe. @o, ·�I�k�ÑXe

XÚ(1)k��m	½�Vg.

½Â3.1. �½��G�Xe ∈ Dn, �ÄXÚ(1), XJéz��Ð©G�X(0) = X0 ∈ DnÚ�
�&Òσ(0) ∈ S, �3����êTÚ��S�U : N → Dm, ¦�Pr{X(t) = Xe | X(0) =

X0, σ(0), U} = 1,∀t ≥ T , @oXÚ(1)´k��mXe-	½�.

DOI: 10.12677/aam.2023.126268 2665 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.126268 


�¸�

�½����&Òσ(t) = ω, Ü6¼êfωi ∈ {f
ω,1
i , fω,2i , · · · , fω,µ

ω
i

i } : Dn → D, ω ∈ [1, s], i ∈
[1, n], �Ò´`z���&Òωe�!:�#�Ü6¼êfωi l8Ü{f

ω,1
i , fω,2i , · · · , fω,µ

ω
i

i }U�½�
�VÇÀ�, z�!:Ü6¼ê�À�VÇ�pω,ji = Pr{fωi = fω,ji }, j ∈ [1, µωi ], Ù¥

∑µωi
j=1 p

ω,j
i = 1.

3ùÙ!¥, ·�b�z���&Òσ(t)e��!:Ü6¼ê�À�´ÕáÓ©Ù, �Ò

´`n�!:À�Ü6¼êu)�VÇ�Pr{fσ(t)
1 = f

σ(t),l1
1 , · · · , fσ(t)

n = f
σ(t),ln
n } = Pr{fσ(t)

1 =

f
σ(t),l1
1 } × · · · × Pr{fσ(t)

n = f
σ(t),ln
n }, Ù¥li ∈ [1, µ

σ(t)
i ], i ∈ [1, n]. 3z����&Òσ(t)e, �ÀJ

�fXÚ�ä��k
∏n
i=1 µ

σ(t)
i «. 3z����&Òσ(t) e, ¤kfXÚ�I8Ü�±dXe�

Ý
Mσ(t)L«,

Mσ(t) =



1 1 · · · 1 1
...

...
. . .

...
...

1 1 · · · 1 µ
σ(t)
n

1 1 · · · 2 1
...

...
. . .

...
...

µ
σ(t)
1 µ

σ(t)
2 · · · µ

σ(t)
n−1 µ

σ(t)
n


Ù¥Mσ(t) ∈ Rµσ(t)×nÚµσ(t) =

∏n
i=1 µ

σ(t)
i . Ý
�1k1L«1k�f�äXÚ, §�VÇp

σ(t)
k =

Pr{ÀJ1k��äXÚ} =
∏n
i=1 p

[Mσ(t)]ki
i , k ∈ [1, µσ(t)], Ù¥[Mσ(t)]ki L«1k1Ú1i���

�. dÚn2.1, ·��±��Ü6¼êf
ω,µωi
i , ω ∈ [1, s], i ∈ [1, n] �(�Ý
F

ω,µωi
i ∈ Lm×n;

Px(t) = nn
i=1xi(t)Úu(t) = nn

i=1ui(t), @oþãÜ6¼êª(1)=z�Xe��ê/ª:

xi(t+ 1) = F
σ(t)
i u(t)x(t), σ(t) ∈ [1, s], i ∈ [1, n].

Ù¥σ(t) ∈ [1, s],F
σ(t)
i ∈ {Fω,1i , Fω,2i , · · · , Fω,µ

ω
i

i }, ω ∈ [1, s], i ∈ [1, n]. ?�Ú, |^Khatri-RaoÈ,

·�kXe�ê/ª:

x(t+ 1) = F σ(t)u(t)x(t) (2)

Ù¥F σ(t) = ∗ni F
σ(t)
i , F σ(t) ∈ {Fω,k | Fω,k = ∗ni F

ω,[Mσ(t)]ki
i , ω ∈ [1, s], k ∈ [1, µσ(t)]}, ¿�§�VÇ

�Pr{F σ(t) = Fω,k} = pωk , k ∈ [1, µσ(t)]. éªf(2)ü>�Ï", ·�k

x(k + 1) = Gσ(t)u(k)x(k), (3)

Ù¥Gσ(t) =
∑µσ(t)

k=1 pωkF
σ(t),k ∈ P2n×2m+n .

Iþ/ªσ(t)�±=��¥þ/ªθ(t) = δ
σ(t)
s . Ïd, ê��Åóθ(t), t ∈ N �G��m�∆s,

¿�§�VÇ=£Ý
�P . 4G = [G1, G2, · · · , Gs], @oªf(3)�dueã�ê/ª:

x(t+ 1) = Gθ(t)u(t)x(t) = GW[2m,s]u(t)θ(t)x(t) = Ĝu(t)θ(t)x(t), (4)

Ù¥Ĝ = GW[2m,s]. e¡, ½Â9ÏCþz(t) = θ(t) n x(t) ∈ ∆N , Ù¥N = s2n, �Ò´`éuz�
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�θ(t) ∈ ∆sÚz(t) = δjN ∈ ∆N , ·�k

Pr{θ(t+ 1) = δis | z(t) = δjN , u(t) = δk2m} = [Blkk(P
> ⊗ 1>2m+n)]ij . (5)

(Üªf(4)Ú(5), éuz��δiN , δ
j
N ∈ ∆N , ·�kPr{z(t + 1) = δiN | z(t) = δjN , u(t) = δ

µj
2m} =

[Blkk(G̃)]ij , Ù¥G̃ = (P> ⊗ 1>2m+n) ∗ Ĝ. @o·��±��Xe�O2XÚ,

z(t+ 1) = G̃u(t)z(t), (6)

Ý
G̃>´��VÇ=£Ý
, =
n∑
i=1

[G̃>]ji = 1, j ∈ [1, N2m].

XJ�3�����6��ìU(t) = kσ(t)(X(t)), ¦�XÚ(1)U
	½�G�Xe, @oXÚA

Täk�o�A�. d½Â3.1ÚÚn2.1, =�3����ìu(t) = Kσ(t)(x(t)), ¦�XÚ(1)U
	

½�G�xe.

·�½Â8Üχe = {δis n xe | i ∈ [1 : s]}, XJ�3����u ∈ ∆2m , ¦�Pr{z(t + 1) ∈ χe |
z(t) ∈ χe, u(t) = u} = 1, @oχe ¡�ØCf8, �ØCf8χe���ØCf8P��Iω(χe). ·�

�±ÏL�äz(t), t ∈ N´Ä��Iω(χe)-­½5�äXÚ(1)´Ä��xe-	½. ·�éN´��ù�

(ØµXJ�3�����6G��"��ìu(t) = Kσ(t)(x(t)), ¦�z(t), t ∈ N��Iω(χe)-	½,

@oT���6G��"��ìu(t) = Kσ(t)(x(t)), ¦�XÚ(3)��xe-	½.

e¡, éu9ÏCþz(t), ·�?1Xe©a, ���X�8Ü{Ωk(Iω(χe))}:

Ω1(Iω(χe)) ={a ∈ ∆N |�3����u ¦�

Pr{z(t+ 1) ∈ Iω(χe) | z(t) = a, u(t) = u} = 1}

· · ·

Ωk+1(Iω(χe)) ={a ∈ ∆N | �3����u ¦�

Pr{z(t+ 1) = b | z(t) = a, u(t) = u} > 0,=�

b ∈ Ωk(Iω(χe))}, k ∈ N+.

{Ωk(Iω(χe))}, k ∈ N+´kÚVÇ�����8IG�8ÜIω(χe)�Ð©G�8Ü.

éu8Ü{Ωk(Iω(χe))}, k ∈ N+, ·�äkXe5�µa)XJé?¿�z∗ ∈ Iω(χe)§z∗ ∈
Ω1(Iω(χe))@oΩk(Iω(χe)) ⊆ Ωk+1(Iω(χe)), ∀k ≥ 1; b)XJΩ1(Iω(χe)) = Iω(χe), @oΩk(Iω(χe)) =

Iω(χe), ∀k ≥ 1; c)XJΩj(Iω(χe)) ⊆ Ωj+1(Iω(χe))éu�
j ≥ 1, @oΩk(Iω(χe)) ⊆ Ωj(Iω(χe)),

∀k ≥ j.

ù�ÚnéN´��, ÏdØ2��[�y². ÄuO2XÚ(6)Úþã5�, ·���Xe½

n.

½n3.1. �±e^�¤á: 1) χe���ØCf8Ø´�8, =Iω(χe) 6= ∅; 2)�3����

êT ≤ N − |Iω(χe)|, ¦�ΩT (Iω(χe)) = ∆N . @o��6G��"��ìu(t) = Kσ(t)(x(t)), ¦�

XÚ(3)��xe-	½.

DOI: 10.12677/aam.2023.126268 2667 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.126268 


�¸�

y²µ·�r8Ü∆Ny©¤

∆N = Ω1(Iω(χe)) ∪ Ω2(Iω(χe))\Ω1(Iω(χe)) ∪ · · · ∪ ΩT (Iω(χe))\ΩT−1(Iω(χe)). Ïdéz��δ
i
N ∈

∆N , �3����Ωhi(Iω(χe)

\Ωhi−1(Iω(χe)), Ù¥Ω0(Iω(χe)) = ∅, ¦�δiN ∈ Ωhi(Iω(χe)\Ωhi−1(Iω(χe)). XJhi = 1, �3��

��vi ∈ ∆2m , ¦�Pr{x(t + 1) ∈ Iω(χe) | x(t) = δiN , u(t) = vi} = 1; �2 ≤ hi ≤ T , �3���

�vi ∈ ∆2m , ¦�Pr{x(t+ 1) ∈ Ωhi−1(Iω(χe)) | x(t) = δiN , u(t) = vi} = 1. 4Ý
K = [v1 v2 · · · vN ].

d^�2), ��ΩT (Iω(χe)) = ∆N , éz��h ≥ 1, �a ∈ Ωh(Iω(χe)) Út ≥ h, ·�k∑
a1,··· ,at−1∈∆N

Pr{z(1) = a1 | z(0) = a, u(0) = Ka} × Pr{z(2) = a2 | z(1) = a1, u(1) = Ka1} ×

· · · × Pr{z(t) ∈ Iω(χe) | z(t − 1) = at−1, u(t − 1) = Kat−1} = 1. ·�^êÆ8B{y²
ù�(

Ø. �a = δiN ∈ Ω1(Iω(χe)). @o, ·�kPr{z(1) ∈ Iω(χe) | z(0) = a, u(0) = Ka} = Pr{z(1) ∈
Iω(χe) | z(0) = δiN , u(0) = vi} = 1, ¿�∑

a1∈∆N

Pr{z(1) = a1 | z(0) = a, u(0) = Ka}

× Pr{z(2) = a2 | z(1) = a1, u(1) = Ka1}

= Pr{z(2) = a2 | z(1) ∈ Iω(χe), u(1) = Kz(1)}

(7)

éuz��a2 ∈ ∆N . d^�1), ·�kIω(χe) ⊆ Ω1(Iω(χe)). @o, ���Xeªf:∑
a1∈∆N

Pr{z(m+ 1) = b1 | z(m) ∈ Iω(χe), u(m) = Kz(m)}

× Pr{z(m+ 2) = b2 | z(m+ 1) = b1, u(m+ 1) = Kb1}

= Pr{z(m+ 2) = b2 | z(m+ 1) ∈ Iω(χe), u(m) = Kz(m+ 1)},

b2 ∈ ∆N ,m = 1, 2, 3, · · ·

(8)

�½��êt. (Üúª(7)Ú(8), @o·��±��Xeªf:∑
a1,··· ,at−1∈∆N

Pr{z(1) = a1 | z(0) = a, u(0) = Ka}

× Pr{z(2) = a2 | z(1) = a1, u(1) = Ka1} × · · ·

× Pr{z(t) ∈ Iω(χe) | z(t− 1) = at−1, u(t− 1) = Kat−1}

=
∑

a2,··· ,at−1∈∆N

Pr{z(2) = a2 | z(1) ∈ Iω(χe), u(1) = Kz(1)}

× Pr{z(3) = a3 | z(2) = a2, u(2) = Ka2} × · · ·

× Pr{z(t) ∈ Iω(χe) | z(t− 1) = at−1, u(t− 1) = Kat−1} = · · ·

= Pr{z(t) ∈ Iω(χe) | z(t− 1) ∈ Iω(χe), u(t− 1) = Kz(t− 1)} = 1.

b�(Øéuh − 1��¹�¤á, Ù¥h ≥ 2. �½t ≥ h. XJa ∈ Ωh−1(Iω(χe)), @o(Ø´w,

DOI: 10.12677/aam.2023.126268 2668 A^êÆ?Ð

https://doi.org/10.12677/aam.2023.126268 


�¸�

�. Ïd, ·��I�y²ù«�¹a = δiN ∈ Ωh(Iω(χe))\Ωh−1(Iω(χe)). @o, ·�k∑
a1,··· ,at−1∈∆N

Pr{z(1) = a1 | z(0) = a, u(0) = Ka}

× Pr{z(2) = a2 | z(1) = a1, u(1) = Ka1} × · · ·
(9)

× Pr{z(t) ∈ Iω(χe) | z(t− 1) = at−1, u(t− 1) = Kat−1}

=
∑

a1∈Ωh−1(Iω(χe))

Pr{z(1) = a1 | z(0) = δiN , u(0) = vi}×{ ∑
a2,··· ,at−1∈∆N

Pr{z(2) = a2 | z(1) ∈ Iω(χe), u(1) = Kz(1)}

× Pr{z(3) = a3 | z(2) = a2, u(2) = Ka2} × · · ·

× Pr{z(t) ∈ Iω(χe) | z(t− 1) = at−1, u(t− 1) = Kat−1}

}
,

Ï�a1 ∈ Ωh−1(Iω(χe)), @o, ·�k
∑

a1∈Ωh−1(Iω(χe))

Pr{z(1) = a1 | z(0) = δiN , u(0) = vi} = 1. �â

êÆ8B{, �a1 ∈ Ωh−1(Iω(χe)), ªf(9)mý�)Ò¥�Ú�u1. Ïd, ·�k∑
a1,··· ,at−1∈∆N

Pr{z(1) = a1 | z(0) = a, u(0) = Ka}

× Pr{z(2) = a2 | z(1) = a1, u(1) = Ka1} × · · ·

× Pr{z(t) ∈ Iω(χe) | z(t− 1) = at−1, u(t− 1) = Kat−1}

=
∑

a1∈Ωh−1(Iω(χe))

Pr{z(1) = a1 | z(0) = ∆i
N , u(0) = vi} = 1.

Ïd, �3�����6G��"ìu(t) = Kz(t)¦�9ÏCþS�z(t), t ∈ N´k��mIω(χe)-	

½, @o��6G��"��ìu(t) = Kσ(t)(x(t)), ¦�XÚ(3)��xe-	½ �

3.1. (Ø

·�ÄgJÑê��Å��VÇÙ����äa., ¿ïÄÙG��"	½¯K; ·�|^Ý


�ÜþÈ��{�E��O2XÚ(6), ¿�����6G��"��ì¦�O2XÚ(6)	½�

¿�^�, ,������6G��"��ì¦��XÚ(2)	½�¿©^�.
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