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Abstract

As we all know, cancer has always been one of the major diseases threatening life
and health, and its intrinsic pathogenesis is an important research topic that many
scientists focus on. In this paper, we will make full use of bifurcation theory of
dynamical systems and numerical simulations to study various dynamics related to
cancer, striving to fully reveal the medical significance of bifurcation related to cancer,
and provide positive help for predicting the future development trend of the disease.
‘We mainly study the dynamics of a two-dimensional cancer model involving tumor
cells and immune effector cells. We obtain the number and type of equilibrium points,
verify the Hopf bifurcation of codimension 2 and the Bogdanov-Takens bifurcation of

codimension 2. Finally, the conclusions obtained are verified by numerical simulations.
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Figure 1. Roots of f(z) = 0 when w < «(fn + 1). (a) Three single positive roots z1,z2,z3. (b)(c) Two
positive roots: a double root z. and a single rootz: (or z3). (d) A unique triple positive root z*. (e) A real
root and a pair of conjugate complex roots. (f) Two negative roots z1,z2 and a positive root 3. (g) A double
negtive rootx. and a positive root xs3
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Figure 2. Roots of f(z) = 0 when w > a(f8n + 1). (a) Three single negtive roots x1,z2,z3. (b) A negtive
root 1 and two positive root z2,z3. (c)(d) Two negtive roots: a double negtive root z. and a negtive root
z1. (e)A negtive root z1 a double positive root z.. (f) A unique triple negtive root 2*. (g) A real negtive root
and a pair of conjugate complex roots
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X=z—a., Y=y—y,

§=16., p=ps, 0=o0, y:y*:w

aof ’
B RS(2)7E(0,0) MERB R, IS g~ O Bk WL, ATV Ha, y, t 500 &
#}X,Y,T)
& — a2+ agy + agzy + gy’ + 0|z, y)?,
jt (12)
% =bix+ bgy + b3y2 + b4$y + O(‘xa y|)37
/\q:‘
a1 =0 — T, —w, a2:aﬁ(a—x*—w)7 az = O‘ﬁ(a;l'*_w)’
_oBleBw-a)tm(ef-p) |, _—ate.tw (13)
4 afn+a—z, —w r af ’
by=—atz,tw, by=-af, bi=-1
E, %
v=uz, u=y,
TA115 2 p
Y = bsu® + byuv + bou + byv + O(|u, v|)?,
dt (14)
dit) = auu® + asuv + agu + a;v + O(|u, v|)?,
IRIT, HAH
X =u, Y = bgu® + byuv + bau + byv,
M2 %5 (14) ] DL S W RO 77 R W, AR 2, y FREX,Y):
w_,
C‘ZZ (15)
a baoz” + biiry + bozy2 + O(|, y|)3,
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/\E':‘
af (—a+ x, + w) — pux, of (—a+ x, +w
bzo=(—a+w*+w)< Al ) —n + B )>,
afn+a—z, —w T,
bp = -
02 — —a—l—a:*—l—w’

af (o —2x, —w)
T ’

bll =

BEAb, 2dt = dr (1 — box), W RS (15) 2 B (FAIIRA AAE )

dx

% :y(l *bOQ"I;)a
(16)
% = (1 — boa) (5205112 + buizy + booy® + O(\ﬂc,yI)?’) )
WA X =2, Y =y (1 — bow), WRG(16) 70 (BN MR,y 730 E#H:X,Y):
dr
E - y’
(17)
% = boox® + byyzy + O(|z, y|)*.

by =0, flw = w, = a— 22, B, REHo = 2. (—a+ 2. +w) = —22 < 0 BOL, HEERL
o e Ty, KNGO TAFAET G, Frbhbyy # 0 84S, LA, B, (z., y.) & DRYE2MR 5.

3.2. R4 2f9Bogdanov-Takens 93

FEAT R, BAT TR G (2)FE DN/ NISEIE T 2R ERYEAMMBT 7030, Lhs L, HATA L
T E R
EHE2 20 = 0., p = pu, 0 = o B, BT HFAFET LI, REEQ)H —DRYE MR

RE(Tu,ys). WMRFAVESE 0 o MERD X ZE, BARGE)EVHT R EL (2., y.) BT BN FFLE
A4 HBogdanov-Takens 7 3.

ERA p
T
o =)z @)+ u(-a)y,
(18)
dy

T ay(l — By) —wy,

oy AN EEEIE(0,0) FI/NSEL BATRSROAEE, (2., y.) P, REE(2)HITEDL. AL

X =x—uxz,, Y =y —y..
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RAE(R) T NE S N (FAMI A2,y BHX,Y)
% =my +m21’+m3y+m417y+m5y2 +P1 (%97 >‘13/\2)7
(19)

d
d%f = mg + mrx + mgy + mozy + mioy” + Ps (z,y, A1, A2),

HAP (2,9, A1, No) FIPs (2,9, Ar, M) R B BAH =B SR (2,y) BRE BT REI TN,
FiXo, JEH.

my =X — Ay, Ma=a— Ay — T, —w, M3 =0af(a—x,—w),

_af(a—z, —w) _af(af(w—a)+z.(af — 1))
my = , Ms = )
T afn+a—z, —w
meg =0, my= M7 mg = —a+ T, +w, mg=—1, my=—af.
ap
IS
v=x, U=y
CIECY/INNESE % p
ditL = mg + myv + mgu + mouv + migu® + Py (u,v, A1, Ag),
(20)
% = my + mov + mau + mauv + msu® + Py (u,v, A1, Ag),
Yk A5
X =u,
Y = mg + mrv + mgu + mouv + myou® + Py (u, v, A1, Aa)
PTATAT DK BT R (20) 205 e S (BAMIR 2, y AR RX,Y)
dr
- =Y
dt
(21)
d
d?; =y + no® + nzy + nax® + nszy + ney’ + Py (2,9, A1, A2)

Horb Py (w, 9, A1, Ao) RZEDBA =B SHH) (2, y) B BT REBERT N AN, JEH

ny = (1 = )\ﬂ*)(i;a A +w), ny = Ay (—a+ 2z, +w) — A1, nz = —Ag,

(a -z, —w) (af(a —w)(afn + a —w) — aBz.(abn + a — w) + pz?)

= — af s,
4 . (afn+ o —x, —w) B
aff (a—2x, —w) af
ns = , M=
Ty —a+ T, +w
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NT RS (21) Ry BT, FATH
dt = (1 — ngx) dr,

M &5 (21)% R
d
dil/f =Y (]‘ - nﬁx) )
(22)
% = (1 — nex) (nax® + nszy + nox + ney” + nsy +n1) + Ps (2,4, M1, A2) |
HAX =2, =y (1 —nez), HFAIEX,Y BEE N, y, TAGF
dj =Y
:l“ (23)
d—gtJ = fl +f2x+f3y+f4$2 +f5$y+P4 ($7y7>\17)‘2)7
Py (2, 0, M) REDBAT = SHIA (o, ) BHL BN REGURT A, A, R
folizher)Catae tw) 0y fs =
af
2% — + )+
fi=af(=a(Bn+1) +np+2x +w)+ o fﬁZ+ Z(_ﬂ?;u -~ Z) =
N af (Ma(w—a)+\) n afa —w)? + u.,
O — Ty — W X
B Ay a—-w
f5—a5<—_a+x*+w+ . 2)-
E%D%/\l == >\2 =0 HTJ‘? ﬁ
fi=fa=/f3=0,
_ . . . _ _ 2
= Bllafnta—nn-w) = (a-w)Rafnta-w) afla-w)
fo=a (222 22) 2o
Ty
N T MR (23) P BT, Tl
_ _
X = 2% +x, Y =uy.
W RGNz, y 3 FERX,Y)
dr_ y
élt ’ (24)
d—z = ’I”3$2 +7'4117y + sz-f- r1+ P5 ([E7y>)\11)‘2) )

DOI: 10.12677 /aam.2023.128365 3697 I FH#e e t J


https://doi.org/10.12677/aam.2023.128365

INEE

KR Ps (2,y, M1, Ao) REBEDHER T2,y M= SRR N RECT N A, 75, IFH

(A1 = Xoz) (—a+ 2o +w)  (Ma(w—a)+ )2
r = - 3
af drs

0B (Aol — @)+ M) (— i + 22— 2)

27"3

T = —Ag — >

afn (@®B°n — a(Bnp + p) + pw)
afn+a—x, —w

r3 = af (—a(Bn+1) +nu+ 2 s +w) +

n aff (Aa(w—a) 4+ Ap) N af(a—w)?

+ /,L.(E*,
O— Ty — W Ty
Ao oa—w
= — —-2].
" aﬂ( —a+x*+w+ Ty )
A% M B S — IR AR 4
r? rs T3
X=—z, Y==3y 71=—t
T3 T3 T4
AR EI (R, y, t 2B HRX Y, 7)
do _
dt - y7
(25)
dy _ 2
E —51+32y+95 +.’I}y+P6($,y,)\1,)\2),
HrF Py (2,9, M1, \o) REDEF =M SEN (2, y) BB SR TN FiX, TS, HH
7T} rory
S1= —3 S = —.
T3 T3
B JEHA TR s, Flsy RIFHS TN Xy B, 152
s1= g1\ + gado + gsAT + gado i 4 g5 A3 4+ O(|A1, Aa])?,
(26)

S9 = k1>\1 + k‘g)\z + k‘g)\? + k‘4)\2)\1 + k5)\§ + O(l/\l, )\2|)3,
Hrp
o3B3 (ax;w — 2) Y—a+z, +w)

g1 = )
<a5(_a(5n+ 1)+ + w) + 2808 _oGutu i) afla—w)? +/w*) 3

afnta—x.—w

ad B3z, (“x;‘*’ - 2) YH—a+z. +w)

(aﬁ(—a(ﬁn+ 1) + 1+ w) + 20E—aGtp) )y as(a—w)’ +uw*) 3

afntoa—r.—w

g2 = —
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1B (a — 22, —w)* (afBn+a — z, —w)*?

95 = 4(a—z, —w)*G* '
atpt (”‘z;” — 2) Y (Taz? — Tziw —1822) (afBn+a —z, —w)*
9= 2(a—z, —w)iGH
datpt (252 —2) 8
af (aB(=a(By+ 1) + npu + w) 4 ST aGuesn i) | edloel |y ) o
o 3Bz, (a — 2z, —w) P (—a(Bn+ 1)+ zp +w)?
95 = (—a+z.+w)? (af(la—w)(afn+ o —w) — afr.(afn+ o —w) + px?)4
B a'fla—w)? (—a+2z, +w)! (—a(Bn+1) + 2 +w)*
TCate +w) (@f(a —w)(ahnt a—w) - apr.(ahr + o - w) + pd)]
N 40333z, (a0 — 22, —w) 3 (affn + o — 2, —w)?
(a =z, —w)? (aBla —w)(afn + a - w) — afa.(afn + o - w) + pa?)®’
o232 (M _ 2) 2
Fi=— aﬁn(az;gn—a(ﬂmt-ﬁ-uHuw) af(a—w)? 9’
2 (045(—04(577 + 1) +np + w) + afnta—z,—w + Ty + ,U,ZL‘*)
_ Blw—a) (252 —2)
af (22 -2) (- . = —1
’ ( o ( 2((ap(-a(Bni1)tnpr) LU ) aset ) )
k2 = afn(a2pBn—a w af(a—w)? ’
aB(—a(Bn+1) +nu+w) + Bn( fﬁZ+a£ﬁ£ﬂj:)+# ) + 5(95* ) + px,
3R3 [ a—w 2
L :O‘ s (T - 2) 6PN K (afn +a — . —w) !
P T (a—x, —w) K3, (0 =z —w)8GP ’
o — 20363322 (a0 — 22, —w) 2 (i + ¢ — 2 —w) 3
L (a0 — z, —w)*G3 ’
i —afB K51 Kspad (afn +a =z, — w)
5 = )

(0 =z, —w)*G?
JFH
G =(’B°n+a’B — o’ Bnw — 20*Bw + afw’® — & B nz, — & Br, + afz.w + pa?)

)+ aB(o - w)?

*

Kz =af(—a(Bfn+1) +np+w

L aBn (a?B%n — By + ) + pw)
afn+a—z, —w

Ky =a°B*nz? + o® Bzt — 301 B2 natw — 8a* %0z’ — 40 Balw — 100 B2’ + 30 B2 nainw?
+ 160387 nzlw + 1903 %2t + 60 Baiw?® + 3003 Briw + 3103 BxS — o?BPnriuw?®
— 8’ B%nxlw? — 19a% % nzbw — 1402 B*nx’ — 40”Batw?® — 30a%Briw?

— 6202 Bx8w — 38a°BaT — o’ + apriu + 10apr5w? + 31aBriw? + 38aBzTw

+ pa,

)

i
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+16ap2® + 2apabw + 3aux! — paSw? — 3ur’w — 2uxd,
K5y =2, (a(7Bw + p) — pw + z.(4af — p) — &*B(36n + 7))

+ af(a —w)(a(2fn + 3) — 3w),
Kz =af(a —w)® +z, (2B(Bn — 1) + a(Bw + p) — pw — pz,) .

0 (s1,82)| _ 51

2N ) e/t 07
O0w ) S 7

=

Si=a'f (a = 2z, —w)® (—a(fn+1) + 2. +w) ‘afla - w)(afn + a —w)
+ 223 (= af) + afr.(a — w)),
Sy =2z, (o — z, —w)* (af(a — w)(afn + o —w) — afz.(afn+ a —w) + pz?) °.

WA, RE0(3.2) FAE— 1 RYE - FIBogdanov-Takens 73 3.

3.3. Hopf 7%

FEIX—HB o rh, AT B IR 23 M R E(2)77 A Hopf 7y S I 46 4F. I HHopf 43 308 & 2E 18 -1
ME.(Te,y.) &b, 724 Hopf 78 LI — N EEAR KA Ztr(J(EL)) = 0 Fldet(J(E.)) > 0, XAFFFHFEE
HN o DTSN b BRIEZ Ah, XX R N 2 = +i0, FeH0 = /hips — hopr. FIHAEHEEK
145 T 72 4E Hopt4) 3C IR 444

EE3 R F(z,) = 0,tr(J(E,)) = 0, WRE—ZHE 18K R0, > 0(8lo, < 0), AR
B)IEE, (T4, yu) KOG T (BGEINL) Hopf 43 3¢, HH

0 (3Hs + Hy + Ps + 3Ps) + 2Hy Py, — 2H Py — H3 (Ho + Hy) + P3 (P2 + Py)
86 '

g1 =

R X =z —,,Y =y —y., WP RE,. (2., y.) #8822 75 5(0,0), REE(2)ZM T

d
O hex?y + heay® + hazy + hiz + hy® + hey® + hay? + hay,

legz , (27)
at = p3xY + P1x + pay” + pay,
Hrp
PYs NPT np
hy = — + Y+, = — MUy, h3 — M,
' N+ Y. SNCETBE (n+y.) 2
h4__ﬂ SZ_L hﬁzﬂ
(n+y.)? (n+y.)? (n+y.)*
np np.

hy = ———, hg=——"—=, D1 = —Yu,
ERRE UEYBE
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{5 4t . n
X=—2 Y=>(2
hzx’ e(hzx—’_y)v
M &G (27) 2B FAWIA -z, v, t 730 E 8 X, Y, 7)
d
d;: = Oy + Hox® + Hyxy + Huy? + Hsa® + Hex’y + Hooy? + Hgy® + Hox' + Hyp2ly
+ Hiuz®y? + Hiszy® + Hisy',
d
di; = —0z + P2® + Pyaxy + Pyy® + Psa® + Psx®y + Pray® + Pey® + Pox + Pyoz’y
+ Puz?y® + Piazy® + Piay’.
X H
np(y«(+L— — p) — 0)
Py =6(—af — ( ("gy* - ),
M+ 4> (G — 1)
P 1p(0 +y(p — -0 (@ + y) (1 — 7%52) — (0 +yulp — £-))%)
5 = s

0(n +y)* (G — 1)

h_ np(ys (5 — 1) = 0)(B(0 +yu(p — 755200 = 2+ y.) (1 — 7%52)?)
M+ y) (G — 1)

3n0p(0 + y. (1 — +57))°
o

M+ y) (G — 1)
_ n0%p(y (5 — 1) —0)
M+ y) (G5 — 1)

)

)

np(6 4+ np — p 4 2py.) (00 + 4. (8 +np — p + py.))?

Py = ,
’ 0(n+ )" (n(np — p) + 1y (20 + )
Ay (s —1)—0)
np(ye (s — 1) = O (F- 25— +3(n + 9.))
P — N+ Yx ,
v (n+y.)°
2y (5 — 1) —0)
3n0p(d + y(p — +5-))* (= — % — Y
P — N+ Y% ,
. (n+ys)°
Py — n0?p(6n + y. (8 + np — p + py.))(0(46 + np — p) + . (46 + 6np — 4p + 5py.))
(n+ v )P (e — p) + 1y (20 + y4)) ’
n0°p(y. (5 — 1) —9)
Py =—

M+ 2y (5 — )

s
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iz R Mathematica FlMatlab, FAT11S 2 5 — 2517 R R BN EE 25T v R 240, Wi

0(3Hs + H; + Ps + 3Ps) + 2Ho Py — 2H Py — H3(Hy + Hy) + P3(Ps + Py)
86 ’
(4(=5H3 + 10P, + 9P,)H3 + (H3(P3 — 40H,) + 4H(Py + 5P;) — 2P5(9P,

g1 =

b
28863
+5Py))H3 + (—5HS + (9P, + 13P,)HZ + (—40H} — 18P3H, + 18P% + P} + 10P}

+ 8P, Py)Hs + 40Py — 36P; — 9P, P} — 20P, P} + 40P; Py — 13P? P, — 8H, P5(P;
+ Py) — 20H; (P, + 2Py))Hy + 20(Ps — 2H,) P} + P;(H3(18H, — P3) — 4P (H,
—10Py)) — 5H3Hy + H3 Po(5Hy — Ps3) + 5P, Py(—2H] — PyHy + AP; + P3) + H;
(—20H; —19P3H3 + (10PF + P})H, + 19P; P3) + (—40H} — 18PsH} + H,(20P;
—9P;) + H3(9Hy — P3) + 2H3 Py (4H, + 9Ps) + 5(P; + 8P5 P3)) Py + 0(2(30H;
+ 19H7 — 8Ps + 15Ps)HZ + (3H3(THg + 11Hg + 5P5 + Py;) + 6Po(—7Hg + 3Hy
+13P5 — 5P;) + 12P,(—5Hg + 4(Hg + P5) — 5P;) + P3(—3Hs + 17TH, — TP,

+ 21P5) + 2H,(3H5 + 25H; — 5P + 45Ps))Hy — 12H,Py(Hg + P;) + 2P2(15H;
— 8H; + 19Ps + 30P;) + H2(3H;5 + 5H; — Ps — 3P) + 10P#(6 Hs — H + 2P
—3Ps) — P}(3Hs + H; — 5Ps — 3Ps) — 10HZ(3H5 — 2H; + Ps — 6P5) + H3(12P;
(Hs + P5) + 3H,(5Hs + 13Hg + 3(P5s + Pr)) + Po(27Hs — 5H7 + 19Ps + 3F))

+ Py(3Ps(Hg + 5Hg + 11Ps + TP;) + 6 Hy(—5Hg + 13Hg + 3P5 — TP;) + 2P,
(45H5 — 5Hy + 25P; + 3Ps) + H3(21Hs — TH; + 17P; — 3Ps)) + P3(3Py(3H;
+3Hg + 13Ps +5P;) + Hy(3Hs + 19H, — 5P + 275%))) + 0*(—9H,(Hs + Hg

+ Ps + P;) + 9Ps(Hg + Hg + Ps + P;) — 9H5(Hs — 3(Hg + Ps) + Pr) + 9(Hs
—3(Hg + Ps) + P;)Ps + 6H3(5Hy — Hyy — 3Hy3 + 2P1g) + 6P5(20Hy + 2H14

+ 5Py + 3Py3) + 6P, (22Hy + 4Hyy — 6H 3+ TPy + 9P12) — 6Hy(3H,o + 5Hio
+ 2Py + 20P13) — 6Hy(9H o + THyg — 6Py + 4Py + 22P13) + 6P3(—2H 5

+ 3Py + Py — 5Pp3))).

09 =

4. BUEREH

FEAT T, TAE B E 5 75 FE B EMatlabFl Auto07p [3], 38 i 1% 35 2 B0ME K2k 47 B B4,
MM SR PR 45

AT BB LN 2500 B iR 4 N AT G A0 B PR AR LR S, Sd i SRR RGN ) 1 AT
PR (1) G 30 AT R, XA SHE TKuznetsov et al. [4]:

o =0.1181, p = 1.131,n = 20.19, 1 = 0.00311,
§ = 0.3743,a = 1.6368 = 0.002, w = 0.2038376828.

(28)

ﬁ
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Figure 3. The two-parameter bifurcation of the system (2) for parameters o and p. H and SN represent Hopf
bifurcation and Saddle node bifurcation, respectively (to ensure the integrity of the bifurcation, the bifurcation
at o is also provided here)

3. REQ)XT S8 Mp -8B, HhH, SN 454 Hopfsy 3¢ M 2R Rl 4 4y 3 28 G 7 4RI 4
X TEHNE, X BRI 2 Hho I H4 3 )

HY 3R (28) S BUE R, W31 £ (0.315522,0), £,(1.40671,7.778), E,(0.363784, 326.521) =
AP L TR L, FATIR e Mp 1 =S80 3. FAF 2 Z 28000 S 46 Hopfy 3
ZLH (ZL0) 2 7y SO ZES N (260, AT B — AN ¥ Hopt /3 3 G H (1.4156998, 5.0313264),
Mo = 0.37669404, p = 2.0372754. H H KB T BRI 8 45 0 LR EOP, Hifo =
0.93605836,p = 0.045525486. 3 4NiEH Wi NBT 43 % £ BTy (1.2536126,54.568998), ttifo =
0.17616709, p = 0.989990005; BT»(1.564771, —40.5283418), Mife = 0.60750163, p = 0.058035927,
ZWE 3. A SLEAT R NI A X T — TV, A KRS B A E, 2 0K 4 (D)
o = 0.6606, p = 0.35: —AMFa g 45 £1(0.21778,371.1433) Fl—AN#% 15(0.69623, 0); (II) o = 0.4948,

M — MR AEET T —ADNARE M E S (1.4156,5.0517); (IV) o = 1, p = 0.1.— MR E 4
11(0.52461,277.3685), — M4 55 (1.2371,59.6167), — MU S f9F B2 — M E 45 55(1.603,0).

HI R Gt (2) 19 0 ST RT R, B G 5 %000 200 ML FRD A/ B P2 | UKD 88 00, 14687 s (> b =32
AR A=A (RAF—NHopf 733, ), X7 e 40 AN G B RN A A HH B 17 R U PR S A7

5. B4k

FEARTSCHR, BAT A ZERTFT T 220 1 63 240 6 AR e 88 8L A L ) — AR AR 1) Bl 1 5447, 15 3
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Figure 4. The phase portraits of I — IV in Figure 3
4. E 3R — IV (AR

TP R AN O RAY RYE21 Hopf 43¢, RAE2MIERLE 7 SONBT 4332 i 8 I B AL 50 E
T Hrfsaiie. (B3R, TR R ) 3h AT AL R 2, AT 2 B AN B E AR A 45 R
FEAKRLS NI, TaZAES A I AR 4kE55 7.
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