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Abstract

This paper considers the distributed optimization in a multi-agent system over bal-

anced directed networks. The global objective function describes a finite sum of all

local objective functions on the networks. Combining the distributed loopless variance
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reduction method with Nesterov momentum strategy, a fast distributed stochastic al-

gorithm is developed, named ABN-LSVRG. For smooth and strongly convex objective

functions, it is proved that ABN-LSVRG has a linear convergence rate. Based on the

distributed logistic problem, simulation results show that ABN-LSVRG performs bet-

ter in comparison with some distributed algorithms.
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1. Úó

©Ùª`z®�2�A^uÅìÆS [1, 2], �äXÚ�� [3]Ú]
©� [4]�+�. ù
¢S

¯KÏ~�±ï����z�ä¥õ�ÛÜ8I¼ê²þ��/ª, z�ÛÜ8I¼ê fi=��U

N i¤�. �ä¥¤k�UN�8I´ÏLÛÜÏ&ÚO�é��Û�`). �ä¥�UN�m�

Ï&�±Ä�����äÿÀã, �)Ã��äÚk��ä. 3Ã��ä¥, �UN�m�Ï&´V

�Ú²ï�. �3¢SA^¥, �UN�m�Ï&  ´Ø²ï�k��. ÏdÄuk��ä�©

Ùª`z¯KÉ�
2�'5. �©Ì��Äk��ä¥�©Ùª�Å`z�{.

Nõ©Ùª(½5��{�JÑ, ~X©ÙªFÝeü�{ (DGD) [5], FÝJl�{ [6–8]. Ä

uù
�{, �
�kÄþ\��p��©Ùª`z�{��
uÐ. duþã�{�Ä�´ÛÜ

8I¼ê��FÝ, ��ä¥�!:3FÝ�O�É�D(�Z6, °(�FÝÃ{O�. Ïd, k

Æö�Ä^�ÅFÝ5Cq�FÝ.

DGD�{��ÅCN©Ùª�ÅFÝeü�{ DSGD [9,10]^u)ûùa¯K. ?�Ú, òF

Ý�l�{ [11, 12]Ú DSGD�{�(ÜJÑ
©Ùª�ÅFÝ�l�{ (DSGT) [13], T�{Uõ


 DSGD�{�Âñ. ,
, du�ÅFÝ����3, DSGD�{Ú DSGT�{3�½Ú�e�

UÂñ��`)�+�S. É8¥ª�Å`z�{�éu [14–16], Nõ�k�� ~�©Ùª�Å

`z�{�JÑ. ©z [17]3FÝ�l�{�Ä:e|^�� ~EâJÑ
ü�¯��©Ùª�

Å�{ GT-SAGAÚ GT-SVRG. ùü��{3�½Ú�e�±�5Âñ��`).

±þ¤J��©Ùª�Å�{=·^uÃ��ä½ö�­²ï�k��ä, ù
�{I��E

V�Å�­Ý
. ,
, Äuk��ä�©Ùª`z¯K, �EV�ÅÝ
´é(J�. �
)ûk

��ä¥�ùa¯K, ò push-sum�{ [18]� DSGD�{�(ÜJÑ
©Ùª�Å gradient-push

(SGP)�{ [19, 20]. T�{ÏL|^ push-sumE|?1A��þ��O, l
�Ø
k��äÚ

å�Ø²ï5. ?�Ú, ©z [21]òFÝ�l�{� SGP�(ÜJÑ
 SADDOPT�{, T�{3
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FÝ�l�{��ÏeUõ
 SGP�{�Âñ. ÏLÓ�¦^1�ÅÚ��Å�­Ý
, ©z [22]

JÑ
��©Ùª�Å���{ S-AB. aq/, ±þk��ä¥�©Ùª�Å�{É�
�ÅF

Ý���K�, 3�½Ú�e�UÂñ��`)�+�S. Ïd, ©z [23]|^ SAGA�� ~E

â [14]JÑ
1���5Âñ��`)�©Ùª�Å�{ Push-SAGA. �5, ©z [24]3 S-AB�

{¥Ú\ SAGA�{JÑ
 AB-SAGA�{, T�{;�
�OA��þ, ~�
O�ÚÏ&. Ä

u SAGA�� ~�©Ùª�Å�{I���FÝL5;�FÝ, ù¬�)�;�Kú. �êâ

þé��, �;�þ�FÝ´J±¢y�. ©z [25]|^VÌ���� ~Eâ SVRG [15]JÑ


Push-SVRGÚ AB-SVRG�{, ùü«�{��u Push-SAGAÚ AB-SAGAÂñ�ÝÑú, �Ø

I��;�m. �C, ©z [26]æ^üÌ���� ~Eâ [27]JÑ
 Push-LSVRG�{, T�{

äk\��5ÂñÚ�$��;¤�.

�
\��{Âñ, �kÄþ\��©Ùª`z�{��
uÐ. ©z [28]ò GT-SAGA�{

� heavy-ballÄþ\��(ÜJÑ
�«�kFÝ�lÚ©Ùª­¥\��©Ùª�Å`z�{.

é1wÚrà�8I¼ê, T�{�±¢y�¯�Âñ. ÏLò S-AB�{� NesterovÄþ�(Ü,

k��ä¥�«©Ùª�Å Nesterov�{ [29]�JÑ. ÉÄþ\��{�éu, |^ NesterovÄþ

\�E|, �©JÑ
k��ä¥�«¯���� ~�©Ùª�Å`z�{.

^��oNi1L«�þ,^���Ni1L«Ý
. InL« n×n�ü Ý
, 1nL« n��

��� 1���þ. Ý
X Ú Y ��ÛS�È½Â�X ⊗Y , é��?¿�þ x, ^ xiL«§�1

i���, x̄Ú x©OL«§�����Ú����, diag(x)L«±�þ x���)¤�é�Ý
.

é��Ý
X, ρ(X)L«§�Ì�»¿�X∞L«§�Ã�g� (XJ§�3) ,=X∞ = lim
k→∞

Xk.

é���©�1�ÅÝ
 A, ^ πr Ú 1n ©OL«§�éAuA��� 1��ÚmA��þ, =

πr1
T
n = 1� A∞ = 1nπ

T
r . éu���©���ÅÝ
 B, k B∞ = πc1

T
n . é?¿�þ x,y ∈ RpÚ

\ü��­SÈ, 〈x,y〉πr
= xTdiag(πr)y Ú 〈x,y〉πc

= xTdiag(πc)
−1y. ^ ‖x‖πr

Ú ‖x‖πc
L«

�­îª�ê. ^ ||| · |||πr
Ú ||| · |||πc

©OL«d ‖ · ‖πr
Ú ‖ · ‖πc

p��Ý
�ê, = ∀X ∈ Rn×n, k

|||X |||πr
=
∣∣∣∣∣∣diag(

√
πr)Xdiag(

√
πr)
−1
∣∣∣∣∣∣

2
Ú |||X |||πc

=
∣∣∣∣∣∣diag(

√
πc)
−1Xdiag(

√
πc)

∣∣∣∣∣∣
2
.

2. ¯K£ã

�Äd n��UN�¤�k��ä, �ä¥�¤k�UNÜ�¦)±e©Ùª`z¯K:

min
x∈Rp

F (x) =
1

n

n∑
i=1

fi(x), fi(x) =
1

mi

n∑
j=1

fi,j(x), (1)

Ù¥ x ∈ Rp ´�ÛûüCþ, ÛÜ8I¼ê fi : Rp → R=��UN i¤�. z�ÛÜ8I¼ê?

�Ú�±L«�mi �©þ8I¼ê�²þ��/ª. �ä¥¤k�UN�8I´ÏLÛÜÏ&Ú

O�é��Û�`). �UN�&E��ÏLk��ä G = (V, E)?1. Ù¥ V = {1, · · · , n}L«
�ä¥�UN�8Ü, E L«�ä¥�UN�mÏ&ó´�8Ü. ^ N in

i L«�UN i\�Ø�8

Ü, =�UN iU
Â�8Ü¥z��UNux�&E. Ón, ^ N out
i L«�UN iÑ�Ø�8Ü,

=�UN iU
ò&Eux�8Ü¥�z��UN. �e5, �Ñ�
IO�b�.

b�1. z��Û8I F ´ µrà�, = ∀i ∈ V Ú ∀x1,x2 ∈ Rp, �3~ê µ > 0, k

F (x2) > F (x1) +∇F (x1)
T (x2 − x1) +

µ

2
‖x1 − x2‖2.
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b�2. z�ÛÜ8I fi ´ L-1w�, = ∀i ∈ V Ú ∀x1,x2 ∈ Rp, �3~ê L > 0, k

‖∇fi(x1)−∇fi(x2)‖2 6 L‖x1 − x2‖2.

b�3. ã G ´rëÏ�.

b� 1 L²�Û8I¼ê�3����`). b� 2 L²�Û8I¼ê F ´ L 1w�, ^

κ = L
µ
L«�Û8I¼ê F �^�ê.

3. �{

�!Äk0�üÌ���� ~�{ (LSVRG), ,�òÙÚ\� S-AB �{¥, ¿(Ü

Nesterov Äþ\��{JÑ
ABN-LSVRG �{.

- τ ik ´O�ÛÜ�FÝ ∇f �ë�:. 3zgS�¥, z��UN il {1, · · · , n}¥�ÅÀ�
lik, ë�: τ ik��#5K�: ± 1

m
�VÇ� xik−1, ÄK τ ik = τ ik−1. 31 kgS�¥, ©Ùª LSVRG

�{�S��ª�:

gik = ∇fi,lik(xik)−∇fi,lik(τ ik) +∇fi(τ ik). (2)

�é©Ùª`z¯K, ©z [22]Ó�¦^1�ÅÚ��Å�­Ý
JÑ
 S-AB�{, T�{

� SADDOPT�{�';�A��þ�O�, ~�O�ÚÏ&¤�. 3©Ùª`z¥, Äþ\�E

|É�
2��'5, ~X: ©Ùª heavy-ball�{Ú©Ùª Nesterov�{. �©ò©Ùª LSVRG

�{� S-AB�{�(Ü, ¿Ú\ NesterovÄþ�, JÑ
�«¯��©Ùª�Å�� ~�{, {

¡ ABN-LSVRG. 31 kgS�¥§z��UN�#o�Cþ§= yik, s
i
k,g

i
k Ú xik. ?¿�Ð©S

� si0 = xi0Ú gi−1 = yi−1 = ∇f(x0)§∀i ∈ V. ¤JÑ��{ ABN-LSVRGS��ª�:

yik =

n∑
j=1

bijy
i
k−1 + gk − gk−1,

sik+1 =

n∑
j=1

aijx
i
k − αyik,

xik+1 = sik+1 + β(sik+1 − sik).

(3)

Ù¢ aij Ú bij ©O÷v±e5�µ

aij =

{
> 0, j ∈ N in

i ,

0, ÄK,

∑n
j=1 aij = 1,∀i,

bij =

{
> 0, i ∈ N out

j ,

0, ÄK,

∑n
i=1 bij = 1,∀j.

(4)

�­Ý
 A = [aij ] ∈ Rn×n´1�ÅÝ
, B = [bij ] ∈ Rn×n´��ÅÝ
.

½Â sk,xk, gk,yk ∈ Rpn, i.e. sk = [s1k, ..., s
n
k ]T ,xk = [x1

k, ...,x
n
k ]T , gk = [g1k, ..., g

n
k ]T ,yk =
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[y1
k, ...,y

n
k ]T , A = A⊗ Ip Ú B = B ⊗ Ip. |^Xþ½Âò¤JÑ�{ ABN-LSVRG�d���

yk = Byk−1 + gk − gk−1,
sk+1 = Ask − αyk,
xk+1 = sk+1 + β(sk+1 − sk).

(5)

4. Âñ5©Û

3?1Âñ5©Û�c§½Â�
ÎÒ

ȳk =
1

n
1Tnyk,∇f(xk) =

1

n
1Tn∇f(xk), ŝk = πTr sk, ḡk =

1

n
1Tngk,

Ù¥∇f(xk) = [∇f1(x1
k), · · ·,∇fn(xnk)].

±eÚn`²
1�ÅÚ��Å�­Ý
�Â 5�, Ùy²�±ë� [22].

Ún1. eb� 3¤á, é ∀k > 0, �Ä�­Ý
 A§B Ú?¿�þ x ∈ Rp, k

‖Ax−A∞x‖πr
6 σA‖x−A∞x‖πr

,

‖Bx−B∞x‖πc
6 σB‖x−B∞x‖πc

.
(6)

Ù¥ σA =
g
A−A∞

g
πr
< 1� σB =

g
B −B∞

g
πc
< 1.

d�ê�½Â�
‖ · ‖πr

6 π̄0.5
r ‖ · ‖2, ‖ · ‖πc

6 π−0.5c ‖ · ‖2,
‖ · ‖2 6 π−0.5r ‖ · ‖πr

, ‖ · ‖2 6 π̄0.5
c ‖ · ‖πc

.
(7)

e¡�ÚnL²
�lFÝ�²þ ȳk ÚÛÜFÝ�O�²þ ḡk ���.

Ún2. [24] eb� 4¤á§é ∀k > 0§k

ȳk = ḡk,

E[ȳk|Fk] = E[ḡk|Fk] = ∇f(xk).

±eü�ÚnéÂñ5y²�'­�, �ë�©z [24, 29].

Ún3. [29] eb� 2¤á, �Äd¤JÑ��{�)�S� {xk}k>0. é ∀k > 0, k

‖∇f(xk)−∇F (ŝk)‖2 6
L√
n
‖sk − 1Tn ŝk‖22 +

L√
n
β‖ŝk − x∗‖2. (8)

Ún4. [24] eb� 1Ú 2¤á, �Û8I¼ê F ´ µrà� L1w�. XJ 0 < α < 1
L
, é

∀s ∈ Rp§k
‖s− α∇F (s)− x∗‖2 6 (1− µα)‖s− s∗‖2. (9)

Ún5. [17] - G ∈ Rnp×np ´���KÝ
� γ ´����þ"e Gγ < ωγ(ω > 0)§k

ρ(G) < ω.

�©ÏL�Ä±e 5�þé ABN-LSVRG�{?1Âñ5©Û.
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1) ��Ø�: E[‖sk+1 − 1nŝk+1‖2πr
;

2) �`mY: E[‖ŝk+1 − x∗‖22];

3) G��`5Ø�: E[vk+1], Ù¥ vk+1 = 1
mi

mi∑
j=1

‖fi,j(τ i,jk+1)− fi,j(x∗)‖22;

4) G�Ø�: E[‖sk+1 − sk‖2];

5) FÝ�lØ�: E[‖yk+1 − B∞yk+1‖2πc
].

�
y² ABN-LSVRG�Âñ5, Äk�ÑFÝ�l�þ..

Ún6. �b� 2¤á, é ∀k > 0 , ±eØ�ª¤á

E[‖yk‖22] 6
45n‖πc‖22L2

πr
E[‖sk − 1nŝk‖2πr

] + 25n2‖πc‖22L2E[‖ŝk − x∗‖22]

+ 45n‖πc‖22L2β2E[‖sk − sk−1‖22] + 10‖πc‖22E[vk]

+ 5πcE[‖yk − B∞yk‖2πc
].

(10)

y²: 5¿� B∞ = πc1
T
n , k

‖yk‖2 = ‖yk − πc1Tnyk + πc1
T
nyk‖2

6 π0.5
c ‖yk − πc1Tnyk‖πc

+ ‖πc1Tnyk‖2
6 π0.5

c ‖yk − πc1Tnyk‖πc
+ n‖πc‖2‖gk −∇f(xk)‖2

+ n‖πc‖2‖∇f(xk)−∇F (ŝk)‖2 + n‖πc‖2‖∇F (ŝk)−∇F (x∗)‖2

6 π0.5
c ‖yk − B∞yk‖πc

+ n‖πc‖2‖gk −∇f(xk)‖2 +

√
n‖πc‖2L√
πr

‖sk − 1nŝk‖πr

+
√
nβ‖πr‖2L‖sk − sk−1‖2 + n‖πc‖2L‖ŝk − x∗‖2.

(11)

Ù¥����Ø�ª|^
Ún 3. 3þãØ�ª�ü>Ó�²�¿�^�Ï"��

E[‖yk‖22|Fk] 6
5n‖πc‖22L2

πr
‖sk − 1nŝk‖2πr

+ 5n2‖πc‖22L2‖ŝk − x∗‖22

+ 5nβ2‖πc‖22L2‖sk − sk−1‖22 + 5πc‖yk − B∞yk‖2πc

+ 5n2‖πc‖22E[‖gk −∇f(xk)‖22|Fk].

(12)

Ù¥ E[‖yk −∇f(xk)‖22|Fk] = 1
n2E[‖gk −∇f(xk)‖22|Fk]. ë�©z [24], E[‖gk −∇f(xk)‖22|Fk]�L

�ªXe¤«

E[‖gk −∇f(xk)‖22|Fk] =
8L2

πr
E[‖sk − 1nŝk‖2πr

] + 4nL2E[‖ŝk − x∗‖22]

+ 8β2L2E[‖sk − sk−1‖22] + 2E[vk].

(13)

ò (13)�\ (12)¿3ªfü>Ó���Ï"�¤y².

Ún7. eb� 2Ú 3¤á. XJ 0 < α 6 1
‖πc‖2L

√
h

10n
¿� 0 6 β < 1, é ∀k > 0, �ä¥��
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�Ø�Xe

E[‖sk+1 − 1nŝk+1‖2πr
] 6 (

1 + σ2
A

2
+ β +

90nh‖πc‖22L2

1− σ2
A

α2)E[‖sk − 1nŝk‖2πr
]

+
50n2‖πc‖22L2πr

1− σ2
A

α2E[‖ŝk − x∗‖22]

+ ((1 + σ2
A)πr +

90n‖πc‖22L2πr
1− σ2

A

α2)βE[‖sk − sk−1‖22]

+
20‖πc‖22πr

1− σ2
A

α2E[vk] +
10πrπc
1− σ2

A

α2E[‖yk − B∞yk‖2πc
],

(14)

Ù¥ h = πr/πr.

y²: 5¿� A∞ = 1nπ
T
r Ú x̂k = πTr xk, d sk �½Â��

‖sk+1 − 1nŝk+1‖2πr
=‖Axk −A∞xk − α(In −A∞)yk‖2πr

6‖Axk −A∞xk‖2πr
+ α2‖yk‖2πr

+ 2‖Axk −A∞xk‖πr
‖αyk‖πr

6‖Axk −A∞xk‖2πr
+ α2‖yk‖2πr

+ (λ‖Axk −A∞xk‖2πr
+

1

λ
α2‖yk‖2πr

),

(15)

3þãØ�ª¥©O- λ = 1−σ2
A

2σ2
A
Ú 1k

‖sk+1 − 1nŝk+1‖2πr
6

1 + σ2
A

2σ2
A

‖Axk −A∞xk‖2πr
+

2α2πr
1− σ2

A

‖yk‖22, (16)

‖sk+1 − 1nŝk+1‖2πr
6 2‖Axk −A∞xk‖2πr

+ 2πrα
2‖yk‖22. (17)

d sk �½Â��

‖Axk −A∞xk‖2πr
6 σ2

A‖sk − 1nŝk‖2πr
+ β2σ2

Aπr‖sk − sk−1‖22
+ 2βσ2

A‖sk − 1nŝk‖πr
‖sk − sk−1‖πr

6 σ2
A(1 + β)‖sk − 1nŝk‖2πr

+ 2σ2
Aπrβ‖sk − sk−1‖22.

(18)

ÏLò (10)Ú (18)�\ (16)¥¿3Ø�ªü>Ó���Ï"��

E[‖sk+1 − 1nŝk+1‖2πr
] 6 (

1 + σ2
A

2
+ β +

90nh‖πc‖22L2

1− σ2
A

α2)E[‖sk − 1nŝk‖2πr
]

+
50n2‖πc‖22L2πr

1− σ2
A

α2E[‖ŝk − x∗‖22]

+ ((1 + σ2
A)πr +

90n‖πc‖22L2πr
1− σ2

A

α2)βE[‖sk − sk−1‖22]

+
20‖πc‖22πr

1− σ2
A

α2E[vk] +
10πrπc
1− σ2

A

α2E[‖yk − B∞yk‖2πc
].

(19)
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d	, eò (10)Ú (17)�\ (16)¥¿3Ø�ªü>Ó���Ï"��

E[‖sk+1 − 1nŝk+1‖2πr
] 6 (2σ2

A(1 + β) + 90nh‖πc‖22L2α2)E[‖sk − 1nŝk‖2πr
]

+ 50n2‖πc‖22L2πrα
2E[‖ŝk − x∗‖22]

+ (4σ2
Aπr + 90n‖πc‖22L2πrα

2)βE[‖sk − sk−1‖22]

+ 20‖πc‖22πrα2E[vk] + 10πrπcα
2E[‖yk − B∞yk‖2πc

].

(20)

XJ 0 < α 6 1
‖πc‖2L

√
h

10n
, k

E[‖sk+1 − 1nŝk+1‖2πr
] 6 11E[‖sk − 1nŝk‖2πr

] + 5nπrE[‖ŝk − x∗‖22]

+ 13πrβE[‖sk − sk−1‖22] + 20‖πc‖22πrα2E[vk]

+ 10πrπcα
2E[‖yk − B∞yk‖2πc

].

(21)

dúª�^u�Y�y². y²�¤.

Ún8. eb� 1-3 ¤á. XJ 0 < α 6 min{ 1
2nπT

r πcL
, 1
5µnπT

r πc
, 1
4πT

r πcL2 } ¿� 0 6 β < 1,

é∀k > 0, �ä¥�`mYXe

E[‖ŝk+1 − x∗‖22] 6
5πTr πcL

2

µπr
αE[‖sk − 1nŝk‖2πr

] + (1− µnπTr πcα

4
)E[‖ŝk − x∗‖22]

+
5πTr πcL

2

µ
αβ2E[‖sk − sk−1‖22] + 2.5(πTr πc)

2α2E[vk]

+
5‖πr‖22πc
µnπTr πc

αE[‖yk − B∞yk‖2πc
].

(22)

y²: d ŝk �½Â�

‖ŝk+1 − x∗‖22 = ‖ŝk − x∗ − nαπTr πcyk − απTr (yk − B∞gk)‖22

6 ‖x̂k − x∗ − α̃gk‖22 − 2 < x̂k − x∗ − α̃yk, απ
T
r (yk − B∞yk) >

+ ‖πr‖22πcα2‖yk − B∞yk‖2πc

= I1 + I2 + ‖πr‖22πcα2‖yk − B∞yk‖2πc
.

(23)

Ù¥ α̃ = nαπTr πc. 3 (23)�ü>Ó��^�Ï"k

E[‖ŝk+1 − x∗‖22] 6 E[I1|Fk] + E[I2|Fk] + ‖πr‖22πcα2E[‖yk − B∞yk‖2πc
|Fk]. (24)
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Äk, �Ä (25)¥�1��, K

E[I1|Fk] = E[‖ŝk − x∗ − α̃gk‖22|Fk]

= E[‖ŝk − α̃∇F (ŝk)− x∗ + α̃(∇F (ŝk)− gk)‖22|Fk]

= E[‖ŝk − α̃∇F (ŝk)− x∗‖22|Fk] + α̃2E[‖∇F (ŝk)− gk‖22|Fk]

+ 2E[< ŝk − α̃∇F (ŝk)− x∗, α̃(∇F (ŝk)− gk) > |Fk]

6 (1− µα̃)E[‖ŝk − x∗‖22] + α̃2E[‖∇F (ŝk)− gk‖22|Fk]

+ λ1α̃(1− µα̃)E[‖ŝk − x∗‖22] +
α̃

λ1

E[‖∇F (ŝk)−∇f(xk)‖22]

6 (1− µα̃)E[‖ŝk − x∗‖22] + α̃2E[‖∇F (ŝk)− gk‖22]

+
2α̃L2

µnπr
E[‖sk − 1nŝk‖2πr

] +
2α̃β2L2

µn
E[‖sk − sk−1‖22].

(25)

Ù¥3����Ø�ª¥- λ1 = µ¿|^Ún 3. �e5, í� (25)¥1���þ.

E[‖∇F (ŝk)− gk‖22|Fk] = E[‖∇F (ŝk)−∇f(xk) +∇f(xk)− gk‖22|Fk]

= ‖∇F (ŝk)−∇f(xk)‖22 +
1

n2
E[‖∇f(xk)− gk‖22|Fk].

(26)

|^úª (13)ÚÚn 3��

E[‖∇F (ŝk)− gk‖22|Fk] 6
10L2

nπr
E[‖sk − 1nŝk‖2πr

] +
4L2

n
E[‖ŝk − x∗‖22]

+
10L2

n
β2E[‖sk − sk−1‖22] +

2

n2
E[vk].

(27)

e 0 < α̃ 6 1
5µ
, ò (27)Ú (25)�(Ük

E[I1|Fk] 6
4L2

µnπr
α̃E[‖sk − 1nŝk‖2πr

] + (1− µα̃+
4α̃2L2

n
)E[‖ŝk − x∗‖22]

+
4L2

µn
α̃β2E[‖sk − sk−1‖22] +

2

n2
α̃2E[vk].

(28)

y3�Ä I2
I2 = −2 < ŝk − x∗ − α̃yk, απ

T
r (yk − B∞yk) >

6 2α‖ŝk − x∗ − α̃yk‖2‖πTr (yk − B∞yk)‖2

6 α(λ2I1 +
‖πr‖22πc

λ2

‖yk − B∞yk‖2πc
)

(29)

3 (29)¥- λ2 = µnπT
r πc

4
¿3 (29)ü>Ó��^�Ï"��

E[I2|Fk] 6
µα̃

4
E[I1|Fk] +

4‖πr‖22πc
µnπTr πc

αE[‖yk − B∞yk‖2πc
|Fk]. (30)
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XJ 0 < α̃ 6 n
4L2 , ò (30), (29), (28)�\ (24). 5¿� 1 + µα̃

4
6 5

4
Ú (1 + µα̃

4
)(1 − µα̃

2
) 6 1, ^

nαπTr πc O� α̃�±��

E[‖sk+1 − x∗‖22] 6
5πTr πcL

2

µπr
αE[‖sk − 1nŝk‖2πr

] + E[‖ŝk − x∗‖22]

+
5πTr πcL

2

µ
αβ2E[‖sk − sk−1‖22] + 2.5(πTr πc)

2α2E[vk]

+
5‖πr‖22πc
µnπTr πc

αE[‖yk − B∞yk‖2πc
].

(31)

XJ3 (25)¥- λ1 = 1
α̃
, K E[I1|Fk]L�Xe

E[I1|Fk] = E[‖ŝk − x∗ − α̃yk‖22|Fk]
6 2E[‖ŝk − x∗‖22] + 2α̃2E[‖∇F (ŝk)− gk‖22|Fk]

6
20L2

nπr
α̃2E[‖sk − 1nŝk‖2πr

] + (2 +
8L2

n
α̃2)E[‖ŝk − x∗‖22]

+
20L2

n
α̃2β2E[‖sk − sk−1‖22] +

2

n
α̃2E[vk]

(32)

XJ 0 < α̃ 6
√
n

2L
, �±��

E[I1|Fk] 6
20L2

nπr
α̃2E[‖sk − 1nŝk‖2πr

] + 4E[‖ŝk − x∗‖22]

+
20L2

n
α̃2β2E[‖sk − sk−1‖22] +

2

n
α̃2E[vk]

(33)

3 (29)¥- λ2 = 1
α
k

E[I2] 6 E[I1] + ‖πr‖22πcα2E[‖yk − B∞yk‖2πc
] (34)

ò (33)Ú (34)�\ (24)¥�

E[‖sk+1 − x∗‖22] 6
40L2

nπr
α̃2E[‖sk − 1nŝk‖2πr

] + 8E[‖ŝk − x∗‖22]

+
40L2

n
α̃2β2E[‖sk − sk−1‖22] +

4

n2
α̃2E[vk]

+ 2‖πr‖22πcα2E[‖yk − B∞yk‖2πc
].

(35)

ò α̃O�� nαπTr πc, y²�¤.

Ún9. eb� 2¤á. XJ 0 6 β < 1, é ∀k > 0, ±eØ�ª¤á

E[‖sk+1 − sk‖22]

6(
16

πr
+

90n‖πc‖22L2

πr
α2)E[‖sk − 1nŝk‖2πr

] + 50n2‖πc‖22L2α2E[‖ŝk − x∗‖22]

+ 2(2h+ 45n‖πc‖22L2α2)β2E[‖sk − sk−1‖22] + 20‖πc‖22α2E[vk]

+ 10πcα
2E[‖yk − B∞yk‖2πc

].

(36)
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y²: d sk �½Â��

‖sk+1 − sk‖22

=‖Axk − αyk − sk‖22

6‖(A− In)(sk −A∞xk)− αyk + βA(sk − sk−1)‖22

6
4

πr
|||A − In |||2πr

‖sk − 1nŝk‖2πr
+ 4β2h|||A |||2πr

‖sk − sk−1‖22 + 2α2‖yk‖22

6(
16

πr
+

90n‖πc‖22L2

πr
α2)‖sk − 1nŝk‖2πr

+ 50n2‖πc‖22L2α2‖ŝk − x∗‖22

+ 2(2h+ 45n‖πc‖22L2α2)β2‖sk − sk−1‖22 + 20‖πc‖22α2vk

+ 10πcα
2‖yk − B∞yk‖2πc

.

(37)

Ù¥31��Ø�ª¥|^
 |||A − In |||πr
6 2, 3þãØ�ª�ü>Ó���Ï"�¤y².

Ún10. �b� 2¤á, é ∀k > 0, ±eØ�ª¤á

E[vk+1] 6
4L2

mπr
E[‖sk − 1nŝk‖2πr

] +
2nL2

m
E[‖ŝk − x∗‖22]

+
4L2

m
β2E[‖sk − sk−1‖22] + (1− 1

m
)E[vk].

(38)

y²: d vk �½Â��

E[vik+1|Fk] =
1

mi

mi∑
j=1

E[‖fi,j(τ i,jk+1)− fi,j(x
∗)‖22|Fk]

=
1

mi

mi∑
j=1

(
1

m
‖fi,j(xik)− fi,j(x∗)‖22 + (1− 1

m
)‖fi,j(τ i,jk )− fi,j(x∗)‖22)

6
4L2

mπr
‖sik − ŝk‖2πr

+
2L2

m
‖ŝk − x∗‖22 +

4L2

m
β2‖sik − sik−1‖22

+ (1− 1

m
)vik.

(39)

3þãØ�ª�ü>Ó���Ï"�

E[vk+1] 6
4L2

mπr
E[‖sk − 1nŝk‖2πr

] +
2nL2

m
E[‖ŝk − x∗‖22]

+
4L2

m
β2E[‖sk − sk−1‖22] + (1− 1

m
)E[vk].

(40)

y²�¤.
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Ún11. eb� 1-3¤á. XJ 0 < α 6 min{ 1

4L
√

10n‖πc‖22(h+β2)+2n2(πT
r πc)2

, (1−σ2
B)2

16L
√

(15(h+β2)+n‖πr‖22)g
}

¿� 0 6 β < 1, é ∀k > 0, ±eØ�ª¤á

E[‖yk+1 − B∞yk+1‖2πc
]

6
1946L2

πrπc(1− σ2
B)

E[‖sk − 1nŝk‖2πr
] +

338nL2

πc(1− σ2
B)

E[‖ŝk − x∗‖22]

+
802hL2

πc(1− σ2
B)
βE[‖sk − sk−1‖22] +

44

πc(1− σ2
B)

E[vk]

+
3 + σ2

4
E[‖yk − B∞yk‖2πc

].

(41)

Ù¥ g = πc/πc.

y²: d yk �½Â��

E[‖yk+1 − B∞yk+1‖2πc
|Fk] = E[‖Byk − B∞ + (In − B∞)gk+1 − gk‖2πc

|Fk]

6
1 + σ2

B

2
E[‖yk − B∞yk‖2πc

|Fk]

+
2

1− σ2
B

E[‖gk+1 − gk‖2πc
|Fk].

(42)

Ù¥3Ø�ª¥|^ YoungØ�ª. �e5, Äk�Ä (42)¥�1��

E
[
‖gk+1 − gk‖2πc

|Fk
]

=E
[
‖gk+1 − gk −∇f(xk+1) +∇f(xk) +∇f(xk+1)−∇f(xk)‖2πc

|Fk
]

62E
[
‖∇f(xk+1)−∇f(xk)‖2πc

|Fk
]

+ 2E
[
‖gk+1 − gk −∇f(xk+1) +∇f(xk)‖2πc

|Fk
]

6
2L2

πc
E[‖xk+1 − xk‖22|Fk] +

4

πc
E[‖gk −∇f(xk)‖22|Fk]

+
4

πc
E[‖gk+1 −∇f(xk+1)‖22|Fk]

6
4L2

πc
β2E

[
‖sk − sk−1‖22|Fk

]
+

16L2

πc
E
[
‖sk+1 − sk‖22|Fk

]
+

4

πc
E[‖gk −∇f(xk)‖22|Fk] +

4

πc
E[‖gk+1 −∇f(xk+1)‖22|Fk]

(43)
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Ù¥3����Ø�ª¥|^±eØ�ª

E[‖xk+1 − xk‖22] 6 2(1 + β)2E[‖sk+1 − sk‖22] + 2β2E[‖sk − sk−1‖22]. (44)

e¡?�Ú�Ä (43)¥����, �â E[‖gk −∇f(xk)‖22|Fk]�L�ª��

E[‖gk+1 −∇f(xk+1)‖22|Fk]

6
8L2

πr
E[‖sk+1 − 1nŝk+1‖2πr

] + 4nL2‖ŝk+1 − x∗‖22

+ 8β2L2E[‖sk+1 − sk‖22] + 2E[vk+1]

6 (
168L2

πr
+

720n‖πc‖22L4

πr
(h+ β2)α2 +

160n2L4(πTr πc)
2

πr
α2)E[‖sk − 1nŝk‖2πr

]

+ (36nL2 + 400n2‖πc‖22L4α2(h+ β2))E[‖ŝk − x∗‖22]

+ (72hL2 + 720n‖πc‖22L4(h+ β2)α2 + 160n2L4(πTr πc)
2α2)βE[‖sk − sk−1‖2πr

]

+ (160‖πc‖22L2(h+ β2)α2 + 16n(πTr πc)
2L2α2 + 2− 2

m
)E[vk]

+ (80(h+ β2) + 8n‖πr‖22)πcL2α2E[‖yk − B∞yk‖2πc
|Fk].

(45)

e 0 < α 6 min{ 1

4L
√

45n‖πc‖22(h+β2)+10n2(πT
r πc)2

, 1

20‖πc‖2L2
√
n(h+β2)

}, K

E[‖gk+1 −∇f(xk+1)‖22|Fk]

6
169L2

πr
E[‖sk − 1nŝk‖2πr

] + 37nL2‖ŝk − x∗‖22 + 73hL2βE[‖sk − sk−1‖22]

+ 3E[vk] + (80(h+ β2) + 8n‖πr‖22)πcL2α2E[‖yk − B∞yk‖2πc
|Fk].

(46)

ò (36)Ú (46)�\ (43)k

E
[
‖gk+1 − gk‖2πc

|Fk
]
6 (

964L2

πrπc
+

1440n‖πc‖22L4

πrπc
α2)E[‖sk − 1nŝk‖2πr

]

+ (
164nL2

πc
+

800n2‖πc‖22L4

πc
α2)E[‖ŝk − x∗‖22]

+ (
392hL2

πc
+

1440n‖πc‖22L4

πc
α2)βE[‖sk − sk−1‖22]

+ (
20

πc
+

320‖πc‖22L4

πc
α2)E[vk]

+ 32(15(h+ β2) + n‖πr‖22)gL2α2E[‖yk − B∞yk‖2πc
|Fk].

(47)
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(Ü (47)Ú (42)�±��

E[‖yk+1 − B∞yk+1‖2πc
|Fk] 6 (

1928L2

πrπc(1− σ2
B)

+
2880n‖πc‖22L4

πrπc(1− σ2
B)
α2)E[‖sk − 1nŝk‖2πr

]

+ (
328nL2

πc(1− σ2
B)

+
1600n2‖πc‖22L4

πc(1− σ2
B)

α2)E[‖ŝk − x∗‖22]

+ (
784hL2

πc(1− σ2
B)

+
2880n‖πc‖22L4

πc(1− σ2
B)

α2)βE[‖sk − sk−1‖22]

+ (
40

πc(1− σ2
B)

+
640‖πc‖22L4

πc(1− σ2
B)
α2)E[vk]

+ (
1 + σ2

B

2
+

64(15(h+ β2) + n‖πr‖22)
1− σ2

B

gL2α2)

× E[‖yk − B∞yk‖2πc
|Fk].

(48)

XJ α 6 { 1
4L‖πc‖2

√
10n

, (1−σ2
B)2

16L
√

(15(h+β2)+n‖πr‖22)g
}, ±eªf¤á

E[‖yk+1 − B∞yk+1‖2πc
|Fk] 6

1946L2

πrπc(1− σ2
B)

E[‖sk − 1nŝk‖2πr
] +

338nL2

πc(1− σ2
B)

E[‖ŝk − x∗‖22]

+
802hL2

πc(1− σ2
B)
βE[‖sk − sk−1‖22] +

44

πc(1− σ2
B)

E[vk]

+
3 + σ2

4
E[‖yk − B∞yk‖2πc

|Fk].

(49)

3þãØ�ª�ü>Ó���Ï"�¤y².

ÄuÚn 7-11�(J, �±��Xe�5Ø�ª.

5�1. �b� 1-3¤á. XJ 0 < α 6 min{ 1

4L
√

10n‖πc‖22(h+β2)+2n2(πT
r πc)2

, , 1
5nκLπT

r πc
,

(1−σ2
B)2

16L
√

(15(h+β2)+n‖πr‖22)g
}¿� 0 6 β < 1, Ke�Ø�ª¤á

Γk 6 Gα,βΓk−1, (50)

Ù¥ Γk ∈ R5 Ú Gα,β ∈ R5×5 ½ÂXe

Γk =



E[‖sk − 1nŝk‖2πr
]

E[‖ŝk − x∗‖22]

E[n‖sk − sk−1‖22]

E[vk]

E[‖yk − Byk‖2πc
]


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Gα,β =


1+σ2

A
2

+ 9npp1p2p5α
2 + β 5np1p2α

2 ((1 + σ2
A)πr + 9np1p2p5α

2)β 2p1p2α
2 10πrp2α

2

5pp3α 1 5p3αβ
2 2.5n(πTr πc)

2α2 p4α

16p+ 9npp1p5α
2 5np1p5α

2 (4h+ 9np1p5α
2)β2 2p1α

2 10πcα
2

4p5
mπr

2p5
m

4p5
m
β2 1 − 1

m
0

973pp5p6 169p5p6 401hp5p6β 22p5
3+σ2

4


3þãÝ
¥ p = 1

πr
, p1 = 10‖πc‖22, p2 = πr

1−σ2
A
, p3 = πT

r πcL
2

µ
, p4 = 5‖πr‖22πc

µπT
r πc

, p5 = L2, p6 = 2
πc(1−σ2

B)
.

�e5�â5� 1(J, í�¦� ρ(Gα,β) < 1�Ú�ÚÄþXê�����.

Ún12. é ABN-LSVRG�{, �Ú� α÷v

0 < α 6 min{

√
(1− σ2

A)δ1
2(9npp1p2p5δ1 + 5np1p2δ2 + 2p1p2δ4 + 10πrδ5

),

δ2
2(5pp3δ1 + p4δ5)

,

√
5δ2

2n(πTr πc)
2δ4

,

√
δ3 − 16pδ1

9npp1p5δ1 + 5np1p5δ2 + 2p1δ4 + 10πcδ5
,

1

4L
√

10n‖πc‖22(h+ β2) + 2n2(πTr πc)
2
,

1

5nκLπTr πc
,

(1− σ2
B)2

16L
√

(15(h+ β2) + n‖πr‖22)g
}.

(51)

Äþëê β ÷v

0 6 β < min{(1− σ2
A)δ1 − 2(9npp1p2p5δ1 + 5np1p2δ2 + 2p1p2δ4 + 10πrδ5)α

2

2(δ1 + (1 + σ2
A)πr + 9np1p2α2)

,

√
δ2 − (5pp3δ1 + p4δ5)α− 2.5n(πTr πc)

2δ4α2

5p3αδ3
,

√
δ3 − 16pδ1 − (9npp1p5δ1 + 5np1p5δ2 + 2p1δ4 + 10πcδ5)α2

(4h+ 9np1p2α2)δ3
,

√
δ4 − 4pp5δ1 − 2p5δ2

4p5δ3
,

(1− σ2
B)δ5 − 4(973pp5p6δ1 − 169p5p6δ2 − 22p5δ4)

401hp5p6δ3
},

(52)

Kk ρ(Gα,β) < 1. � ABN-LSVRG�5Âñ��`) x∗.
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y²: �âÚn 5, í�Ú� α ÚÄþXê β �þ.Ú��þ ε = [ε1, ε2, ε3, ε4, ε5]
T ¦

Gα,βε < ε. þª�d���

(δ1 + (1 + σ2
A)πr + 9np1p2α

2)β <
1− σ2

A

2
δ1 − (9npp1p2p5δ1 + 5np1p2δ2

+ 2p1p2δ4 + 10πrδ5)α
2,

5p3αδ3β
2 < δ2 − (5pp3δ1 + p4δ5)α− 2.5n(πTr πc)

2δ4α
2,

(4h+ 9np1p2α
2)δ3β

2 < δ3 − 16pδ1 − (9npp1p5δ1 + 5np1p5δ2

+ 2p1δ4 + 10πcδ5)α
2,

4p5
m
δ3β

2 <
1

m
δ4 −

4pp5
m

δ1 −
2p5
m
δ2,

401hp5p6δ3β <
1

4
δ5 − 973pp5p6δ1 − 169p5p6δ2 − 22p5δ4.

(53)

5¿�Ø�ª (53)�m>��, Ïdk

α <

√
(1− σ2

A)δ1
2(9npp1p2p5δ1 + 5np1p2δ2 + 2p1p2δ4 + 10πrδ5

)

α <
δ2

2(5pp3δ1 + p4δ5)
,

α <

√
5δ2

2n(πTr πc)
2δ4

,

α <

√
δ3 − 16pδ1

9npp1p5δ1 + 5np1p5δ2 + 2p1δ4 + 10πcδ5
.

(54)

ÀJ·�� ε1, ε2, ε3, ε4, ε5 ¦�Ú� α�����, K

δ1 > 0,

δ2 > 0,

δ3 > 16pδ1,

δ4 > 4pp5δ1 + 2p5δ2,

δ5 > 4(973pp5p6δ1 − 169p5p6δ2 − 22p5δ4).

(55)
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?�Ú, �â (53)��ÄþXê β �þ.

β <
(1− σ2

A)δ1 − 2(9npp1p2p5δ1 + 5np1p2δ2 + 2p1p2δ4 + 10πrδ5)α
2

2(δ1 + (1 + σ2
A)πr + 9np1p2α2)

,

β <

√
δ2 − (5pp3δ1 + p4δ5)α− 2.5n(πTr πc)

2δ4α2

5p3αδ3
,

β <

√
δ3 − 16pδ1 − (9npp1p5δ1 + 5np1p5δ2 + 2p1δ4 + 10πcδ5)α2

(4h+ 9np1p2α2)δ3
,

β <

√
δ4 − 4pp5δ1 − 2p5δ2

4p5δ3
,

β <
(1− σ2

B)δ5 − 4(973pp5p6δ1 − 169p5p6δ2 − 22p5δ4)

401hp5p6δ3
.

(56)

y²�¤.

5. ê��ý

�!ÏL�
ê�¢�5�y¤JÑ�{�k�5. �ÄXe©ÙªÜ6£8¯K:

min
x∈Rp

F (x) =
1

n

n∑
i=1

1

m

mi∑
j=1

log[1 + exp(−(CTijx)yij)] +
λ

2
‖x‖22,

Figure 1. Directed network with 30 agents

ã 1. 30��UN�k��ä

Ù¥ fi(x) = 1
m

mi∑
j=1

log[1 + exp(−(CTijx)yij)] + λ
2
‖x‖22§Cij ∈ Rp´A��þ, yij ∈ {+1,−1}´éA
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�I\� λ´�Kzëê. ¢�¥¤^�ü�êâ8 a9aÚ w8a´l UCIÅìÆS(��Õe1.

�©�Äd 30�!:�¤�Ø²ïk��ä, Xã 1¤«. ��äÿÀ�'�1�ÅÚ��Å�­

Ý
 A = [aij ]Ú B = [bij ]�â���­üÑ)¤, = aij = 1
N in

i
∀iÚ bij = 1

Nout
i
∀j. b�êâ8þ

�êâ�þ!�©�z��UNþ. 3¤k�ê�¢�¥, ·�¦^ 1
n

n∑
i=1

‖xik−x∗‖2L«²þí�.

�Ú�(½�, ·�ïÄÄþëê β é ABN-LSVRG�{�K�. lã 2¥�±uy, ·��

O\ÄþXê β ���±\¯Âñ. 3 a9aÚ w8aü�êâ8¥, � β = 0.9�, ABN-LSVRG�

{Ly�Ð. Ïd, 3±e�¢�¥·��� β = 0.9.

Figure 2. The impact of the momentum coefficient β for ABN-LSVRG

ã 2. ÄþXê β é ABN-LSVRG�{�K�

?�Ú, �
`²¤JÑ�{�k�5, �©ò ABN-LSVRG�{�yk�©Ùª�Å�{?

1'�, ~X SADDOPT, S-AB, Push-SAGA, Push-LSVRG, AB-SAGA. ê�¢�¥, ¤k�{�

Ú�®ÏLÃÄN���`. lã 3�±wÑ, �©JÑ��{'�3��
©Ùª�Å`z�{

Âñ��¯. �N
�©¤JÑ��{ ABN-LSVRG��uÙ¦�{�äk`³.

Figure 3. Comparison of ABN-LSVRG with the existing methods

ã 3. ABN-LSVRG�yk�©Ùª�Å�{�é'

6. (�

ÄuüÌ��©Ùª�� ~EâÚ NesterovÄþ\�E|, �©JÑ
k��ä¥�«¯�
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, ;�
dA��þO�¤�)��	

�O�ÚÏ&. ©ÙªüÌ���� ~Eâ�Ø
�ÅFÝ�)���¿�ØI��	��;�

m, ~�
�;¤�. NesterovÄþ��Ú\\¯
�{�Âñ. nØ©Ûy²�©¤JÑ��{

�±�5Âñ��`). Äu©ÙªÜ6£8¯K, ê�(J�y
¤JÑ��{'yk�
©Ù

ª�{LyÐ.
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