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Abstract

In the high-dimensional linear regression model, the method of group sparse recovery

is to add a group Lasso penalty term to the original linear model so as to induce as

few non-zero groups as possible, and then to transform the problem into a convex

optimization model. This paper studies the group Lasso problem based on Huber

loss, where the penalty term includes group sparsity penalty, and the purpose of the

penalty term is to ensure the group sparsity structure of group element. Firstly, since

the penalty term is a convex but not smooth function, in order to characterize the

optimality conditions of the group Lasso model, its classical subdifferential is given.

Secondly, an accelerated proximity gradient algorithm was proposed using Nesterov

acceleration technology to solve our model. Finally, the convergence of the proposed

algorithm was demonstrated.

Keywords

Huber Loss, Group Lasso, Nesterov Acceleration, Accelerated Proximal Gradient

Algorithm

Copyright c© 2023 by author(s) and Hans Publishers Inc.

This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).

http://creativecommons.org/licenses/by/4.0/

1. Úó

3õ��5£8�.¥, éu�½�ýÿCþwi ∈ Rn9�ACþbi ∈ R, k:

bi = w>i x+ εi.

Ù¥εi´êâ��ÅØ���pÕá, x ∈ Rn´I��O�ëê. éT�.ng����:

bi = w>i x+ εi, i = 1, 2, · · · ,m, (1)
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ò*ÿêâ¥�ýÿCþ�¤��m × n��Ý
A, ò�ACþbiÚ�ÅØ�εi�¤�þ�/ª,

K���.(1)�Ý
/ª:

b = Ax+ ε. (2)

Ù¥A = (w>1 ;w>2 ; · · · ;w>m) ∈ Rm×n, b ∈ Rm, ε ∈ Rm. )�.(2)~^��{´ÏL4�zí�²

�Ú5�O£8Xê, =

min
x∈Rn

L(x) := ‖Ax− b‖22, (3)

�.(3)����¦�O: x = (A>A)−1(A>b). ,�p�êâm << n�, A>AØ�_, l�`

)é�UØ���, =Ã{��������O. �;�êâ�õ��5½�UÑy�j½y�,

NõïÄöÚ\
Xe`0�KDÕ`z�.:

min
x∈Rn

1

2
‖Ax− b‖22 + λ‖x‖0, (4)

Ù¥‖x‖0L«�þx�"©þ��ê, λ > 0´�Kzëê, ^5²ï)�°(5ÚDÕ5.

Ï�`0´�à!�1w�ØëY��K, Ïd¦)T�.´NPJ� [1]. d"4�ÆÚOÆ�

ÇRobert Tibshirani [2]u1996cÄg|^`l �K�O`0, lò¯K=z�XeLasso�.:

min
x∈Rn

1

2
‖Ax− b‖22 + λ‖x‖1, (5)

Ù¥‖x‖1 :=
n∑
i=1

|xi|. Lasso�.´�«~^�àv�., Äup�'(Mutual Coherence, MC)5�

Ú���å5�(Restricted Isometry Property, RIP), NõïÄö©Û
�.(4)Ú(5))��d5

ÚØ��O¯K [3]. Lasso¯K´ÏL¨vëê�`l�ê5Ï¦j½�5�§|�DÕ). ,3p

��/e, Ï~gCþ��Ü©©|���", =ûügCþ�©þ�m  äk�½�|(�, '

XÄÏL�êâ�±Uì)ÔÆ´»½öÏfY²ò�I?1©|. DÚ�Lasso�., =�Äü

�©þ�DÕ5, ¿Øä�Aé©|�E,(��Uå, Ïdéõêâ����(�'XÒ¬�

�À, ù¬��éõ¢S¯K�¦)�}. Äu��Cþäk|DÕ�k�&E, )ûþã¯KÏ~

æ^äk|DÕ(���Kz�{, ���.Xe:

min
x∈Rn

1

2
‖Ax− b‖22 + λ‖x‖2,0. (6)

‖x‖2,0 := ]{i : ‖xi‖ 6= 0}, §L«z�|�`2�ê�"�|��ê. �CJiao ÚJin [4]y²
`2,0�

Kz¯K��Û)��35, ¿�O
k��|�©éóÈ48�{5¦)T¯K. `2,0 ´Äu

DÕ`z�`0�K, §�´�à!�1w$�´ØëY�, Ïd¦)T¯K�,äké��]Ô.

YuanÚLin [5]JÑ
|Lasso `z�.5tµ`2,0 �.:

min
x∈Rn

1

2
‖Ax− b‖22 + λ‖x‖2,1.

Ù¥, ‖x‖2,1 =
∑

l∈Γ ‖xGl‖2, Γ = {1, · · · , L}§xGl ∈ R|Gl|,
∑

l∈Γ |Gl| = n, �|Gl|L«��I8Gl�

DOI: 10.12677/orf.2023.136721 7335 $Ê��
Æ

https://doi.org/10.12677/orf.2023.136721


!¦ �

Äê. |Lasso´Lasso�{3|DÕ¯Ke��«g,*Ð, Ï�|Lasso´à��Kz¼ê, Ïd

§�ÛÜ4�:�´�Û4�:. ���Lasso, |LassoäkNõ-<÷¿�5�. ~X, 3T��

|RIP^�e [6], §U
�Ð�¡E|DÕ&Ò, �I����þ��!ÉD(K���!�5

UèZ�`³. |Lasso¯K3ÅìÆS!©�?n!)Ô&EÆ!&Ò)º!ÄÏÀJ!CþÀ

J�+�kX2��A^ [7–13], ïÄö�®²uÐ
õ«k��{, ~X:�CFÝ�{ [5,14], ¬

�I�{ [15–17], ØÄ:S�{ [18], O2.�KF�1wÚî�{ [13] �. d	, DÕ|Lasso�

Oþ�ÚO5����
¿©�ïÄ, ~X: Tony Cai�< [7]ïÄ
�`��E,ÝÚØ��O�

Âñ�Ý§�DÕ|Lasso¯K���E,Ý�Ø��OJø
nØ�y; Candès�< [19]ïÄ


ÄuDÕ|Lasso�Oþ�õ?ÖÆS�©a¯K; Benjamin [11]ïÄ
g·ADÕ|Lasso�Oþ

�ìC5�, ¿y²
T�Oþ÷và��¼ê�oracle5�.

du�.(6)���¼ê����¦, ���¦¼êvk°�5, él+:�N=ÝØ

p [20, 21], Äud, ·�I��Ä|É~��¼ê�¯K, X���¦¼ê!Huber¼ê�.

Huber¼ê(Ü
���¦Ú���¦�`û5�, Ø=äk°�5, �´��1w¼ê. Ï

d, 3|Ü`z¯K¥, òHuber¼ê����¼êäké��`³.

Äuþã©Û, �©�ÄXeÄuHuber��Ú|Lasso(GLasso)|Ü`z�.µ

min
x∈Rn

m∑
i=1

H(ATi x− bi) + λ‖x‖2,1, (7)

Ù¥

H(t) =

{
1
2
t2, |t| ≤ δ,
δ
(
|t| − 1

2
δ
)
, Ù¦,

´Huber¼ê, A ∈ Rm×n, ATi ∈ Rn´A �1i1, bi ∈ R, i = 1, · · · ,m,

�©Ì�ó�Xe:

(i) �Ñ
¯K(7)��`5^�.

(ii) O�
`2,1�ê��C�f.

(iii) Äu¯K(7)�K���C�f�(�, JÑ
\��CFÝ�{¿y²T�{�Âñ5.

�©(�Xe: 31�!¥, ·�0�
à¼ê�g�©¿�Ñ¯K(7)��`5^�; 1n!

JÑ\��CFÝ�{��Ñ�{�Âñ5; 1o!�Ñ{��(Ø.

ÎÒIP: sign(·)�«5¼ê, =sign(t) = 1, et > 0; sign(t) = 0, et = 0; sign(t) = −1,

et < 0.

2. �`5^�

�!�Ñ�©¤I��'½Â9�`5^�, �)g�©Ú�C�f�½Â.
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2.1. ¯K(7)��`5^�

Äk, ·�0�¯K(7)��`5^�. �
{B, Pf(x) =
∑m

i=1H(ATi x− bi), g(x) := λ‖x‖2,1,

K¯K(7)�dL«�Xe¯K:

min
x∈Rn

F(x) := f(x) + g(x). (8)

½Â 2.1 [22] �F´Rþ��~à¼ê, x ∈ Rn, e�3ξ ∈ Rn÷v

F(y) ≥ F(x) + ξ>(y − x),∀y ∈ Rn},

K¡ξ�F3x?�gFÝ. ¼êF3x?¤kgFÝ�8Ü¡�F3x?�g�©, P�∂F(x), =

∂F(x) = {ξ ∈ Rn|F(y) ≥ F(x) + ξ>(y − x),∀y ∈ Rn}.

Pm(z) := ‖z‖2 = (
∑|Gl|

j=1 z
2
j )

1
2 ,∀ z ∈ R|Gl|, l ∈ {1, · · · , L}. K�i = 1, . . . , n, l = 1, . . . , L�,

‖x‖23x̂?�g�©L«�:

∂m(x̂Gl) =

{
x̂Gl
‖x̂Gl‖2

}, x̂Gl 6= 0,

{vGl : ‖vGl‖2 ≤ 1}, x̂Gl = 0.
(9)

e¡·�^g�©5�x¯K(7)��`5^�. d	, ¯K(7)��`5^���±¦^��

½:�x [23].

½n 2.1 �x̂´¯K(7)��`�:, Kk

0 ∈ ∇f(x̂) + λ∂(

L∑
l=1

‖x̂Gl‖2),

Ù¥, ∂(
∑L

l=1 ‖x̂Gl‖2) = ∂m(x̂G1
)× · · · × ∂m(x̂GL), l ∈ {1, · · · , L},

∇f(x̂) =


∑m

i=1Ai(A
>
i x̂− bi), |A>i x̂− bi| ≤ δ∑m

i=1 δAi sign(A>i x̂− bi), |A>i x̂− bi| > δ
.

2.2. g(·)��C�f

½Â 2.2 [18, 24] -g´Rnþ��~à¼ê, é∀σ > 0, σg(x)��C�f½Â�:

proxσg(x) := arg min
y∈Rn
{g(y) +

1

2σ
‖y − x‖22}, ∀x ∈ Rn.

dug´�~4à¼ê, Ké?¿�x ∈ Rn, proxσg(x)���3���, `²�C�f´û½Â

�. �â½Â2.2, ØJO�Ñ`2�ê��C�f:
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proxtλ‖·‖2(x) =

x− tλx
‖x‖2 , ‖x‖2 ≥ tλ,

0, Ù¦.
(10)

Ù¥, t > 0, λ > 0. duCþx ∈ Rn�±©¤L�|, =x = (xG1
, · · · , xGL), �g(x) = λ‖x‖2,1 =

λ
L∑
l=1

‖xGl‖2. d�C�f�½ÂÚg(x)�|�©5, tg(x)��C�fXe¤«:

proxtg(x) = (proxtg(x))G1
× · · · × (proxtg(x))GL (11)

Ù¥, (proxtg(x))Gl = proxtλ‖·‖2(xGl) (l = 1, · · · , L).

�e5�Ún�Ñ
g��C�fÚg�©�m�'X.

Ún 2.1 [25] -g´Rnþ��~à¼ê, y ∈ Rn, K

x ∈ ∂g(y) ��=� y = proxg(x+ y).

�e5�½n�ÑHuber¼ê�FÝLipschitz~ê, T½n�y
\��CFÝ�{�Âñ(

J.

½n 2.2 Huber¼êf(x) =
∑m

i=1H(ATi x − bi)´ëY��à¼ê, �ÙFÝ´Lipschitz ëY�,

LipschitzëY~ê�L = ‖A‖2F .

y². é∀x, y ∈ Rn. (i) �|A>i x− bi| ≤ δ, |A>i y − bi| ≤ δ�, k

‖∇f(x)−∇f(y)‖2 = ‖
m∑
i=1

(Ai(A
>
i x− bi)−Ai(A>i y − bi))‖2

≤
m∑
i=1

‖AiA>i ‖2 · ‖x− y‖2 =

m∑
i=1

‖Ai‖22 · ‖x− y‖2

= ‖A‖2F · ‖x− y‖2.

(ii) �|A>i x− bi| ≤ δ, |A>i y − bi| > δ�, k

‖∇f(x)−∇f(y)‖2 = ‖
m∑
i=1

Ai(A
>
i x− bi)−

m∑
i=1

δAi sign(A>i y − bi)‖2

≤
m∑
i=1

‖Ai(A>i x− bi − δ sign(A>i y − bi))‖2

=
∑

i∈{i|A>i y−bi<−δ}

‖Ai(A>i x− bi + δ)‖2 +
∑

i∈{i|A>i y−bi>δ}

‖Ai(A>i x− bi − δ)‖2

≤
∑

i∈{i|A>i y−bi<−δ}

‖Ai(A>i x−A>i y)‖2 +
∑

i∈{i|A>i y−bi>δ}

‖Ai(A>i x−A>i y)‖2

≤
m∑
i=1

‖AiA>i ‖2 · ‖x− y‖2 = ‖A‖2F · ‖x− y‖2.
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(iii) �|A>i x− bi| > δ, |A>i y − bi| ≤ δ �, k

‖∇f(x)−∇f(y)‖2 = ‖
m∑
i=1

δAi sign(A>i x− bi)−
m∑
i=1

Ai(A
>
i y − bi)‖2

=
∑

i∈{i|A>i x−bi<−δ}

‖Ai(−δ + bi −A>i y)‖2 +
∑

i∈{i|A>i x−bi>δ}

‖Ai(δ + bi −A>i y)‖2

≤
∑

i∈{i|A>i x−bi<−δ}

‖Ai(A>i x−A>i y)‖2 +
∑

i∈{i|A>i x−bi>δ}

‖Ai(A>i x−A>i y)‖2

≤
m∑
i=1

‖AiA>i ‖2 · ‖x− y‖2 = ‖A‖2F · ‖x− y‖2.

(iv) �|A>i x− bi| > δ, |A>i y − bi| > δ�, k

‖∇f(x)−∇f(y)‖2 = ‖
m∑
i=1

δAi sign(A>i x− bi)−
m∑
i=1

δAi sign(A>i y − bi)‖2

= δ‖
m∑
i=1

(Ai(sign(A>i x− bi)− sign(A>i y − bi)))‖2

≤ δ
m∑
i=1

‖Ai‖2
‖(sign(A>i x− bi)− sign(A>i y − bi))‖2

‖A>i (x− y)‖2
· ‖A>i (x− y)‖2

≤ δ
m∑
i=1

‖Ai‖22
‖(sign(A>i x− bi)− sign(A>i y − bi))‖2

‖A>i (x− y)‖2
· ‖x− y‖2

≤ δ
m∑
i=1

‖Ai‖22
‖(sign(A>i x− bi)− sign(A>i y − bi))‖2

‖(A>i x− bi)− (A>i y − bi)‖2
· ‖x− y‖2

≤
m∑
i=1

‖Ai‖22 · ‖x− y‖2 = ‖A‖2F · ‖x− y‖2.

nþ(i)-(iv), é∀x, y ∈ Rn, ��

‖∇f(x)−∇f(y)‖2 ≤ ‖A‖2F · ‖x− y‖2. �

3. \��CFÝ�{

�!�Ä`z¯K(8)

min
x∈Rn

F(x) := f(x) + g(x)

�k��{. d½n2.2��, f(x)´ëY��à¼ê�FÝ´LipschitzëY�, ÙFÝLipschitz~

ê�L = ‖A‖2F > 0. `z¯K(8)d1wÜ©f(x)Ú�1wÜ©g(x)|¤, 3(10)(11)¥®²

�Ñg(x)��C�f, Ïd�^�CFÝ{5¦)¯K(8). ,�CFÝ{´���{,
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BeckÚTeboulle [26]�Ñ: �Ú���½Ú�¿�u½�u 1
L
�, ÙÂñ�Ý�kO( 1

k
), \�

�CFÝ�{3=¦^FÝ&E��¹e,Âñ�ÝU��O( 1
k2

). Ïd, �©æ^Xe\��CF

Ý�{5¦)¯K(8).

Äké¯K(8)Ú\Xe9Ï¼ê

Qt(x, z) = f(z) + 〈x− z,∇f(z)〉+
1

2t
‖x− z‖22 + g(x), (12)

Ù¥t > 0´��~ê. XJ1kÚS�®¼�S�:yk, ·��{�xk+1deª�),

xk+1 = arg min
x∈Rn

Qγ(x, yk)

= arg min
x∈Rn

{
f(yk) + 〈x− yk,∇f(yk)〉+

1

2tk
‖x− yk‖22 + g(x)

}
= arg min

x∈Rn

{
g(x) +

1

2tk
‖x−

(
yk − tk∇f(yk)

)
‖22
}

= proxtkg (yk − tk∇f(yk)).

âd, e¡�Ñ¦)¯K(8)�\��CFÝ�{�µe.

�{3.1 \��CFÝ�{

Ð©Ú: �½λ > 0, γ1 = 1, t0 > 0, x−1 = x0 ∈ Rn, υ0 = x0, δ > 0, ρ > 1, k = 1.

Ú1: -γk = 2

1+
√

1+ 4
γk−1

, yk = (1− γk)xk−1 + γkυ
k.

Ú2:

I. O�zk: zk = yk − tk∇f(yk).

II. òzk, ykU�½��ª©¤L�|.

III. él = 1, · · · , L, O�

xk = proxtg(z
k) = (proxtg(z

k))G1
× · · · × (proxtg(z

k))GL (13)

Ù¥(proxtg(z
k))Gld(10)ª½Â.

Ú3: -vk = xk−1 + 1
γk

(xk − xk−1).

Ú4: -k := k + 1, =\Ú1.

ÑÑ: xk.
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3�{3.1¥,

∇f(yk) =


∑m

i=1Ai(A
>
i y

k − bi), |A>i yk − bi| ≤ δ∑m
i=1 δAi sign(A>i y

k − bi), |A>i yk − bi| > δ

.

�γk÷v±e^�µ

γ1 = 1,
(1− γk)tk

γ2
k

≤ tk−1

γ2
k−1

, k > 1, (14)

γ2
k

tk
= O(

1

k2
). (15)

½n 3.1 �{xk}´�{3.1�)�S�, �Ú�tk = 1
L
, x∗�4�), K

F(xk)−F(x∗) 6
2L

(k + 1)2
‖x0 − x∗‖22. (16)

y². dÚn2.1��, −xk + yk − tk∇f(yk) ∈ tk∂g(xk). Ï�¨v¼êg �à¼ê, Ké∀x ∈
Rn, k

tkg(x) > tkg(xk) + 〈−xk + yk − tk∇f(yk), x− xk〉, (17)

qÏ���¼êf´à��FÝL−LipschitzëY�, Kdf��gþ.5�Útk = 1
L
��

f(xk) 6 f(yk) + 〈∇f(yk), xk − yk〉+
1

2tk
‖xk − yk‖22. (18)

(Ü(17)Ú(18), ��

F(xk) =f(xk) + g(xk)

6g(x) + f(yk) + 〈∇f(yk), x− yk〉+
1

tk
〈xk − yk, x− xk〉+

1

2tk
‖xk − yk‖22

6g(x) + f(x) +
1

tk
〈xk − yk, x− xk〉+

1

2tk
‖xk − yk‖22

=F(x) +
1

tk
〈xk − yk, x− xk〉+

1

2tk
‖xk − yk‖22.

3þª¥©O�x = xk−1, x = x∗, 2©O¦1− γkÚγk¿�\��:

F(xk)−F(x∗)− (1− γk)(F(xk−1)−F(x∗))

6
1

tk
〈xk − yk, (1− γk)xk−1 + γkx

∗ − xk〉+
1

2tk
‖xk − yk‖22.

(19)
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(Üyk = (1− γk)xk−1 + γkv
k−1Úvk = xk−1 + 1

γk
(xk − xk−1), K(19)�L«�

F(xk)−F(x∗)− (1− γk)(F(xk−1)−F(x∗))

6
1

2tk
(‖yk − (1− γk)xk−1 − γkx∗‖22 − ‖xk − (1− γk)xk−1 − γkx∗‖22)

=
γ2
k

2tk
(‖vk−1 − x∗‖22 − ‖vk − x∗‖22).

(20)

d(20)��

tk
γ2
k

(F(xk)−F(x∗)) +
1

2
‖vk − x∗‖22 ≤

tk
γ2
k

(1− γk)(F(xk−1)−F(x∗)) +
1

2
‖vk−1 − x∗‖22 (21)

(Ü(14)Ú(21), �

tk
γ2
k

(F(xk)−F(x∗)) +
1

2
‖vk − x∗‖22 6

tk−1

γ2
k−1

(F(xk−1)−F(x∗)) +
1

2
‖vk−1 − x∗‖22. (22)

�E¦^(22)��

tk
γ2
k

(F(xk)−F(x∗)) +
1

2
‖vk − x∗‖22 6

t1
γ2

1

(F(x1)−F(x∗)) +
1

2
‖v1 − x∗‖22. (23)

duγ1 = 1, v0 = x0, �âØ�ª(20), KØ�ª(23)�m>�=z�

t1
γ2

1

(F(x1)−F(x∗)) +
1

2
‖v1 − x∗‖22

6
(1− γ1)t1

γ2
1

(F(x0)−F(x∗)) +
1

2
‖v0 − x∗‖22 =

1

2
‖x0 − x∗‖22.

(24)

�

�(Ü(14), (23) Ú(24)��

F(xk)−F(x∗) 6
2L

(k + 1)2
‖x0 − x∗‖22.

4. o(

�©ïÄ
ÄuHuber��¼êÚ|Lasso�|Ü`z¯K, Äk·�¦^²;g�©�Ñ¯K

��`5^�. Ùg, �éT|Ü`z¯K, �O
\��CFÝ�{¿©Û
�{�Âñ5, Ó�

T�{�Âñ�Ý��O( 1
k2

). �©�¦)|Lasso`z¯KJø
nØÚ�{Ä:. ò?�ÚÏL

ê�¢��y�{��J.

Ä7�8
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