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Abstract

The labelling of a graph G is injection g of the labels of vertices to a set of integers, and the labels of
each edge e = uv are induced by the g(u) and g(v). In the paper, the k-gracefulness and sequence of
graphs are given, and we also prove P,(m) graph is k-graceful, sequential, and harmonious.
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B GHIHr 5 RIBCHITH SRR — M EHEBTg, HXte = uv € E(G)Hig(u)Mg(v)FE = Hilelitns . &
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L. 5ISREESGR
IR bR 5 B TE GRS . TRIE . ML, BTRSCEETTI AT 2N . RS EERT T P,
HE ) P(m) ) kAR SRR S RUFHIRRS . S0 G =(V,E) #ox— AT v, W8N E BB LA
ot Bl SR R B IARIE WL 1]
B 1: BRI G =(4,B) 2 k-t (k-graceful) B, A FxHE T IEEEH &,
[V (G)—>{0.1,2,- | E|+k -1

1)
() =1/ ()= £ ()
Fr s R T i e=uv e E(G), HHUR
E(G) - {kk+1,--,k+|E|-1}

AN RSN GH D RIS BR REE, 2 k=11, sl priirise

EX 2: WK G =(4,B) 275 El(sequential graph), MWRAFIE—H4T,
0:V(G)—>{0.1,2,--,|E|-1}
(R G 2R, NS |E)NBER)
0 (uv)=6(u)+6(v)
Fre B T il e=uv e E(G), BN
E(G) - {c.c+1,-,c+|E|-1
s MU O ¢ NHE—FEEERD) . O8N G HI—DFIR T,
FEE X 2 TS 0, EEREO" (uv) = 19(u)+9(v)(mod|E|)(XﬂL uv € E(G) itk
E(G)—>{0,1,2,---|E|-1} fx04F, WFkoH G i—MARIES . B G i,
HIZE 2 ATUAE R R P AUbs S 5 E I, sifs 2 Tz mbs S, RIFPalbe 5 22
PRI 5 HAF IR o
EX 3: MTHRE >3, WP =xx,x, Nn DEME, £ P, L x5 xR Nm>1%
KATHIBE Xy, %, 1=L20n=2, j=12,m, AFKEFNER. CE P (m,my,m, ).
il 1% 1 2
V (B, (momy,em, )=V (P)U{y,, [1<i<n-21<j<m},
E(F;(ml,mz,---,mn_z)):E(Pn)U{xl.yl.,j,yi’jxi+2 [1<i<n-2,1<;< ml.} .

Em=m=21, 1<i<n-2, WLP,(m,my, - ,m,_,)H Pm). W1, K2R,
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Figure 1. P5(2)
1. [& P;(2)
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Figure 2. P¢(1)
[& 2. & Pg(1)

25+k 23+k 20+k

Figure 3. P;(2) and k-graceful labelling
3. B P,QRE xS

Figure 4. P¢(2) and sequential labelling
4. B PQREFINES

AL T P (m) B k-ARSERR S R FIbS 5. 458 7 e

EH 1:

EH 2
#ig1

HEW 2:

WFEAR >3, m=>1, P(m)e k-2,
: STEHR >4, m>1, PmEFIHE.

s (RIFEE DT EHRE >3, P,Q)EMTEA.
SFERE =4, m=1, P(m)ZHFAE.
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X E 3B PR kAR ERRS, & 4 2B P()WITER S
A LARE— BB P, (my,my, - m, ) RFEMERFFIME, AT

MR 1 NTERE =3, m=1, 1<i<n-2, B /(m,m,,,m,_,) 52 -LEE?
B 2: NTHERE =4, m=1, 1<i<n-2, P /(m,m,-,m,_,)RBERFIE?

2. EIRRYIERA

|V(P (m))|=mn—2m+n ’ |E(P (m))|=2mn—4m+n—l o

n n

2.1. FEE 1 BYEER
X EIFOLE S P, (m) T bR f R
B 1: n NEH
f(x)=i-1, i=1-(n+1)/2,
f(xZi)zmn—3m+n—i+k—l, izl,---,(n—l)/Z,
f(ya,)=2mn=2m+n-(2m=1)i=2j+k=-1, i=1-(n=1)/2, j=1-m,
f(yzl.’j)=n—2m—2+(2m—l)i+2j, izl,---,(n—3)/2, j=L,m.

NHERAE £52 P, (m)H) k- ERRS .
1) AR SRR A F
a) WAREUWTE1L:

Fo)# () (2, 1<i,j<(n+1))2),
)= f(x,) Gi=j.0<ij<(n-1)/2),
F(raos)# f (o) Gi=JBE, sze: s=t, izj, 1<s<m, 1<i,j<(n-1)/2),

Fa)# f(92,) G=jW, s=t: s=tM, iz, 1<st<m, 1<i,j<(n-3)/2).

b) ¥
Ay ={f () 1Si<(n+1)/2), € ={f(vay)) 110 (n=1)/2,1< j <},
A ={f () N<i<(n=1)/2}, € ={f(y,)I1<i<(n=3)/2,1<j<m}.
£&l
A,NA =A,NC,=A,NC, =ANC,=A,NC, =C,NC, =D.
F b

minA, = f(x)=0, maxA, = f(x,)=(n-1)/2,
minA, = f(x,,)=mn=3m+(n-1)/2+k, maxA, = f(x,)=mn—-3m+n-2+k,
minC, = f(¥,,,,) =mn=3m+3(n-1)/2+k, maxC, = f(y,)=2mn—4m+n-2+k,
minC, = f(y,)=n-1, maxC, = f(y,,,)=mn—3m+(n-1)/2.

T2&H minA; <max A, <minC, <maxC, <minA, <maxA, <minC, < maxC, »
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2) max{ f(v)lver(p, (m))}:maxCO:2mn—4m+n—2+k:k+‘E(Q(m))‘—lo
3) AFEFIAEAR S ANA .

{ Yaio 1] x2i—1 Hf yZi—lj)_f('xZiJrl

{2mn dm+n-2+k,2mn—4m+n-3+k,- mn—3m+n—1+k}
I, :{|f(x2:')_f(x2i—l) > (x2i)_f('x2i+1)
={mn—3m+n—2+k,mn—3m+n—3+k,~~,mn—3m+k}’

:{‘f(yZi,/‘)_f(XZi) P (yZi,j)_f(xZHZ)
{mn—3m—l+k,mn—3m—2+k,---,k}

lSiS n—-1)/2,1<j<m
1<i<(n-1)/ }

>

1<i<(n-1)/2}

1<i<(n-3)/2,1< ) <m]

HQR)ZARA Va,bel,, i=123, Hazb. XK
maxl, =2mn—4m+n-2+k, minl, =mn-3m+n-1+k,
maxl, =mn-3m+n-2+k, minl, =mn-3m+k,
maxl, =mn—-3m—-1+k, minl; =k.
f# minl; <max I <minl, <maxI, <minl, <maxI , #HMA, L[N, =T, i#;j, 1<ij<3. T2
Va,beLULUL, Ha=b.
4) max{f'(e)|ee E(B,(m))} = max1, = 2mn—dm+n-2+k =k+|E(B, (m)) -1 -
ZAE~4), mERERE L, R Pm) k—EEkS. 5 Pm)e HEERE.
B0 2: n NIEEL

fx)=i-1, i=1-,n/2,
f(xy)=mn=2m+n—i+k-1, i=1-,n/2,
S (ai,)=2mn=2m+n—(2m=1)i=2j+k=1, i=1-(n=2)/2, j=1-,m
f(va)=n=2m=24(2m=1)i+2j, i=1-(n=2)/2, j=L-m

BT RO 1 FRE, SREERED 2 2 P(m)E k- 3EAR S .
ETE 1 EEE

2.2. ETE 2 RYIEFA

Ty G DL SE S P (m) R TR G bR 5 0T

B 1: n=1(mod3)

B0 1.1: 0 NEH

0(x,,)=(n-1)/2+i, i=1-,(n+1)/2,
0(x,)=i-1, i=1-,(n-1)/2,

O(yy1,;)=2mn—4m+3n-4-3i-2j(n-2), i=1+(n-1)/2, j=1-,m
0(y,,)=2mn—4m+5(n-1)/2-3i-2j(n-2), i=1+,(n-3)/2, j=1,m

NHE 0 A P (m) 1T IR
1) A T SR S A
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a) W
B={0(x,)[1<i<(n-1)/2}U{0(x, ) [1<i<(n+1)/2},
C, ={0(va )11 <(n=1)/2}, j=1,eim,
D, ={0(y,,)[1<i<(n=3)/2}, j=1rm.
H 6 & XA

minB=0, maxB=n,
mian:2mn—4m+(3n—5)/2—2j(n—2), j=1-,m,
maij:2mn—4m+3n—7—2j(n—2), j=1m,
mil’lDifzzmn—4m+n+2, j:l’...’m,

maxD, =2mn—4m+5(n-1)/2-3-2j(n-2), j=1--,m,

N3

5 minB <maxB <minD,, <maxD,, <minC, <maxC, <minD,_, <maxD, , FRA

<---<minD; <max D, <minC, < maxC,
BNC;=BND,=C,ND,=J, j=1-m- %Vu,veV(P"(m)), Huzv, HOu)=0(v)-
2) max{0(v)|veV (B, (m))} = 2mn—4m+n-3<2mn—4m+n—-1=|E(B,(m)) -
3) AR HAR S A o
T, ={0(x)+0(x, ) 1<i<n—-1}={(n+1)/2,(n+1)/2+1-,(n+1)/2+n-2},

I, = {H(yZi—l,j)+9(x2i+1)59(y2i—1,/’)+9(x2i—1> |[1<i< (”_1)/2}
={2mn—4m+(Tn—11)/2-2j(n-2),2mn—4m+(Tn—-11)/2-1-2j(n-2),,
---,2mn—4m+(5n—7)/2—2j(n—2)}, j=1-m

I, ={9(y2,.,j)+9(x2,+2) ,9(y2l.1].)+9(x2[.)|1sl's(n—3)/2}
={2mn—4m+(5n-9)/2-2j(n-2),-- . 2mn—4m+(3n-1)/2-2j(n=2)}, j=1,-.m
H
Jl :JZ,mqu,m
={(3n-1)/2,(3n-1)/2+1,-,(5n=9)/2}
U{(5n-7)/2.(5n-7)/2+1,-+(Tn—11) /2}
Jz :JZ,m—IUJI,m—l

{(Tn=9)/2,(Tn—9)/2+1,---,(9n-17)/2} ,
U{(9n-15)/2,(9n-15)/2+1,--,(11n-19)/2}

Jm =J2,1 UJI,I
={2mn—4m—(n—1)/2,2mn—4m—(n—17)/2+1,--,2mn—4m+(n—1)/2}
U{2mn—4m+(n+1)/2,2mn—4m+(n+1)/2+1,---,.2mn —4m+3(n—1)/2}
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TREINI, =D, i#j, 0<i,j<m, Wi3Ve feE(P(m)), #Fexf, H0(e)%0(f)-
I=1,U5 UL, U---UIJ,

4 ={(n+1)/2,(n+1)/2+1,--,2mn—4m+3(n-1)/2} -
={(n+1)/2,(n+1)[24 1w, (n41) )2+ |E (P, (m))}

ZEE(D)~(4), HFEFEREXF, 6 & P,mWFIGS. #15 P.(m)2 75K,
B 1.2: n AEE

O(x,_)=n/2+i, i=1-,n/2,

0(xy)=i-1, i=1--,n/2,
O(yyr;)=2mn—4m+3n-4-3i-2j(n=2), i=1-(n=2)/2, j=1-,m,
(v, ) =2mn—4m+(5n-2)/2-3i-2j(n=2), i=1,(n=2)/2, j=1,m.

FALTAEDL 1.1 UER, SRR 1.2 5 0 =2 P(m)IIFHIRR S

FERGOL 2, AT S1EA 1 FBEESAE 0 /2 P,m)KIFAIbR S . MU R AIRR S, AINRAIE.
B0l 2: n=0,2(mod3)

B 2.0: n NEH

O(xy,)=(n=3)/2+i, i=1-,(n+1)/2,
O(xy)=i—1, i=1-,(n-1)/2,
O(yy 1, )=2mn—4m+3n-4-3i-2j(n-2), i=1-(n-1)/2, j=1-m,
0(y,,)=2mn—4m+(5n-7)/2-3i-2j(n-2), i=1-+(n=3)/2, j=1,m.
B 2.2: n AEE

O(yy1 ;) =2mn—4m+3n-4-3i-2j(n=2), i=1--(n=2)[2, j=1-m,

O0(yyi,)=2mn—4m+(5n—4)[2-3i-2j(n=2), i=1(n=2)/2, j=1,m.

SETE 2 EEE,

SE

[11 S EEM]. et TR H AR, 1991
[2] Lk, ZHIF. K THEM P MARSEVE]. EARITL 24, 1994, 6(14): 26-30.
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