
Pure Mathematics nØêÆ, 2023, 13(10), 3071-3079

Published Online October 2023 in Hans. https://www.hanspub.org/journal/pm

https://doi.org/10.12677/pm.2023.1310317

o�¯K�Morleyk��9ÙBellk���{

��� $$$

B²�ÆêÆ�ÚOÆ�§B²B�

ÂvFÏµ2023c9�18F¶¹^FÏµ2023c10�19F¶uÙFÏµ2023c10�31F

Á �

o�¯Kq��­NÚ�§§å
uÔn¥ëY0�åÆ+���5��nØ"é­NÚ�§�

\�¦)éNõ¢S¯K§Xó§ïÓ�O§6NåÆ�äké­��¿Â"�©Ì�?Ø¦)

­NÚ¯K�k���{§Äkí�ÑÙf/ª§|^morleyk���m§bellk���m%C

��§�)�m§,��ÑéA�L∞Ø�¿�é'
ü«�{�Âñ�"

'�c

­NÚ§k��§Morley�§Bell�

The Morley Element and Bell Element for
Fourth Order Elliptic Equations

Yun Yue

School of Mathematics and Statistics, Guizhou University, Guiyang Guizhou

Received: Sep. 18th, 2022; accepted: Oct. 19th, 2023; published: Oct. 31st, 2023

Abstract

The fourth-order problem, also known as the reharmonic equation, originates from the
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elastic sheet theory in the field of continuum mechanics in physics. The accelerated

solution of reharmonic equations is of great significance for many practical problems,

such as engineering and architectural design and fluid mechanics. This paper focuses

on the finite element method for solving the reharmonic problem, first derive its

weak form, using the morley finite-element space and the bell finite-element space

approaching the solution space of the original equation,Then the corresponding L∞

error is given and the convergence order of the two methods is compared.
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1. Úó

­NÚ�§´êÆ¥ïÄ��a�§§Ù�9��¼ê9Ù �ê�m�'X§2�A^u

ÔnÆ!ó§Æ!²LÆÚ)ÔÆ�+�§éu£ãg,y�Ú)û¢S¯KåX'��^"c

Ù36NåÆ¥k2��A^§�±^u�[Ú©Û�«6Ny�Ú¯K"X.¡$ÄÚL¡Ü

åµ.¡¯K�9ü«½õ«ØÓ6N�m��.¡"ÏLA^.¡­NÚ�§§�±ïÄ�%!

í�!�N����/�üzÚÄåÆ1�"d	§­NÚ�§��±£ãL¡Üåy�§X�

%�­½5Ú���C/"õ�6Ä�9ØÓ�(X�N!�N!íN)36N¥��p�^"ÏL

¦)ü6Nm��p�^­NÚ�§§�±ïÄÚ`zhímæ!ÒzL§!zó�Aì�õ�

6Äy�"o�§­NÚ�§36NåÆ¥�A^��2�§ºX
.¡$ÄÚL¡Üå!õ�

6Ä�+�"ù
A^�·��\n)Ú)û¢S6N¯KJø
­��êÆóäÚ�{"

­NÚ�§´´����5��§§^u£ãÔN�Ä�§�±^u£ãõ«ØÓa.��

Ä§Ù¥�)YÅ!>^|Ú��f��"­NÚ�§�½Â�±^5£ã,
a.�Ä�XÚ§

ù
XÚ�±^ëþL«§XAÏëþÄåÆ(SPMD)ëþ!AÏëþ(�(SPS)ëþ�"§�±

�¤µ

54ϕ = 0

½ö�¤µ
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52 52 ϕ = 0

½ö�¤µ

42ϕ = 0

Ù¥5´FÝ�f§4´Laplace�f.

o�ý�¯K3y¢)¹¥kNõ­�A^§Ù²;¯K´£ã
��­¯K§Xeµ

∆2u = f in Ω (1.1)

>.^�µ

u =
∂u

∂n
= 0 on ∂Ω (1.2)

ùpΩ ⊂ R2 ´k.Ý/«�§>.�µ∂Ω, n ´>.n ∂Ω�	{�þ.e¡�Ñf)�½Âµ

·�b�aij , bi, c ∈ L∞(U), f ∈ L2(U)§XJ�§Lu = fk)u§@ow,u ∈ C2(U).·�*

Ü�e§3H1
0 (U)S�Ä§§´��Hilbert�m.�fL´��k.�f§�âHilbert�m�nØ§

§éA��V�5..½ÂÑÝ.�fL�V�5.�µ

B[u, v] =

∫
U

(∑n
i,j=1 a

ijuxi
uxj

+
∑n

i=1 b
iuxi

v + cuv
)
dx, u, v ∈ H1

0 (1.3)

¡u ∈ H1
0�cã>�¯K�f)§XJ

B[u, v] = (f, v),∀v ∈ H1
0 (1.4)

ÙSÈ´L2(U)þ�.

�§(1.1)-(1.2)�f)½ÂXeµH2
0 (Ω) =

{
ϕ ∈ H2(Ω) : ϕ = ∂u

∂n
= 0
}

, ϕ ∈ H2
0 (Ω) ÷v

a(u, ϕ) = F (ϕ) (1.5)

ùp

a(u, ϕ) =< ∆u,∆ϕ > (1.6)

F (ϕ) =< f,ϕ > (1.7)

2. f)��35Ú��5

3�!§·��ÄV�5.a(u, v) = (∆u,∆v),e¡`²�§(1.5) �f)�3���. ·��

Ä�§(1.1)�f)(1.5)��3��5.d(Lax−Milgram)½n�Ñ.

Ún(Lax−Milgram) �B : H ×H → R´V�5.§��3�êα,β¦�

(1) |B[u, v]| ≤ α||u||||v||
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(2) B[u, v] ≥ β||u||2

�u, v ∈ H,�f ∈ H∗´k.�5�¼§K�3���u ∈ H¦�B[u, v] = (f, v),∀v ∈ H

½n(Existence and Uniqueness) �V = H2
0 (Ω),SÈ´< v,w >=

∫∫
Ω

∆v ·∆wdxdy,∀v, w ∈
V .dSÈp���ê�||v||2,Ω =

(∫∫
Ω
|∆v|2dxdy

) 1
2 .K(1.5) k��).

Proof .Ï�V = H2
0 (Ω),KV ´Hilbert�m.w,a´V�5.�,�

a(u, v) =

∫∫
Omega

∆u ·∆vdxdy

≤
(∫∫

Ω

|∆u|2dxdy
) 1

2
(∫∫

Ω

|∆v|2dxdy
) 1

2

= ||v||2,Ω||u||2,Ω

,	,∀v ∈ V ,a(v, v) = ||∆v||22,Ω,duv|∂Ω = 0 and Poincaré Ø�ª,-∆v = 5w,·���

a(v, v) = || 5 w||22,Ω ≥ C||w||22,Ω

��, Ï�f ∈ L2(Ω), ·��±��

F (v) =< f, v >=

∫∫
Ω

f(x, y)v(x, y)dxdy ≤
(∫∫

Ω

|∆f |2dxdy
) 1

2
(∫∫

Ω

|∆v|2dxdy
) 1

2

= C||v||2,Ω


�Ï�f´��3Vþ�ëY¼ê.dLax−Milgram½n§��(1.5)�3��).

3. k���m

3�!¥§-τh´«�Ω̄ þ�n�/ü�§�h = maxK∈τhhK§ùphK = diam(K).·�

±τh!εh!Nh©OL«n�/ü�!n�/>!n�/º:.

y3·��Ä�§(1.5)�k���m§b�T«�´õ>/�§¿òÙy©�n�/ü�§

÷vÏ~��K5^�Ú_Ø�ª"b�ü�K�»�hK ≤ h"

-Vh��§(1.5)�k���m§K3�mVhÏéÄ¼êϕh§�kµ

ah(uh, ϕh) = (f, ϕh),∀ϕh ∈ Vh (3.1)

3.1. Morleyk��

Morleyk��k6�gdÝ§3z�ü�þ�Ä¼êdn�!:�¼ê�ui, i = 1, 2, 3Ún^

>�¥:�{��ê
(
∂u
∂n

)
i
, i = 1, 2, 3û½.3«�>.?§¼ê�!:�Ú	{���Ñ´0.�

õMorleyk���m�'�£§w [1–3]§Ùk���m½ÂXe§Xã 1µ
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Sm={ ϕh ∈ P2(τh) : ϕh ´ëY�é?¿�p ∈ Nh,

ϕh�0é?¿�p ∈ Nh ∩ ∂Ω,

�
∫
e
∂ϕh

∂n
= 0,∀e ∈ εh }

Figure 1. Morley finite element

ã 1. Morleyk��

3.2. Bellk��

Bellk��k18�gdÝ,�§�Ä¼êdº:¼ê�ui, i = 1, 2, 3,�� ��
(
∂u
∂x

)
i
,
(
∂u
∂y

)
i
,

i = 1, 2, 3, �� ��
(
∂2u
∂x∂x

)
i
,
(
∂2u
∂y∂y

)
i
,
(
∂2u
∂x∂y

)
i
, i = 1, 2, 3û½.
�3>.þ�{��ê�3>

.þ���3gõ�ª,�Bell��Ä¼ê´5gõ�ª,Xã 2.�õBellk���mw [4],½ÂXeµ

Sb={ ϕh ∈ P5(τh) : ϕh ´ëY�é?¿�p ∈ Nh,

ϕh �0é?¿�p ∈ Nh ∩ ∂Ω,

�
∫
e
∂ϕh

∂n
= 0,∀e ∈ εh }

Figure 2. Bell finite element

ã 2. Bellk��

4. ê�(J

3�!§·�¦^morleyk��Úbellk��O�
n�ê��~¿'�
§��Ø�Âñ

�.e¡�Ñê��~§��Ä�«�Ñ´[0,1]×[0,1]�Ý/«�.1��~f�ý)�µ

u(x, y) = 256x2(1− x)2y2(1− y)2 (4.1)
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�Xü��y©�5�[§�±¦Ñzgy©�Ø����§ù=´¤¢�L∞Ø�§e¡�

Ñcogy©L∞Ø�,�L 1.2|^ChenLong^��p¡�¼êshowrate¦ÑØ�Âñ�.Ì�(

J�µmorley�(Xã 3)Úbell�(Xã 4)ê�)�ã�9ÙL∞Ø�ã�Xe.

Table 1. L∞ error

L 1. L∞Ø�

y©gê 1 2 3 4

morley 0.010417 0.002930 0.000758 0.000191
bell 0.038917004592808 0.001017775678474 3.897287700121987e-05 1.395051674533531e-06

Figure 3. Morley numerical solutions and error logarithmic graph and error convergence order

ã 3. Morleyk���ê�)±9Ø�éêã±9Ø�Âñ�

Figure 4. Bell numerical solutions and error logarithmic graph and error convergence order

ã 4. Bellk���ê�)±9Ø�éêã±9Ø�Âñ�

Morley�ÚBell��Ø�Âñ�©O�1.9462636,4.9010191.

1��ê��~�ý)�µ

u(x, y) = sin(3πx2)sin(3πy2)(x− 1)2(y − 1)y (4.2)
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Ón§L∞Ø�©O�§�L 2. morley�(Xã 5)Úbell�(Xã 6)ê�)�ã�9ÙL∞Ø�ã�

Xe.

Table 2. L∞ error

L 2. L∞Ø�

y©gê 1 2 3 4

morley 1.995570470491183 0.418989959309076 0.069287926574291 0.026190032843825

bell 0.011971727283247 0.002791471179761 2.020078198839911e-04 8.458974880281786e-06

Figure 5. Morley numerical solutions and error logarithmic graph and error convergence order

ã 5. Morleyk���ê�)±9Ø�éêã±9Ø�Âñ�

Figure 6. Bell numerical solutions and error logarithmic graph and error convergence order

ã 6. Bellk���ê�)±9Ø�éêã±9Ø�Âñ�

§��Ø�ÂñÇ©O�µ2.0282621,3.5189126 .

1n�ê��~�ý)�µ

u(x, y) = x2(1− x)2y2(1− y)2ex
2

ey
2

(4.3)

Ón§L∞Ø�©O�§�L 3.morley�(Xã 7)Úbell�(Xã 8)ê�)�ã�9ÙL∞Ø�ã�X

e.
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Table 3. L∞ error

L 3. L∞Ø�

y©gê 1 2 3 4

morley 0.018397469113792 0.006846097300470 0.002129520977141 5.703030884719887e-04

bell 3.798423909805058e-04 2.788286297165064e-05 1.408800314133484e-06 6.253175516018233e-08

Figure 7. Morley numerical solutions and error logarithmic graph and error convergence order

ã 7. Morleyk���ê�)±9Ø�éêã±9Ø�Âñ�

Figure 8. Bell numerical solutions and error logarithmic graph and error convergence order

ã 8. Bellk���ê�)±9Ø�éêã±9Ø�Âñ�

§��Ø�ÂñÇ�µ1.7547371,4.2012410 .

lþ¡�A�~f�±wÑ§morley��Ø��'bell��´é��§�bell��Âñ�Ý

'morley�¯.

5. o(

��©Ù�Ñ
ü«ØÓ�k���m�%Co�¯K�)�m§Ù¥morley�´��N�§

bell�´�N�.3�Ó���y©e§�±wÑmorley��Âñ�Ý´��$ubell��Âñ�Ý

�§ù�nØ´�ÎÜ�.3e�Ú�ó�¥§·ò¬¦^°Ý�p�Argyris��O�­NÚ�§

�ê�).­NÚ�§�k��){��ÝÆSÚ<ó�U�(Ü�´����4<&Ä�¯K§
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