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Abstract

The fourth-order problem, also known as the reharmonic equation, originates from the
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elastic sheet theory in the field of continuum mechanics in physics. The accelerated
solution of reharmonic equations is of great significance for many practical problems,
such as engineering and architectural design and fluid mechanics. This paper focuses
on the finite element method for solving the reharmonic problem, first derive its
weak form, using the morley finite-element space and the bell finite-element space
approaching the solution space of the original equation,Then the corresponding L*

error is given and the convergence order of the two methods is compared.
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K2 MR T, AfLaplace$i.
VU 6 [ ] RRAE B S AR R VR BN, L R R A TR R, 0T

Au=f in Q (1.1)
BTN 5
u
u=5-= 0 on 0N (1.2)

KHO CR? BAFHIVXE, B8 0Q, n 25 n 00 SNE R 8. N % H 55w L
FAME R, b c € L>(U), f € L*(U), WRITELu = fAfu, B BB e CHU) TN
sk—F, HEHNU)NFHE, E— A Hilbert % 0. H FLE— M A7, MRAEHilbert 2 7 1) i,
BRI ARG AR e SRS R ST LI AU ALy
Blu,v] = / (szzl AUy Uy, 4+ Y0 Dug v+ cuv) dz,u,v € H) (1.3)
U

Mru € Hy ATHTERILAE R A g5, R

Blu,v] = (f,v),Yv € H} (1.4)
HABRLX(U) L.
FRE(1.1)-(1.2)E8fkE X HZ(Q) = {p € H*(Q): p =24 =0}, p € H3(Q) /2
a(u,p) = F(p) (1.5)
XH
a(u, @) =< Au, Ap > (1.6)
Fp) =< f,p> (1.7)

2. SSRERYTFAEMEFIME—E

AT, FATEERNEM Ma(u,v) = (Au, Av), FHETEIITTRE(1.5) 1557 HME—. JRA1%
FEJTRE(L.1) IS5/ (1.5) AFAEME— 1. 1 (Lax — Milgram) € B45 H.

51# (Lax — Milgram) WB:H x H— RAZMNZEMER, HAFEEH,BES
(1) |Blu, v]| < af|ul[[[v]]
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(2) Blu,v] = Bllul|*
Hu,ve HXf € H A FLIEZ R, WAAERE—Ru e HEBBu,v] = (f,v),Yv e H

SE B (EBxistence and Uniqueness) WV = HZ(Q),NBR< v,w >= [[, Av-Awdzdy, Vv, w €
V. B ABIE S EVEECA vl 2.0 = ([ |Av]2dedy) ® U (1.5) 10— f#.
Proof.[F AV = HZ(Q),IIV J& Hilberts*[8]. & R aie WL AL, H.

a(u,v) = //o Au - Avdxdy
mega

) <//Q |Au|2dxdy>% (/ /Q IAdea:dy)é

= [[v]l2,ellull20
15 Yo € V ja(v,v) = [|Av]|3 o, H Tv|oq = 0 and Poincaré AER, 2 Av = gw, FA175 2]
a(v,v) = || v wlf3 o > Cllwll3q
5, BAf € L2(Q), BATAT LA
Fv) =< f,v>= //Q f(z,y)v(z,y)dedy < (//Q \Af|2dﬂl:dy>é <//Q |Av|2d$dy)é
= C[v]20

M BB EE —ANEV EWESL R H Lax — Milgram @3, HITE(1.5)7FEME—fif.
3. ARtz E

EZIK%EP7 /?\Thi%lzbji@ LE@E%ﬂ%i‘ﬁi Hh = maxKeTth’ jz%hK = dlam(K)frjiﬂ‘]
PAtin epn N nlRaR = MR IT. =M. =M.

BUAERRATZE 8 TR (1.6) A FR e 22 18], R X 2 10BN, IR Hkil 0 o =M e #oe,
T AL ) IR PR SRR A AN RS R T K BAR A < ho

DV IR (L) IR IRTTAE 8], WA 8]V, TRk H o, HA:

an(un, o) = (f, ¢n),Von € Vi (3.1)

3.1. Morley &R T

MorleyH FRIGH 6 H HE, TERNF 0 1R H = AT S R U, 0 = 1,2, 31 =%
W VAR S H(GY), i = 1,2, 308 AE X IRIL S AL, e T AR R SR ik 1 R A 20,5
ZMorley H BRye 2 A ENIR, F [1-3], HAMRCEE W, Wk 1:
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Hf % =0,Veee, }
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Figure 1. Morley finite element
1. MorleyH Rt

3.2. BellBIRTT

Bellf7 LA 18/ 2, FL & H Mo S T B8 s = 1,2, 3,48 (32) (32
i= 1,23, SR (25) L (2) (25,0 = 12300 T LA T Lk A e
T L BRI A3V 2 S, FLBell TG B BB S T, €] 2.5 % Bell 4§ IR TC A I [4), 5 L F -
Spy={ ¢n € Ps(1) : pp, FRIELIIIHERRIP € Ny,
o NOMERHIp € M, N o9,
Hf % =0,Veece, }

Figure 2. Bell finite element
2. BellF Rt

4. EER

FEATT, FATE Hmorley A IR 7T Mbellf IR IT T 7 =D BUE S BIIF LLEL 7 EATH R Z sk
B g BB S, HL2E R XA 0,1] % [0, 1] AR TR X 380 58 — A9 7~ (R EL AR A

u(z,y) = 2562%(1 — z)%y?(1 — y)? (4.1)
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Table 1. L error

F 1. LXgEE
BIERV €4 1 2 3 4
morley 0.010417 0.002930 0.000758 0.000191
bell 0.038917004592808 0.001017775678474 3.897287700121987e-05 1.395051674533531e-06

Rate of convergence is CN'#
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Figure 3. Morley numerical solutions and error logarithmic graph and error convergence order
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Figure 4. Bell numerical solutions and error logarithmic graph and error convergence order

4. Bell’ 'R 70 BB MR DL B A% 72 55 BB LR AR ZE WSS

Morley 7o F1Bell 7o ) i ZE USSR FT 43 71 241.9462636,4.9010191.
B AN BUE I ELAE A

u(z,y) = sin(3r2?)sin(3ry?)(z — 1)*(y — 1)y (4.2)
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Table 2. L™ error
2. LoE%E
pipaR/e 1 2 3 4
morley 1.995570470491183 0.418989959309076 0.069287926574291 0.026190032843825

bell 0.011971727283247

0.002791471179761

2.020078198839911e-04

8.458974880281786e-06
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Figure 5. Morley numerical solutions and error logarithmic graph and error convergence order
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er=log(err)
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Figure 6. Bell numerical solutions and error logarithmic graph and error convergence order

6. Bellf7 FRIT A BB LL R 3R 22 X0 $ 18 DA R iR ZE UL Sl

EATRHRZ WSR3 2.0282621,3.5189126 .

S =N BAE S K AR

u(z,y) = 2*(1 —

)P (1 —y)%e” eV

(4.3)
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Table 3. L error

% 3. Lo
K53 UKL 1 2 3 4
morley 0.018397469113792 0.006846097300470 0.002129520977141 5.703030884719887e-04

bell 3.798423909805058e-04 2.788286297165064¢-05 1.408800314133484e-06 6.253175516018233e-08

Rate of convergence is CN'#
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Figure 7. Morley numerical solutions and error logarithmic graph and error convergence order
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Figure 8. Bell numerical solutions and error logarithmic graph and error convergence order

& 8. Belly BRICHIEUEME LA B iR 2% $8 UA S iR Z2 LS

EATHIRZISCE N: 1.7547371,4.2012410 .

M ETE LA 7 RT BAE Y, morley st [ 2 #H tibellyt id & 1R K11, Hobellyt 1 iS4 &%
Etmorley JG 1t
5- IEI\éEl:

A SCELE T AR PR oA (8] 25 083 DY B ) @ g 5 1], e HFmorley o2 I UG,
bell 7t 2 Wi 76 25 A F) (1 A% R 23 R, 7 LA Himorley 7GRS SIE B A2 5z e K T bell ot i Wi S5k i
(1, XHHEIRRATTERAE N — B TR, FoR 28 RS BE T8 S Argyris o 5 TH 5 I AT 2
() B8 . SO RN 5 R AT PR T R SR B 24 ST RN TR e M 45 A th e — AME S LE AR FU 10 10 AL,
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