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Abstract

In this paper, The objective of this paper is to investigate a Global dynamics of

Holling type I predator-prey model with equal proportion of prey refuge by introduc-

ing threshold strategy. Here we provide a global qualitative analysis to determine the

global dynamics of the model. Making use of Filippov theory, Lyapunov functions and

Green formula, on the basis of global dynamics of two subsystems, for the predator-

prey model under threshold strategy, we examine the sliding mode dynamics and the

global dynamics. Finally, the theoretical results are verified by numerical simulation.
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1. Úó


)Ó öÚ�Ó ö�m��p'Xég,¥�)ÄÔ+nÚ)Ôõ�5�o�'�. 

ïÄÓ ö- ��.�Ì�8�´£ãÚ©ÛÓ öÚ�Ô�m��p�^, l�Ný¢�g

,y�. 3y¢)¹¥, �Ô2o¤éÓ öÚ�Ô«+���k�K�. �â�#�ïÄ, �Ô

¦^�;J¤�±ÏLO\�¸E,5!Jp���Ô�ÝÚò�Ó ö-�Ô�p�^ [1–3]5J

ø;J, �Ô��±ÏL¯�#�a�½~��Ô¹Ä±9Û- [4–6]��ªïá�m½�m�;

J¤±��ø;Ó ö�8�, ±d;��Ô�«ý. Ïd, �Ä�Ô;J¤´�~k^�. ±e�

.´Ó ö- ��.�^5ïÄð½'~½ð½êþ��Ô¦^2o¤�K� [1–5,7, 8].

31926c, Maynard [9]uL
�
'u�Ô-Ó ö«+�nØ(J. ØÈ��, pd3 [10]¥

ÏL¢��y
¦��ýÿ. k��¢��Ó ö-�ÔXÚ´dúÁÁ(Ó ö)Ú�1[�(�

Ô)|¤�, ¦�ÏL*	úÁÁØU±$�Ý�1[�� �Ñ
±e(Ø: ��1[�3$�Ý

�, §�3��®�.Ü/¤
���ÈÔ, Ïd§�Ã{�ÑE3YÎþ�úÁÁ�>�. Ïd,

�Ô�3���.�Ý, 3ù��Ýe, �Ô¢Sþò3��;J¤±���Ó , ���Ô��Ý

�L
�.�, �ÔÒ¬#Ñy3��®�L¡, ,��±�Ó öÓ .
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�©1�Ü©ò©z [10]¥�ëY�Ó ö- ��.?1í2, í2�©¡1w�Ó ö- 

��., ¿Ú\�'Ç��Ô;J¤, ±ïÄ�'Ç��Ô;J¤éÓ ö- ��.�K�±9©

Û
T�.�ü�fXÚ�ÄåÆ9w�ÄåÆ, 1nÜ©´�ÛÄåÆ�©Û. 3���!, é¤

���(Ø?1
o(. �ëY�©ÄåXÚ�'T�.äkw�ÄåÆ!�²ï:!B�4�

�!w�4���ÕA�5�, ÙïÄ�äk]Ô5.

2. �.0�9ý��£

3Gause et al. [10]ÚMaynard Smith [9]�Ó - ��.¥Ú\
�¹;J¤��Ô«+ê

þRx, ·�?U
õU�A¼ê(Holling 1959), ¦ÙC¤:
dx
dt

= rx
(
1− x

k

)
− c (x−Rx) y

dy
dt

= ec (x−Rx) y − dy
(2.1)

Ù¥, x = x(t), y = y(t)©OL«�ÔÚÓ ö3t���êþ, rL«�Ô«+�S�O�Ç, cL

«Ó ö«+�Ó¼Ç, eL«Ó ö«+��=�Ç, dL«Ó ö«+�k�Ç, kL«�Ô«+

����¸Nþ.

Ù¥Rx�êþ�±lü��Ý�Ä [4, 8]:

(i) Rx = mx, Ûõ�Ô�êþ��Ô��Ý¤�';

(ii) Rx = mxc, Ûõ�Ôêþ�~ê, xc��Ô�.�Ý.

y3�Ä1�«�Ý, qÏ�Ó ö� ��m��p�^� ��êþ�k��'X, � 

��êþ'����ÿ,  �¬ø;å5, ùÒ¦Ó öÓ  ��JÝ\�. ·��±��±eù

�äk1�aõU�A¼ê�ØëY �-Ó �.:
dx
dt

= rx
(
1− x

k

)
− c (1−m)xy

dy
dt

= ec (1−m)xy − dy
(2.2)

Ù¥¤këêþ´�ê.

éXÚ(2.2)?1ÃþjzÚ�mºÝCz, -x̃ = kx, ỹ = ky, t̃ = 1
r
t. ��

dx̃
dt̃

= x̃ (1− x̃)− c̃ (1−m) x̃ỹ

dỹ

dt̃
= ec̃ (1−m) x̃ỹ − d̃ỹ

- ck
r

= c̃, d
r

= d̃, = 
dx
dt

= x (1− x)− c (1− εm)xy

dy
dt

= ec (1− εm)xy − dy
(2.3)

Ù¥ε���¼ê, σ > 0���K�, L«�Ô�u��K�σ�, �Ô¬Ûõå5, ÄKØÛ
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õ.

ε =

 1, x < σ,

0, x > σ,

PR2
+ = {(x, y) ∈ R2 : x > 0, y > 0}, ò(x, y) ∈ R2

+©�±en�Ü©:

Σ =
{

(x, y)
∣∣(x, y) ∈ R2

+, x = σ}

G1 =
{

(x, y)
∣∣(x, y) ∈ R2

+, x < σ}

G2 =
{

(x, y)
∣∣(x, y) ∈ R2

+, x > σ}

P
F1(x, y) = (x (1− x)− c (1−m)xy, ec (1−m)xy − dy)

F2(x, y) = (x (1− x)− cxy, ecxy − dy)

u´, XÚ(2.3)�±�¤e¡�Filippov XÚ:

(
dx

dt
,
dy

dt
) =

F1(x, y), (x, y) ∈ G1

F2(x, y), (x, y) ∈ G2

(2.4)

du�þ|�ØëY5, �©ò?Ø(2.4)Filippov ¿Âe�) [11], Ù½ÂXe:

½Â2.1. e�þ¼ê(x(t), y(t))3(0, T )�?¿k.4f«m[t1, t2]þýéëY(0 < T ≤ +∞), ÷

vx(0) = x0 Úy(0) = y0, ��3�ÿ¼êγ = γ(t): [0, T )→ [0, 1]¦�éA�¤k�t ∈ [0, T )k
dx
dt

= x (1− x)− c (1− γm)xy

dy
dt

= ec (1− γm)xy − dy
(2.5)

@o¡�þ¼ê(x(t), y(t))´XÚ(2.3)LÐ©�(x0, y0)�).

�
�Ä�.(2.5)�)ÔÆ¿Â, I��y�.)��5Úk.5, �5�k.5�y²de

¡ü�·K�Ñ:

·K2.2. -(x(t), y(t))�XÚ(2.5)þ÷vÐ©^�x(0) = x0 > 0Úy(0) = y0 > 0�), ½Â«m

�[0, T ), Ù¥T ∈ (0,+∞], Ké¤k�t ∈ [0, T ), kx(t) > 0Úy(t) > 0.

y². b��3t1,¦�x(t1) < 0,K�30 < t∗ < t1,¦�x(t∗) = 0,��t ∈ (0, t∗)�,kx(t) > 0¤

á, dXÚ(2.5)�1��f�§��.

dx

dt
= x(1− x)− c(1− γm)xy

≥ x[−x− c(1− γm)y]

K�t ∈ (0, t∗)k

x(t) ≥ x0 exp(

∫ t

0

[−x− c(1− γm)y]dt
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AO/, �t = t∗�k

x(t∗) ≥ x0 exp(

∫ t∗

0

[−x− c(1− γm)y]dt > 0

�x(t∗) = 0gñ, �Ø�3t1, ¦�x(t1) < 0, Ón��, é¤k�t ∈ [0, T ), ky(t) > 0. �

·K2.3. XÚ(2.5)lR2
+Ñu�)´k.�.

y². PW = x+ 1
e
y, ÷XÚ(2.5)éW¦�, k

dW

dt
=
dx

dt
+

1

e

dy

dt
= x(1− x)− d

e
y

≤ x(1 +
d

2
− x)− d

2
W

≤
(
1 + d

2

)2
4

− d

2
W

-ρ =
(1+ d

2 )
2

4
, φ = d

2
, Kk

W (t) < W (t0) exp(−φt) +
ρ

φ
(1− exp(−φt))

≤ max

{
W (t0),

ρ

φ

}
Ú

lim
t→∞

supW (t) ≤ ρ

φ

Ïd,XÚ(2.5)lR2
+Ñu�)�ª¬33«�Ω =

{
(x, y) ∈ R2

∣∣∣x+ 1
e
y ≤ ρ

φ
+ θ

}
¥,y.. �

3«� G1þ��.� 
dx
dt

= x (1− x)− c (1−m)xy

dy
dt

= ec (1−m)xy − dy
(2.6)

��±en�²ï:

E+
0 = (0, 0) , E+

1 = (1, 0) , E+
2 =

(
x+

2 , y
+
2

)
=

(
d

ec(1−m)
,
ec(1−m)− d
ec2(1−m)2

)

3«� G2þ��.� x (1− x)− cxy

ecxy − dy
(2.7)

kn�²ï:, ©O�

E−0 = (0, 0) , E−1 = (1, 0) , E−2 =
(
x−2 , y

−
2

)
=

(
d

ec
,
ec− d
ec2

)

éuXÚ(2.5), ²ï:E+
0 E−0 �¢(J)²ï:; é>.²ï:E+

1 E−1 , e1 < σKE+
1 E−1 �

¢(J)²ï:, e1 > σ KE+
1 E−1 �J(¢)²ï:; é/�5²ï:E+

2 E−2 , ex+
2 (x−2 ) < σ KE+

2
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E−2 �¢(J)²ï:, ex+
2 (x−2 ) > σ KE+

2 E−2 �J(¢)²ï:.

½n2.4. 3fXÚ(2.6)¥²ï:E+
0 = (0, 0), ²ï:E+

0 ´Q:.

y². 3fXÚ(2.6)3²ï:E+
0 = (0, 0)?�JacobiÝ
�

JG1

(
E+

0

)
=

∣∣∣∣∣ 1 0

0 −d

∣∣∣∣∣
Ù¥, �âp− q�O{, q = −d < 0, �²ï:E+

0 ´Q:. �

½n2.5. eec(1 − m) < d, 3G1S, >.²ï:E+
1 ´�ÛìC½�, XJec(1 − m) > d,

3G1S, /�5²ï:E+
2 ´�ÛìC½�.

y². eec(1−m) < d, �ÄLyapunov ¼ê

V1 (x, y) = e(x− 1− lnx) + y

du
dV1 (x, y)

dt
= e

(
1− 1

x

)
dx

dt
+

dy

dt

= −e(x− 1)2 + (ec− d)y

≤ 0

�âLaSalle ØC�n, ��>.²ï:E+
1 ´�ÛìC½�.

eec(1−m) > d, �ÄLyapunov ¼ê

V2 (x, y) = e[(x− x+
2 )− x+

2 ln
x

x+
2

] + (y − y+
2 )− y+

2 ln
y

y+
2

du
dV2 (x, y)

dt
= e(

x− x+
2

x
)
dx

dt
+ (

y − y+
2

y
)
dy

dt

= −e
(
x− x+

2

)
≤ 0

�âLaSalle ØC�n, ��/�5²ï:E+
2 ´�ÛìC½�. �

aq/, fXÚ(2.7)��ÛÄåÆ�±ÏLe¡�·K¼�.

½n2.6. 3fXÚ(2.7)¥²ï:E−0 = (0, 0), ²ï:E−0 ´Q:.

½n2.7. eec < d, 3G2S, >.²ï:E−1 ´�ÛìC½�, XJec > d, 3G2S, /�5²ï

:E−2 ´�ÛìC½�.

y². eec < d, �ÄLyapunov ¼ê

V1 (x, y) = e(x− 1− lnx) + y

du
dV1 (x, y)

dt
= −e(x− 1)2 + (ec− d)y ≤ 0
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�âLaSalle ØC�n, ��>.²ï:E−1 ´�ÛìC½�.

eec > d, �ÄLyapunov ¼ê

V2 (x, y) = e[(x− x−2 )− x−2 ln x
x−
2

] + (y − y−2 )− y−2 ln y

y−2

du
dV2 (x, y)

dt
= −e

(
x− x−2

)
≤ 0

�âLaSalle ØC�n, ��/�5²ï:E−2 ´�ÛìC½�. �

4·�|^ [11]¥��
Vg5©ÛFilippov XÚ(2.5)�w�ÄåÆ1�, �)w��Ú�²

ï:��35�.

b�∇H��G1 · LFi
H = 〈∇H,Fi〉 L«�þFi 3H����ê, 〈, 〉�IOSÈ, LmFi

H =〈
∇
(
Lm−1
Fi

H
)
, Fi
〉
L«m�Lie �ê, Ù¥m ≥ 2. ÏL{ü�O�, ·�k

LF1
H = 〈∇H,F1〉 = x (1− x)− c (1−m)xy

LF2
H = 〈∇H,F2〉 = x(1− x− cy).

dLF1
H > 0 �LF2

H < 0 ��,
1− σ
c

< y <
1− σ

c (1−m)

Py1 = 1−σ
c
, y2 = 1−σ

c(1−m)
. �
�Bå�, -T1 = (σ, y1) , T2 = (σ, y2), KT1ÚT2Ñ´�:. Ïd��

�Hþ�w���

ΣS =
{

(x, y) ∈ R2
+ |y1 < y < y2

}
B�«��

ΣC1
=
{

(x, y) ∈ R2
+ |0 < y < y1

}
Ú

ΣC2
=
{

(x, y) ∈ R2
+ |y2 < y

}
¦^XeFilippovà�{ [11],

dZ

dt
= FS(Z) = (1− λ)FG1

(Z) + λFG2
(Z),

XÚ(2.5)�w�ÄåÆ�§�£ã�

dZ

dt
= FS (Z) =

(
0

ex(1− x)− dy

)

Ù¥x = σ. K�§��3�����yp = eσ(1−σ)
d

.

ÏdéuXÚ(2.5)�U�3����²ï:�Ep = (σ, yp), �â [11], Ep �3��=�y1 <

yp < y2, qÏ�∂G
∂y

∣∣
yp = −d < 0, ÏdeEP�3, 7½´½�.
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3. Ì�(J9Ùy²

3ù�!, ·�Ì�?ØXÚ(2.5)�¢²ï:Ú�²ï:��Û½5. ¯¢þ, �
y²²

ï:��Û½5, ·�I�üØ4;��3.

½n3.1. 3XÚ(2.5)¥, Ø�3�� uGi(i = 1, 2)«�S�4Ü;�.

y². |^Bendixon-Dulac OK, �B(x, y) = 1
xy

, ��

∂B(x, y)f11

∂x
+
∂B(x, y)f12

∂y
= −1

y
≤ 0

∂B(x, y)f21

∂x
+
∂B(x, y)f22

∂y
= −1

y
≤ 0

dd��Ø�3�� uGi(i = 1, 2)«�S�4;�. �

½n3.2. 3XÚ(2.5)¥, Ø�3�¹Ü©wÄãAB�4��.

y². æ^�y{5y². Ø���5, Ø�b��E+
2 ¢, E−2 �J�, XÚ(2.5)�3�¹ΣS�4

;Γ. KΓ �½l�:T1Ñu¿���ΣS, d�4;	¡�);�ØU?\4;SÜ(Xã 1¤«),

ù�E+
2 3«�G1��ÛìC½5´gñ�. ÏdlT1Ñu�;�Ø¬��ΣS. �

Figure 1. There is no sliding ring around the
sliding segment AB

ã 1. wÄãAB±�vkw��

½n3.3. 3XÚ(2.5)¥, Ø�3�7ΣS4Ü;�, ùpΣS´ΣS�4�.

y². b�ΣS±��34;�L = L1 + L2, Ù¥L1 = L
⋂
G1, L2 = L

⋂
G2. ^K L«dL�¤�

k.«�, �K1
∆
= K ∩G1, K2

∆
= K ∩G2 ^K̃i(i = 1, 2)L«LiÚPi¤�¤�k.«�(Xã 2), ÷

vK̃i → Ki, (ε→ 0), Ù¥P1 ÚP2 ©OL«��I = σ−εÚI = σ+ε(∀ε) -f+ = (f11, f12)Úf− =

(f21, f22)

∫∫
K

(
∂(Bf+)

∂x
+
∂(Bf−)

∂y

)
dxdy =

2∑
i=1

∫∫
Ki

(
∂(Bfi1)

∂x
+
∂(Bfi2)

∂y

)
dxdy

=

2∑
i=1

∫∫
Ki

(
−1

y

)
dxdy = −2 < 0
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Figure 2. There is no limit cycle around the sliding
segment AB

ã 2. wÄãAB±�vk4��

∀(x, y) ∈ R2
+, �ε→ 0, K̃i → Ki, K∫∫
Ki

[
∂(Bfi1)

∂x
+
∂Bfi2
∂y

]
dxdy = lim

ε→0

∫∫
K̃i

(
∂(Bfi1)

∂x
+
∂Bfi2
∂y

)
dxdy

÷XL1�, dx = f11dt, dy = f12dt. 3«�K̃iA^Greenúª��∫∫
K̃1

(
∂(Bf11)

∂x
+
∂Bf12

∂y

)
dxdy =

∮
∂k̃1

B (f11dy − f12dx)

=

∫
L1

(Bf11)dy − (Bf12)dx+

∫
p1

(Bf11)dy − (Bf12)dx

=

∫
p1

(Bf11)dy − (Bf12)dx

Ón�� ∫∫
K̃2

(
∂(Bf21)

∂x
+
∂Bf22

∂y

)
dxdy =

∮
∂k̃2

B (f21dy − f22dx)

=

∫
p2

(Bf21)dy − (Bf22)dx

?�Úk

0 >
2∑
i=1

∫∫
Ki

(
∂(Bfi1)

∂x
+
∂(Bfi2)

∂y

)
dxdy

= lim
ε→0

2∑
i=1

∫∫
K̃i

(
∂(Bfi1)

∂x
+
∂(Bfi2)

∂y

)
dxdy

= lim
ε→0

[

∫
p1

(Bf11)dy − (Bf12)dx+

∫
p2

(Bf21)dy − (Bf22)dx]

�NÚQ�4;L���I = σ�þeü��:��I. �N1ÚQ1�4;L1���I = σ −

DOI: 10.12677/pm.2023.134096 910 nØêÆ

https://doi.org/10.12677/pm.2023.134096


Ûû

ε(∀ε)�þeü��:��I, �N2ÚQ2�4;L2���I = σ + ε(∀ε)�þeü��:��I, Ù

¥N2 = N + ε.

0 > lim
ε→0

(

∫ N1

Q1

(Bf11)dy − (Bf12)dx+

∫ Q2

N2

(Bf21)dy − (Bf22)dx)

= lim
ε→0

(

∫ N1

Q1

[
1− x
y
− c(1−m)]dy −

∫ N2

Q2

(
1− x
y
− c)dy

=

∫ N

Q

cmdy > 0

d��)gñ, lüØ
�7
∑

S�4;��35, y.. �

�/1 : 0 < d
ec(1−m)

< σ < 1.

3ù«�/e, ²ï:E+
2 ´¢²ï:, ²ï:E−2 ´J²ï:, �²ï:EpØ�3.

½n3.4. �0 < d
ec(1−m)

< σ < 1�, E+
2 �ÛìC½.

y². ²ï:E+
2 �¢, ´fXÚ(2.6)�ÛÜìC½�(:. ÏL½n(3.2)Ú(3.3)�y²L§, ·

���?Û;,���>w�, Ò¬÷XwÄãABle�þ£Ä. ù�ÿ�â½n(3.1), vk��

 u«�G1½G2�4��. ¿�, qd½n(3.2)Ú(3.3), ·���Ø�3�¹Ü©wÄ�½�7w

ÄãAB�4��. Ïd, l«�G2m©�;,�o��r�E
+
2 , �oEþwÄ�, ÷Xù^�le

à:A�þà:B, ,��ªr�E+
2 (Xã 3 ¤«). Ïd, ¤k�;,�ªòª�u²ï:E+

2 , ¤

±²ï:E+
2 �ÛìC½. ùÒ�¤
y². �

Figure 3. E−
2 is globally asymptotically stable in the

system (2.3) (σ = 0.8, e = 0.8, c = 0.5, d = 0.1, m = 0.5)

ã 3. E+
2 3XÚ(2.3)¥�ÛìC½"Ù¥�σ = 0.8§

e = 0.8§c = 0.5§d = 0.1§m = 0.5

�/2 : 0 < σ < 1 < d
ec

.

3ù«�/e, ²ï:E−1 ´¢²ï:, ²ï:E+
2 ´J²ï:, �²ï:EpØ�3.
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½n3.5. �0 < σ < 1 < d
ec
�, E−1 �ÛìC½.

y². ²ï:E−1 �¢, ´fXÚ(2.7)�ÛÜìC½�(:. ÏL½n(3.2)Ú(3.3)�y²L§, ·

���?Û;,���>w�, Ò¬÷XwÄãABle�þ£Ä. ù�ÿ�â½n(3.1), vk��

 u«�G1½G2�4��. ¿�, qd½n(3.2)Ú(3.3), ·���Ø�3�¹Ü©wÄ�½�7w

ÄãAB �4��.Ïd, l«�G1m©�;,�o��r�E
−
2 , �oEþwÄ�,÷Xù^�lþ

ýw�eà:B, ,��ªr�E−1 (Xã 4 ¤«). Ïd, ¤k�;,�ªòª�u²ï:E−1 , ¤±

²ï:E−1 �ÛìC½. ùÒ�¤
y². �

Figure 4. E−
1 is globally asymptotically stable in the

system (2.3) (σ = 0.9, e = 0.5, c = 0.4§d = 0.8, m = 0.6)

ã 4. E−
1 3XÚ(2.3)¥�ÛìC½"Ù¥�σ = 0.9§

e = 0.5§c = 0.4§d = 0.8§m = 0.6

�/3 : 0 < σ < d
ec
< 1.

3ù«�/e, ²ï:E−2 ´¢²ï:, ²ï:E+
2 ´J²ï:, �²ï:EpØ�3.

½n3.6. �0 < σ < d
ec
< 1�, E−2 �ÛìC½.

y². ²ï:E−2 �¢, ´fXÚ(2.7)�ÛÜìC½�(:. ÏL½n(3.2)Ú(3.3)�y²L§, ·

���?Û;,���>w�, Ò¬÷XwÄãABle�þ£Ä. ù�ÿ�â½n(3.1), vk��

 u«�G1½G2�4��. ¿�, qd½n(3.2)Ú(3.3), ·���Ø�3�¹Ü©wÄ�½�7w

ÄãAB�4��. Ïd, l«�G1m©�;,�o��r�E
−
2 , �oEþwÄ�, ÷Xù^�le

ýw�þà:B, ,��ªr�E−2 (Xã 5¤«). Ïd, ¤k�;,�ªòª�u²ï:E−2 , ¤±

²ï:E−2 �ÛìC½. ùÒ�¤
y². �

�/4 : 0 < d
ec
< σ < d

ec(1−m)
.

3ù«�/e, ²ï:E+
2 ´J²ï:, ²ï:E−2 ´J²ï:, �²ï:Ep�3.

½n3.7. �0 < d
ec
< σ < d

ec(1−m)
�, Ep�ÛìC½.

y². �lG2m©�;,lm�CE
−
2 �, §�EÂ���, ÷X���wÄ½?\«�G1, �

lG1m©�;,�þ�CE
+
2 �, §�EÂ���, ÷X���wÄ½?\«�G2, �ü«;,3
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Figure 5. E−
2 is globally asymptotically stable in the

system (2.3) (σ = 0.8, e = 0.8, c = 0.6, d = 0.4, m = 0.2)

ã 5. E−
2 3XÚ(2.3)¥�ÛìC½"Ù¥�σ = 0.8§

e = 0.8§c = 0.6§d = 0.4§m = 0.2

���þ-E�, Ñy
äk�²ï�w�ã( Xã 6¤«), ^½n(3.1), (3.2)Ú(3.3)üØ4���

�3, qÏ�EP ´ÛÜìC½�, �±éN´/í�Ñ�²ïEP´�ÛìC½�. �

Figure 6. Ep is globally asymptotically stable in the
system (2.3) (σ = 0.7, e = 0.8, c = 0.6, d = 0.2, m = 0.5)

ã 6. Ep3XÚ(2.3)¥�ÛìC½"Ù¥�σ = 0.7§
e = 0.8§c = 0.6§d = 0.2§m = 0.5

�/5 : σ = d
ec
> 0.

3ù«�/e, �²ï:Ep, ¢²ï:E
−
2 Ú��mò:T1Ü, C¤��>.²ï:

E1 =
(
d
ec
, ec−d
ec2

)
.

½n3.8. �σ = d
ec
> 0�, E1�ÛìC½.
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y². e0 < d
ec

= σ, ÏL½n(3.3)�y²L§, ·���Ø�3�7Σs �4;, J²ï:E+
2

ÚE−2 ©O3G1 ÚG2 ¥´�ÛìC½�, Käk�Ð��);��o��?\Σs, �okBLΣ,

,�3k��mS��Σs, �o;�3w��ABþlþ�e£Ä, �ªª�>.²ï:E1 (Xã

7¤«). =E1´�ÛìC½�¢²ï:, y.. �

Figure 7. E1 is globally asymptotically stable in the
system (2.3) (σ = 0.75, e = 0.5, c = 0.8, d = 0.3, m = 0.7)

ã 7. E13XÚ(2.3)¥�ÛìC½"Ù¥�σ = 0.75§
e = 0.5§c = 0.8§d = 0.3§m = 0.7

�/6 : σ = d
ec(1−m)

> 0.

3ù«�/e, �²ï:Ep, ¢²ï:E
+
2 Ú��mò:T2Ü, C¤��>.²ï:

E2 =
(
x+

2 , y
+
2

)
=
(

d
ec(1−m)

, ec(1−m)−d
ec2(1−m)2

)
.

Figure 8. E2 is globally asymptotically stable in the
system (2.3) (σ = 0.625, e = 0.8, c = 0.8, d = 0.2, m = 0.5)

ã 8. E23XÚ(2.3)¥�ÛìC½"Ù¥�σ = 0.625§
e = 0.8§c = 0.8§d = 0.2§m = 0.5

DOI: 10.12677/pm.2023.134096 914 nØêÆ

https://doi.org/10.12677/pm.2023.134096


Ûû

½n3.9. �0 < d
ec(1−m)

= σ�, E2�ÛìC½.

y². e0 < d
ec(1−m)

= σ, ÏL½n(3.3)�y²L§, ·���Ø�3�7Σs�4;, J²ï:E−2

ÚE+
2 ©O3G2ÚG1 ¥´�ÛìC½�, Käk�Ð��);��o��?\Σs, �okBLΣ,

,�3k��mS��Σs, �o;�3w��ABþlþ�e£Ä, �ªª�>.²ï:E2(Xã 8

¤«). =E2´�ÛìC½�¢²ï:, y.. �

4. (Ø

�©�Ä
·��K�üÑ, ïÄ
äk�'~��Ô;J¤�Holling I.Ó - ��.�

�ÛÄåÆ. |^Lyapunov ¼ê{Ú��úª, ïÄ
�a²ï:��ÛìC½5. ïÄuy:

XJ0 < d
ec(1−m)

< σ < 1�, K¢²ï:E+
2 ´�ÛìC½�; XJ0 < σ < 1 < d

ec
�, K¢²ï

:E−1 �ÛìC½;�0 < σ < d
ec
< 1�,K¢²ï:E−2 �ÛìC½;�0 < d

ec
< σ < d

ec(1−m)
�,

�²ï:Ep�ÛìC½; eσ = d
ec
> 0, 3ù«�/e, �²ï:Ep, ¢²ï:E

−
2 Ú��mò

:T1Ü, Ü¤��>.²ï:E1, E1�ÛìC½; e0 < d
ec(1−m)

= σ, 3ù«�/e, �²ï

:Ep, ¢²ï:E
+
2 Ú��mò:T2Ü, Ü¤��>.²ï:E2, E2�ÛìC½.

ÏL±þ(Ø��;J¤é�Ôk�½��o�^, ïá�½êþ�;J¤é�oÄÔ«+�

õ�5ék7�. �©�ïÄ
;J¤éHolling I.Ó -  ��.�K�, ù´�{ü��a�.,

3���ïÄ¥�±�Ä�\E,��¹, 'X�Ä;J¤é1�aõU�A¼ê�Ó - ��

.�K�, �U¬��Ø���(Ø.
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