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Abstract

In this paper, we study some special Riemann surfaces on complex one-dimensional

connected complex analytic manifolds, including complex one-dimensional projection

space CP 1, extended complex plane C∞ and complex sphere S2. In the sense of holo-

morphic mapping and biholomorphic mapping, these three typical Riemann surfaces

are holomorphic equivalent. Furthermore, under Hopf mapping, the holomorphic e-

quivalence between S3and CP 1 is derived. Based on Frankle’s conjecture, the problem

of holomorphic mapping of energy minimization on complex one-dimensional projec-

tive spaces CP 1 to compact Kähler manifolds is discussed.
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1. Úó

iù¡´d�IêÆ[Ë�M�#iù319VJÑ��«E6/, 2�A^uy�êÆ!Ô

nÆ!ó§Æ�+�. �îAp��m�', iù¡äk�\´L�AÛ(�ÚÿÀ5�, 3ØÓ+

�¥Ñk2��A^ÚïÄ. iù¥¡K´�aAÏ�iù¡, ÙÇ��~ê, ´�«�îAp

�AÛN. gl§�Ú\�AÛÆÚE©Û¥±5, ®²¤�
��9��ïÄ+�, áÚ
¯õ

Æö�'5Ú&¢. iù¡�ïÄØ=´üEC¼êØ�Ä�¯K��, ��¯õ�y�êÆ©

|k;�éX [1], iù¡3Ôn¥�A^2�. 3þfåÆ¥, E�K�þ�:´1f4z�, g

^�1/2 �æ�fâfÚ����âf��g^��g,��. iù¥¡�í��UN¥¡�2

Â�éØ�.. 3uØ¥, u�.¡´iù¡, iù¥¡���{ü�iù¡k���

^ [2]. d+�^p��ûN�h : S3 → S3/S1 (∼= S2) 6C
<��cép�¥¡�m�$�¥¡�

mëYC��~�N�ÓÔ�ß�¿ME��#�ïÄ��.

dHopf n�z�éu, <�uy�k��p��m�n�zA5 [3]. A^NÚNì

±9Kobayashi-Ochiai'uE�K�m�A� [4], �Î,Ú£¤Ð [5]é?Û�êy²
Í¶

�Frankel ß�: ?Ûäk���V�¡Ç�;Kähler 6/�½V�X�duE�K�mCPn.

3¦��ó���, Mok [6] òFrankel ß�í2��KÇ��/, =2ÂFrankel ß�: ?¿äk
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�K�XV�¡Ç^��Ø��;Kähler 6/½ö�åu��Hermitian é¡�m, ½öV�X

�duEÝK�mCPn. iù¡´�«äkE²¡ÛÜ5��ÿÀ6/, ;Kähler 6/´�«ä

kE(�ÚiùÝþ�ÿÀ6/. 3EAÛÆ¥, �X�d´�ü�E6/3,«¿Âeäk�Ó

�E(�. Ïd, iù¡��X�d5�3;Kähler6/�Uþ��z¥äk�¿Â, §¦�·�

�±|^EAÛ��{5N�iùÝþ, l¦)Uþ��z¯K.

'uiù¡����ïÄ´§��m�XN���E [7, 8]. �©liù¡�VgÑu,

ÏL�Eiù¡�m�N�, ¦�TN��ÛÜ�IL«÷v�XN��^�, �_N�¤á, =

÷vV�XN�, líÑn�iù¡�m´�X�d�. 3�E�XN��L§¥, ���æ

NÒ´ü�iù¡�ÛÜ�Iãk�m��I=�. éE��ÝK�mCP 1, lûÿÀÑu, �Ä

XÛ½Âm8, �9��da��¹ [9], I�é�da��L�?1?n, ¤±ü�iù¡�m

��IéAÒI��
E|. éu��¥¡S2, �©|©/|^
3��¥¡þn��I7L÷v

²�Ú�1ù�5�, l�EÑÎÜýÏ�{��XN�. Hopf N�´d��n�zN��ü�

�XN��EÜ, ?3Hopf N�e, íÑS3 �CP 1�X�d. ��, �éFrankel ß��E���

/, �Ñ����V�¡Ç�½Â, ÏLO�Uþ�1�C©N�f : (CP 1, ω)→ (M,h). y²


3?¿Uþ��zþE���K�mCP 1�;Kähler 6/þ��XN�.

2. �'�£

2.1. iù¡

½Â2.1.1 [10] �S´��ëÏ�Hausdorff �m, \þ�q{(Uα, ϕα)}α∈A, ÷ve�^�µ

£1¤z�Uα´S���m8, ¤k�Uα|¤S�mCX, =S ⊂
⋃
α∈A

Uα.

£2¤Vα�C¥m8, ϕα : Uα → Vα�Ó�.

£3¤eUα
⋂
Uβ=∅, Kfαβ=ϕα ◦ϕβ : ϕβ(Uα ∩Uβ)→ ϕα(Uα ∩Uβ)´C¥m8����XN�.

K¡S´iù¡.

½Â¥�mCX¡�ÛÜ�ICX, ¡{(Uα, ϕα)}α∈A�S�ÛÜ�Ik, Uα¡�S����I

��, ϕα¡�Uαþ��IN�, ϕα(m)(m ∈ Uα) �m:�ÛÜ�I, ¡fαβ�=�¼ê.

�Ñ±eiù¡�~f.

·K 2.1.2 ��¥¡

S2=
{

(x, y, z) ∈ R3|x2 + y2 + z2 = 1
}
.

´��iù¡.

y² -

U1=S2 − {(0,0,1)} ⊂ S2, U2=S2 − {(0,0,− 1)} ⊂ S2. (2.1)

KU3=S2 − {(0,0,1)} − {(0,0,− 1)} ⊂ S2.

�S2��ÿÀ(�τS2= {∅,S2, U1, U2, U3} . ù�U1, U2, U3´S2�m8, S2´ëÏ�.
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�ÄN�:

ϕ1 : U1 → C. (x, y, z) 7→ w = ϕ1(x, y, z) =
x+ iy

1− z
, z ∈ [−1, 1) . (2.2)

ϕ2 : U2 → C. (x, y, z) 7→ u = ϕ2(x, y, z) =
x− iy
1 + z

, z ∈ (−1, 1] . (2.3)

´�yϕ1, ϕ2´V�, ϕ1, ϕ2, ϕ
−1
1 , ϕ−1

2 ´ëY�, �ϕ1, ϕ2 ´Ó�.

ϕ1, ϕ2�m�=�N�µ

ϕ2 ◦ ϕ−1
1 : C→ C. w 7→ u = ϕ2 ◦ ϕ−1

1 (w).

l

u = f21(w) = ϕ2 ◦ ϕ−1
1 (

x+ iy

1− z
)=ϕ2(x, y, z) =

x

1 + z
− iy

1 + z

=
1− z
1 + z

(
x

1− z
− iy

1− z
) =

1

w · w̄
w̄ =

1

w
. (2.4)

d£2.4¤��

∂u

∂w̄
=
∂(

1

w
)

∂w̄
= 0.

�u = f21(w) =
1

w
´'uw ��X¼ê. Ïd, S2´��iù¡.

·K 2.1.3 *¿E²¡´E²¡ÚdÃ¡�:�¤�²¡, =

C∞=C ∪ {∞}.

´��iù¡.

y² -

Ũ1=C∞ − {∞} =C, Ũ2=C∞ − {0} . (2.5)

KŨ3=C∞ − {∞} − {0} =C− {0} .

�C∞��ÿÀ(�τC∞=
{
∅,C∞, Ũ1, Ũ2, Ũ3

}
. ù�Ũ1, Ũ2, Ũ3 ´C∞�m8, C∞´ëÏ�.

�ÄN�µ

φ1 : Ũ1 → C. z 7→ w = φ1(z) = z. (2.6)

φ2 : Ũ2 → C. z 7→ u = φ2(z) =

 1
z
, z 6=∞.

0, z =∞.
(2.7)
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´�yφ1, φ2´V�, φ1, φ2, φ
−1
1 , φ−1

2 ´ëY�, �φ1, φ2´Ó�.

φ1, φ2�m�=�N�µ

φ2 ◦ φ−1
1 : C→ C. w 7→ u = ϕ2 ◦ ϕ−1

1 (w).

l

u=g21(w) = φ2 ◦ φ−1
1 (z)=φ2(z) =

1

z
=

1

w
(2.8)

d£2.8¤��

∂u

∂w
=
∂(

1

w
)

∂w
= 0.

�u = g21(w) =
1

w
´'uw��X¼ê. Ïd, C∞´��iù¡.

·K 2.1.4 E��ÝK�mCP 1=C2 − {0}/∼þ½Â�ûN�π : C2 − {0} → CP 1

(z0, z1) 7→ π(z0, z1) = (z0, z1)/∼= [(z0, z1)].

´÷�. ½ÂûÿÀµ

τC2−{0} = τEC2 ∩ (C2 − {0}), τCP 1 =
{
π(U)|∀U ∈ τC2−{0}

}
.

�CP 1´��iù¡.

y² eU ⊂ C2 − {0}, K½Âπ(U) = {π(z0, z1) = [(z0, z1)]|∀(z0, z1) ∈ U}�CP 1 �m8. -

V1 =
{

[(z0, z1)] ∈ CP 1|(z0, z1) ∈ C2 − {0} , z0 6= 0
}
, (2.9)

V2 =
{

[(z0, z1)] ∈ CP 1|(z0, z1) ∈ C2 − {0} , z1 6= 0
}
, (2.10)

V1 ∪ V2 = CP 1, V1 ∩ V2 6= ∅.

�V1, V2�CP 1¥�m8.

�ÄN�:

ψ1 : V1 → C. [(z0, z1)] 7→ w = ψ1(z0, z1) = ψ1[(z0, z1)] =
z1

z0

, (2.11)

ψ2 : V2 → C. [(z0, z1)] 7→ u = ψ2(z0, z1) = ψ2[(z0, z1)] =
z0

z1

. (2.12)

´�yψ1, ψ2´V�, ψ1, ψ2, ψ
−1
1 , ψ−1

2 ´ëY�, �ψ1, ψ2´Ó�.

ψ1, ψ2�m�=£N�:

ψ2 ◦ ψ-1
1 : ψ1(V1 ∩ V2)→ ψ2(V1 ∩ V2), w 7→ u = ψ2 ◦ ψ-1

1 (w),
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l

u = ψ2 ◦ ψ-1
1 (w) = ψ2 ◦ ψ-1

1 (
z1

z0

) = ψ2([(z0, z1)]) =
z0

z1

=
1
z1

z0

=
1

w
. (2.13)

d£2.13¤��

∂u

∂w
=
∂(

1

w
)

∂w
= 0.

�u =
1

w
´'uw��X¼ê. ÏdCP 1�iù¡.

±þn�~f�~�q, ¢Sþùn�iù¡´�X�d�, äNy²3e�!�Ñ.

2.2. �XN���X�d

XÃAO(², b½iù¡´ëÏ�, �=�¼êo´�X�. �dÚ\iù¡�m��XN

�Ú�X�d�Vg.

½Â2.2.1 �M!N´ü�iù¡, ©O±{(Uα, ϕα)}α∈A, {(Vβ, ψβ)}β∈B �ÙÛÜ�Ik,

f : M → N�ëYN�, XJéz�éÛÜ�Ik, ¦�f(Uα) ⊂ Vβ, f−1(Vβ) ∩ U 6= ∅. �EÜN�

ψβ ◦ f ◦ ϕ−1
α : ϕα(Uα ∩ V −1

β )→ ψβ(Vβ)

´�XN�, K¡f : M → N��XN�. Ù¥, ψβ ◦ f ◦ ϕ−1
α ¡�f�ÛÜL«.

½Â2.2.2 �M!N´ü�iù¡, XJf : M → N, g : N →Mþ��XN�, �

g ◦ f = IdM , f ◦ g = IdN .

K¡f½g�V�XN�, ¡M�N��X�d.

2.3. Hopfn�z

½Â2.3.1 �kn�S1 ∼= U(1) ∼= SO2 �N�P : S2n+1 → CPn. lπ1(S1) ∼= Z, πi(S1) = 0,

i > 1, ·��±ln�z��ÜS�¥��±e�Ó�'Xµ

πi(S2n+1) ∼= πi(CPn), i 6= 2,

π2n+1(S2n+1) ∼= π2n+1(CPn) ∼= Z,

π2(CP 2) ∼= Z ∼= π1(S1).

½Â2.3.2 ¡N�f : X → Y´��n�z, XJéu�.�mY�?¿N�ϕ = ϕ0�?ÛÓ

ÔΦ = {ϕt} : K × I → Y Ñ�3,�ÓÔΦ̃ = {ϕ̃t} : K × I → X CXΦ. Ù¥, �mY¡�.�m,

X ¡�n�z�m. ����Fy = f−1(y)¡�n�, N�fK¡��K.
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3. �X�d�'X�E

3.1. iù¥¡�m��X�d

3ù�!¥, ·���EÑÎÜýÏ�{��XN�, ���¯K´)ûü�iù¡�ÛÜ�

Iãk�m��I=�. 3�XN�ÚV�XN�¿Âe, y²
ü�iù¡þ�X�d�'X.

·K3.1 ��¥¡S2= {(x, y, z) ∈ R3|x2 + y2 + z2 = 1}�*¿E²¡C∞=C ∪ {∞}�X�d.

y² ���¥¡S2�E)Û(��{(U1, ϕ1), (U2, ϕ2)}, d·K2.1.2¥ª£2.1¤!£2.2¤±9

£2.3¤�Ñ.

*¿E²¡C∞ = C ∪{∞}���E(��
{

(Ũ1, φ1), (Ũ2, φ2)
}

. d·K2.1.3¥ª£2.5¤!£2.6¤

±9£2.7¤�Ñ.

�EN�f : S2 → C∞.

(x, y, z) 7→ w = f(x, y, z) =

x+iy
1−z , (x, y, z) 6= (0,0,1).

∞, (x, y, z) = (0,0,1).
(3.1)

K´�f´V�,Ù_N��g = f−1 : C∞ → S2.

w 7→ (x, y, z) = g(w) =

( 2 Rew
|w|2+1

, 2 Imw
|w|2+1

, |w|
2−1

|w|2+1
), w 6=∞.

(0,0,1), w =∞.
(3.2)

1¤éuN�f , ©ü«�¹5?1ÛÜ�I�Ä.

e(x, y, z) = (0,0,1), Kf(0,0,1) =∞. ©O�:(0,0,1) ∈ U2, 3S2 �ÛÜ)Ûãk(U2, ϕ2)

Ú∞3C∞�ÛÜ)Ûãk(Ũ2, φ2), ù�f�ÛÜL«µ

f̃22 = φ2 ◦ f ◦ ϕ−1
2 : ϕ2(U2 ∩ f−1(Ũ2)) ⊂ C→ φ2(f(U2) ∩ Ũ2) ⊂ C.u 7→ w = f̃22(u).

(Ü£2.3¤!£2.7¤!£3.1¤, ��

w = f̃22(u) = φ2 ◦ f ◦ ϕ−1
2 (u) = φ2 ◦ f ◦ ϕ−1

2 (
x− iy
1 + z

) = φ2 ◦ f(x, y, z)

=

φ2(x+iy
1−z ), (x, y, z) 6= (0,0,1)

φ2(∞), (x, y, z) = (0,0,1)
=

 1−z
x+iy

0
=

u0 .

=w = f̃22(u) = u. ��
∂w

∂u
=
∂(u)

∂(u)
= 0, �w = f̃22(w)'uu ∈ C´�X¼ê.

e(x, y, z) 6= (0,0,1), Kf (x, y, z) =
x+ iy

1− z
6=∞, �:(x, y, z)3S2�ÛÜ�Iãk(U1, ϕ1)ÚE
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ê
x+ iy

1− z
3C∞�ÛÜ+��Iãk(Ũ1, φ1), Kf�ÛÜL«�:

f̃11 = φ1 ◦ f ◦ ϕ−1
1 : ϕ1(U1 ∩ f−1(Ũ1)) ⊂ C→ φ1(f(U1) ∩ Ũ1) ⊂ C.

w =
x+ iy

1− z
7→ u = f̃11(w).

(Ü£2.2¤!£2.6¤!£3.1¤, ��

u = f̃11(w) = φ1 ◦ f ◦ ϕ−1
1 (w) = φ1 ◦ f ◦ ϕ−1

1 (
x+ iy

1− z
) = φ1 ◦ f(x, y, z)

= φ1(
x+ iy

1− z
) = id(

x+ iy

1− z
) =

x+ iy

1− z
= w.

=u = f̃11(w) = w. u´
∂u

∂w
=
∂(w)

∂(w)
= 0, �u = f̃11(w)'uw ∈ C´�X¼ê.

2¤éuN�g,Ó�©ü«�¹?Øµ

ew = ∞, Kg(w) = (0,0,1). ù�∞3C∞�ÛÜ)Ûãk(Ũ2, φ2) Úg(∞) = (0,0,1)3S2�Û

Ü)Ûãk(U2, ϕ2), �g�ÛÜ�IL«�:

g̃22 = ϕ2 ◦ g ◦ φ−1
2 : φ2(Ũ2 ∩ f−1(U2))→ ϕ2(f(Ũ2) ∩ U2).w 7→ u = g̃22(w).

(Ü£2.3¤!£2.7¤!£3.2¤, ��

u = g̃22(w) = ϕ2 ◦ g ◦ φ−1
2 (w) =

ϕ2 ◦ g ◦ φ−1
2 (x−iy

1+z
), w 6= 0

ϕ2 ◦ g ◦ φ−1
2 (0), w = 0

=

ϕ2 ◦ g(x+iy
1−z )

ϕ2 ◦ g(∞)
=

ϕ2(x, y, z)

ϕ2(0,0,1)
=

w0 .

Ù¥, w =
x− iy
1 + z

, x2 + y2 + z2 = 1, g(
x+ iy

1− z
)=(x, y, z). Kk

1

w
=

1 + z

x− iy
=
x+ iy

1− z
.

��, u = g̃22(w) = w,ù´'uw��X¼ê.

�w3C∞�ÛÜ�Iãk(Ũ1, φ1)Úg(w) = (x, y, z)3S2�ÛÜ�Iãk(U1, ϕ1), �g�ÛÜ�

IL«�:

g̃11 = ϕ1 ◦ g ◦ φ−1
1 : φ1(Ũ1 ∩ g−1(U1))→ ϕ1(g(Ũ1) ∩ U1). w 7→ u = g̃11(w).

(Ü£2.2¤!£2.6¤!£3.2¤, ��

u = g̃11(w) = ϕ1 ◦ g ◦ φ−1
1 (

x+ iy

1− z
) = ϕ1 ◦ g(

x+ iy

1− z
) = ϕ1(x, y, z) =

x+ iy

1− z
= w.
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��, g̃11´�XN�.

nþ¤ã, ��g = f−1�´�XN�, lf´��V�XN�.

Ïd, S2�C∞´�X�d.

·K3.2 ��¥¡S2= {(x, y, z) ∈ R3|x2 + y2 + z2 = 1}�E��ÝK�mCP 1=C2−{0}/∼�
X�d.

y² ���¥¡S2�E)Û(��{(U1, ϕ1), (U2, ϕ2)},d·K2.1.2¥ª£2.1¤!£2.2¤±9

£2.3¤�Ñ.

E��ÝK�mCP 1�g,ÝK

π : C2 − {0} → CP 1. (z0, z1) 7→ π(z0, z1) = (z0, z1)/∼= [(z0, z1)].

�ûÿÀ

∀A ∈ τEC2−{0} = τEC2 ∩ (C2 − {0}),

½Âπ(A) = {π(z0, z1) ∈ CP 1|∀(z0, z1) ∈ A} �CP 1�m8. =

τ =
{
π(A)|∀A ∈ τC2−{0}

}
.

E��ÝK�mCP 1���E)Û(��{(V1, ψ1), (V2, ψ2)}. d·K2.1.4¥ª£2.9¤-£2.12¤�

Ñ.

�EN�F : CP 1 → S2,

[(z0, z1)] 7→ F ([(z0, z1)]) = (x, y, z) =



 2Re
z1

z0∣∣∣∣∣z1

z0

∣∣∣∣∣
2

+1

,
2Im

z1

z0∣∣∣∣∣z1

z0

∣∣∣∣∣
2

+1

,

∣∣∣∣∣z1

z0

∣∣∣∣∣
2

−1∣∣∣∣∣z1

z0

∣∣∣∣∣
2

+1

 , z0 6= 0.

(0,0,1), z0 = 0.

(3.3)

KF´V�. Ù_N��G = F−1 : S2 → CP 1,

(x, y, z) 7→ G(x, y, z) = [(z0, z1)] =

[(1− z, x+ iy)] , (x, y, z) 6= (0, 0, 1).

[(0,z1)] , (x, y, z) = (0, 0, 1).
(3.4)

1¤éuN�F , ©ü«�¹5?1ÛÜ�I�Ä.

ez0 = 0�, KF ([(0,z1)]) = (0,0,1) ∈ S2. du[(0,z1)]áuV2, �ÛÜ�Iãk(V2, ψ2)Ú

:(0,0,1)3S2�ÛÜ�Iãk(U2, ϕ2), ù�F�ÛÜL«µ

F̃22 = ϕ2 ◦ F ◦ ψ−1
2 : ψ2(V2 ∩ F−1(U2))→ ϕ2(F(V2) ∩ U2). w 7→ u = F̃22(w).
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(Ü£2.3¤!£2.12¤!£3.3¤, ��

u = F̃22(w) = ϕ2 ◦ F ◦ ψ−1
2 (w)=

ϕ2 ◦ F ◦ ψ−1
2 ( z0

z1
), z0 6= 0

ϕ2 ◦ F ◦ ψ−1
2 ( z0

z1
), z0 = 0

=

ϕ2 ◦ F ([(z0, z1)])

ϕ2 ◦ F ([(0,z1)])
=


ϕ2

 2Re
z1

z0∣∣∣∣∣z1

z0

∣∣∣∣∣
2

+1

,
2Im

z1

z0∣∣∣∣∣z1

z0

∣∣∣∣∣
2

+1

,

∣∣∣∣∣z1

z0

∣∣∣∣∣
2

−1∣∣∣∣∣z1

z0

∣∣∣∣∣
2

+1


ϕ2(0,0,1)

=

 z0
z1

0
=

w0 .

u´
∂u

∂w
=
∂(w)

∂(w)
= 0, �F̃22´�XN�. ez0 6= 0�, F ([z0, z1]) 6= (0,0,1). �[(z0, z1)]3CP 1�ÛÜ

�Iãk(V1, ψ1)ÚS2�ÛÜ�Iãk(U1, ϕ1), ù�F�ÛÜL«µ

F̃11 = ϕ1 ◦ F ◦ ψ−1
1 : ψ1(V1 ∩ F−1(U1))→ ϕ1(F (V1) ∩ U1). u 7→ w = F̃11(u).

(Ü£2.2¤!£2.11¤!£3.3¤, ��

w = F̃11(u) = ϕ1 ◦ F ◦ ψ−1
1 (

z1

z0

) = ϕ1 ◦ F ([z0, z1])

= ϕ1


2Re

z1

z0∣∣∣∣z1

z0

∣∣∣∣2 + 1

,
2Im

z1

z0∣∣∣∣z1

z0

∣∣∣∣2 + 1

,

∣∣∣∣z1

z0

∣∣∣∣2 − 1∣∣∣∣z1

z0

∣∣∣∣2 + 1

 =
x+ iy

1− z
=
z1

z0

.

dw = F̃11(u) = u�F̃11´�XN�.

nþü«�/, B�F : CP 1 → S2´�XN�.

2¤éuN�G, Ó�©ü«�¹?Øµ

e(x, y, z) = (0,0,1)�,KG(0,0,1) = [(0,z1)].ù��(0,0,1)3S2�ÛÜ�Iãk(U2, ϕ2)ÚCP 1�

ÛÜ�Iãk(V2, ψ2), ��G�ÛÜL«µ

G̃22 = ψ2 ◦G ◦ ϕ−1
2 : ϕ2(U2 ∩G−1(V2))→ ψ2(G(U2) ∩ V2). u 7→ w = G̃22(u).

(Ü£2.3¤!£2.12¤!£3.4¤, ��

w = G̃22(u) = ψ2 ◦G ◦ ϕ−1
2 (u) =

ψ2 ◦G ◦ ϕ−1
2 (x−iy

1+z
), u 6= 0

ψ2 ◦G ◦ ϕ−1
2 (0), u = 0

=

ψ2 ◦G(x,−y,−z)

ψ2 ◦G(0,0,1)
=

ψ2([(1 + z, x− iy)])

ψ2([(0, z1)])
=

 1
u

0
.

ldw = G̃22(u) =
1

u
�G̃22´�XN�.

e(x, y, z) 6= (0,0,1)�,KG(x, y, z) = [(z0, z1)] = [(1− z, x+ iy)]. �S2�ÛÜ�Iãk(U1, ϕ1)
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ÚCP 1�ÛÜ�Iãk(V1, ψ1), ��G�ÛÜL«µ

G̃11 = ψ1 ◦G ◦ ϕ−1
1 : ϕ1(U1 ∩G−1(V1))→ ψ1(G(U1) ∩ V1). w 7→ u = G̃11(w).

(Ü£2.2¤!£2.11¤!£3.4¤, ��

u = G̃11(w) = ψ1 ◦G ◦ ϕ−1
1 (w) = ψ1 ◦G ◦ ϕ−1

1 (
x+ iy

1− z
)

= ψ1 ◦G(x, y, z) = ψ1([(z0, z1)]) =
x+ iy

1− z
= w.

ldw = G̃11(u) = u�G̃12´�XN�.

��, d1¤, 2¤�F : CP 1 → S2�V�XN�, �CP 1�S2´�X�d.

±þü�·K´iù¡�m�X�d�Ä�¯¢, Ón��CP 1�C∞�´�X�d�. 3iù

¡Ø¥, �X�d�iù¡, �Ó���iù¡, Ú¡iù¥¡.

3.2. Hopfn�ze��X�d

3�!¥, �Ñ
Hopf n�ze�NÚN�, diù¡�m��X�d'X, íÑn�¥

¡S33Hopfn�z��E���K�mCP 1 �m��X�d.

·K3.3 [11] 3ÓÔnØ¥��Hopf N�h : S3 → S2 ´NÚN�.

y² �S3 = {(z1, z2) ∈ C2||z1| 2 + |z2|2 = 1}, é∀(z1, z2) ∈ S2, ½Â

h(z1, z2) = (2Rez1z2, 2 Im z1z2, |z1|2 − |z2|2). (3.5)

K

|h(z1, z2)|2 = |2z1z2|2 +
∣∣∣|z1|2 − |z2|2

∣∣∣2 = (2z1z2) · (2z1z2) + |z1|4 − 2|z1|2|z2|2 + |z2|4

=|z1|4 + 2|z1|2|z2|2 + |z2|4=|z1|2 + |z2|22 = 1.

h(z1, z2)�ü�©þ¼ê

h1(z1, z2)=2z1z2 = 2(x1 + iy1)(x2 − iy2)=2(x1x2 + y1y2) + i(−x1y2 + x2y1),

h2(z1, z2)=|z1|2 − |z2|2=x1
2 + y1

2 − x2
2 − y2

2.

Ñ´C2 ∼= R4þ�2gàgNÚ¼ê.

l¯¢dn+ 1�kgàgNÚõ�ªf : Rn → Sn → Rn+1, Kf3¥¡Snþ���f |Sn = Sm →
Sn ´NÚN��, h ½Â
S3�S2þ�NÚN�.

DOI: 10.12677/pm.2023.136177 1738 nØêÆ

https://doi.org/10.12677/pm.2023.136177


½�=�

�Hopf n�zN�, π : S3 → CP 1, é∀(z′

1, z
′

2) ∈ S3, =
∣∣z′

1

∣∣2 +
∣∣z′

2

∣∣2 = 1. e∃λ ∈ C,|λ| = 1, ¦

�(z
′

1, z
′

2)=λ(z1, z2). K¡(z
′

1, z
′

2)�du(z1, z2). S3'uù��d'X�û�m�

CP 1=C2 − {0}/ ∼= {[(z1,z2)] = (z1,z2)/ ∼ |∀(z1,z2) ∈ C2 − {0}}.

½Â�XN�h1 : CP 1 → C∞ = C ∪ {∞} Xe: ∀[(z1,z2)] ∈ CP 1, k

h1[(z1, z2)] =

 z1
z2
, z2 6= 0,

∞, z2=0.
(3.6)

d·K3.1, ½Â�XN�g : C∞ → S2Xeµé∀z ∈ C∞, k

g(z) =

( 2 Re z
|z|2+1

, 2 Im z
|z|2+1

, |z|
2−1

|z|2+1
), z 6=∞

(0, 0, 1), z =∞
(3.7)

�±wÑ, Hopf N�´d��n�zN��ü��XN�EÜ�(J, =h = g ◦ h1 ◦ π.

dd��, n�¥¡S33Hopf n�z��CP 1�X�d.

4. E���K�mCP 1��XN�¯K

Frankel 3 [12]¥Q�Xeß�: z�;Kähler 6/, XJ§��XV�Ç��, @o§�X

�duE�K�mCPn [13] . éuE���/, �!3?¿Uþ��zþ½ÂE���K�mCP 1

�Kähler 6/þ��XN�, �d��
O�ó�.

�CP 1´äk�½�/(�ω�E���K�m, M´äkKähler Ýþh�;Kähler 6/.

3(CP 1, ω)Ú(M,h)��XÛÜ�Iþ, ©Okµ

ω = λ2dω ⊗ dω̄, h =
√
−1hijdz

i ∧ dz̄j .

Ù¥hij =

〈
∂

∂zi
,
∂

∂z̄j

〉
.

é?¿1wN�f : (CP 1, ω)→ (M,h), f�Uþ�¼�

E(f) =

∫
CP 1

〈
∂f

∂ω
,
∂f

∂ω

〉√
−1dω ∧ dω̄

=

∫
CP 1

(
∂f i

∂ω

∂f j

∂ω
+
∂f i

∂ω̄

∂f j

∂ω̄

)
hij
√
−1dω ∧ dω̄. (4.1)
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Ù¥,
∂f i

∂ω
= f iω,

∂f i

∂ω̄
= f iω̄.

∂f

∂ω
= f∗

(
∂

∂ω

)
= f iω

∂

∂zi
+ f iω̄

∂

∂z̄i
.

Ún4.1 E(f)'uf´���, KkUþ�1�C©úª

E′(f)|t=0 = −2

∫
CP 1

〈
∂f

∂t
,
D

∂ω̄

(
∂f

∂ω

)〉√
−1dω ∧ dω̄. (4.2)

y² �f(t) : CP 1 →M, t ∈ C, |t| ≤ ε´m���Cþëêz�1wN�q, d£4.1¤k

E′(f) =

∫
CP 1

∂

∂t

〈
∂f

∂ω
,
∂f

∂ω

〉√
−1dω ∧ dω̄

=

∫
CP 1

(〈
∇ ∂

∂t

∂f

∂ω
,
∂f

∂ω

〉
+

〈
∂f

∂ω
,∇ ∂

∂t̄

∂f

∂ω

〉)√
−1dω ∧ dω̄

=

∫
CP 1

(〈
∇ ∂

∂ω

∂f

∂t
,
∂f

∂ω

〉
+

〈
∂f

∂ω
,∇ ∂

∂ω

∂f

∂t̄

〉)√
−1dω ∧ dω̄

=

∫
CP 1

(〈
∇ ∂

∂ω

∂f

∂t
,
∂f

∂ω

〉
+

〈
∇ ∂

∂ω

∂f

∂t
,
∂f

∂ω

〉)√
−1dω ∧ dω̄

=

∫
CP 1

(
∂

∂ω

〈
∂f

∂t
,
∂f

∂ω

〉
−
〈
∂f

∂t
,∇ ∂

∂ω̄

∂f

∂ω

〉

+
∂

∂ω

〈
∂f

∂t
,
∂f

∂ω

〉
−
〈
∂f

∂t
,∇ ∂

∂ω̄

∂f

∂ω

〉)√
−1dω ∧ dω̄

= −2

∫
CP 1

〈
∂f

∂t
,∇ ∂

∂ω̄

∂f

∂ω

〉√
−1dω ∧ dω̄.

f´NÚN�, =f÷v

∇ ∂
∂ω̄

∂f

∂ω
= 0. (4.3)

�du

∂2f i

∂ω∂ω̄
+ Γikj

∂fk

∂ω̄

∂f j

∂ω
= 0. (4.4)

y3�é1�C©úª?1O�, ��=�E′(f) = 0�, E′′(f)âk¿Â

Ún4.2 [14] �f : (CP 1, ω)→ (M,h)´NÚN�, KkUþ�1�C©úª

E′′(f)|t=0 = 2

∫
CP 1

(∣∣∣∣∇ ∂
∂ω

∂f

∂t

∣∣∣∣2− 〈∂f∂t ,R
(
∂f

∂t
,
∂f

∂ω̄

)
∂f

∂ω

〉)√
−1dω ∧ dω̄. (4.5)
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y² dÚn4.1��

E′′(f) = −2

∫
CP 1

∂

∂t

〈
∂f

∂t
,∇ ∂

∂ω̄

∂f

∂ω

〉√
−1dω ∧ dω̄

= −2

∫
CP 1

〈
∂f

∂t
,∇ ∂

∂t
∇ ∂

∂ω̄

∂f

∂ω

〉√
−1dω ∧ dω̄

= −2

∫
CP 1

(〈
∂f

∂t
,R

(
∂

∂t
,
∂

∂ω̄

)
∂f

∂ω

〉
+

〈
∂f

∂t
,∇ ∂

∂ω̄
∇ ∂

∂t

∂f

∂ω

〉)√
−1dω ∧ dω̄

= −2

∫
CP 1

(〈
∂f

∂t
,R

(
∂

∂t
,
∂

∂ω̄

)
∂f

∂ω

〉
+
∂

∂ω

〈
∂f

∂t
,∇ ∂

∂t

∂f

∂ω

〉
−
〈
∇ ∂

∂ω

∂f

∂t
,∇ ∂

∂t

∂f

∂ω

〉)√
−1dω ∧ dω̄

= 2

∫
CP 1

(∣∣∣∣∇ ∂
∂ω

∂f

∂t

∣∣∣∣2− 〈∂f∂t ,R
(
∂f

∂t
,
∂f

∂ω̄

)
∂f

∂ω

〉)√
−1dω ∧ dω̄.

½Â4.3 [15] �(M,h)´���ên ≥ 2�;Kähler 6/, é?¿�"�þ|X,Y ∈ T 1,0M,

X, Y >= 0, K

R(X, X̄, Y, Ȳ ) > 0

¡�Kähler 6/þ����V�¡Ç.

½n4.4 �(M,h)´���ên ≥ 2�;Kähler 6/, äk����V�¡Ç, K?¿Uþ�

�zN�f : (CP 1, ω)→ (M,h)7L´�X½ö�Ý�X�.

y² b�Uþ��zN�fQØ´�X, �Ø´�Ý�X�.

5¿dimH0(CP 1, TCP 1) = 3,�±�CP 1��"�X�þv
∂

∂ω
, ��ü�Mþ�0�£1, 0¤.

�þ|

X =

[
f∗(v

∂

∂ω
)

](1,0)

= v
∂f i

∂ω

∂

∂zi
, Y =

[
f∗(v

∂

∂ω
)

](1,0)

= v̄
∂f i

∂ω̄

∂

∂zi
.

f´NÚN�, ÷v£4.4¤, Kk

∇ ∂
∂ω̄
X = ∇ ∂

∂ω̄

(
v
∂f i

∂ω

∂

∂zi

)
= v

(
∇ ∂

∂ω̄

∂f i

∂ω

)
∂

∂zi

= v

(
∂2f i

∂ω∂ω̄
+ Γikj

∂fk

∂ω̄

∂f j

∂ω

)
∂

∂zi
= 0. (4.6)

∇ ∂
∂ω
Y = ∇ ∂

∂ω

(
v̄
∂f i

∂ω̄

∂

∂zi

)
= v̄

(
∇ ∂

∂ω

∂f i

∂ω̄

)
∂

∂zi

= v̄

(
∂2f i

∂ω∂ω̄
+ Γikj

∂fk

∂ω̄

∂f j

∂ω

)
∂

∂zi
= 0. (4.7)

d£4.6¤!£4.7¤k
∂

∂ω̄
〈X,Y 〉 =

〈
∇ ∂

∂ω̄
X,Y

〉
+
〈
X,∇ ∂

∂ω
Y
〉

= 0. ù¿�X〈X,Y 〉´CP 1��X¼

ê. =〈X,Y 〉3CP 1þk":〈X,Y 〉 ≡ 0. �Ò´`, (1, 0).�þ|X,Y�p��, 3Mþ�kk�
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�ú�":.

d£4.7¤±9C©��
∂f(t)

∂t

∣∣∣∣
t=0

= Y, ��

(
∇ ∂

∂ω

∂f

∂t

)∣∣∣∣
t=0

= ∇ ∂
∂ω

(
∂f

∂t

∣∣∣∣
t=0

)
= ∇ ∂

∂ω
Y = 0. (4.8)

l�â1�C©úª£4.5¤, ��

E′′(f) = 2

∫
CP 1

(∣∣∣∣∇ ∂
∂ω

∂f

∂t

∣∣∣∣2− 〈∂f∂t ,R
(
∂

∂t
,
∂

∂ω̄

)
∂f

∂ω

〉)√
−1dω ∧ dω̄

= −2

∫
CP 1

〈
R

(
∂f

∂t̄
,
∂f

∂ω

)
∂f

∂ω̄
,
∂f

∂t̄

〉√
−1dω ∧ dω̄

= −2

∫
CP 1

Rijkl

(
f it̄f

j
ω̄ − f iωf

j
t

)(
fkω̄f

l
t̄ − f

k
t f

l
ω

)√
−1dω ∧ dω̄

= −2

∫
CP 1

|v|2Rijklf
i
ωf

j
ω̄f

k
ω̄f

l
ω

√
−1dω ∧ dω̄

= −2

∫
CP 1

|v|−2
R(X, X̄, Y, Ȳ )

√
−1dω ∧ dω̄.

Ù¥|v|−2
R(X, X̄, Y, Ȳ )3v�":??�0.

?d½Â4.3, �

E′′(f) = −2

∫
CP 1

|v|−2
R(X, X̄, Y, Ȳ )

√
−1dω ∧ dω̄ < 0.

,��¡, duf´Uþ��zN�, �E′′(f) ≥ 0. ù�Ñ
��gñ.

Ïd?¿Uþ��zN�f : (CP 1, ω)→ (M,h)7L´�X½ö�Ý�X�.

5P �Î,Ú£¤Ð3©z [5]A^ù�½ny²
Frankel ß�. d	§¾¨7!4�¸Ú�

Æ�3©z [15]�|^ù�½n?�Úy²
2Â�Frankel ß�.

Ä7�8
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