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Abstract

A non-proper edge (total) coloring f of G such that any two vertices with the same

degree have the same color sets is called a vertex-reducible edge (total) coloring f

of G, where the color set of each vertex consists of all colors assigned to (or the

vertex and) its incident edges, and the maximum number the color required is said

vertex reducible edge (total) chromatic number. In this paper, the vertex reducible

edge (total) chromatic number of generalized Petersen graphs P (n; 1) and P (n; 2) are

obtained by combination analysis and construction coloring function.
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1. Úó

�©¤�Ä�ãþ�{üÃ�ã.�G = (V;E)´��n�ã, Ù¥V (G)L«ãG�º:

8, E(G)L«ãG�>8. é8x 2 V (G), ^d(x)L«º:x�Ý, =�º:x¤'é�>�ê

8, ¡�(G) = maxfd(x)jx 2 V (G)g �ãG���Ý, k�{���. �M´E(G)���f

8, eM¥?¿ü^>Ñvkú�º:, K¡M´G�����; eGØ�3,	���M
0

, ¦

�jM
0

j > jM j, K¡M�G�����; eM¥�º:�¹ãG�¤kº:, K¡M�ãG��{�

�. �f : E(G) �! f1; 2; : : : ; kg(½f : E(G) [ V (G) �! f1; 2; : : : ; kg)´ãG���N�, ef¦

�ãG¥?¿ü^��>(½?¿ü^��>!��º:!:>'é��)þ/ØÓÚ, K¡f�

ãG����~>(�)XÚ; ÄK, ¡f�ãG�����~>(�)XÚ. éãG¥?�º:v, 3/Ú

¼êfeC(v)L«:v�'é>þ¤/ôÚ|¤�Ú8Ü; S(v)L«:vÚ:v�'é>þ¤/ôÚ|

¤�Ú8Ü.

ã/Ú¯K��´ãØïÄ��:¯K, �´ò,
ïÄé�Uì�½�5KÚ^�?1©a

�¯K, A^���~2�. 2002 c, Ü§9�3©z [1]¥fz:�«O>/Ú��å^��JÑ
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ã��:�«O>/Ú�Vg. Cc5, ã��«O/Ú¯K®²d�~��«O/ÚuÐ�«

a�õ��~�~�«O/Ú, Ù¥:��/Ú [2]Ò´Ù¥��Ü©. e¡�Ñ:��>/Ú�:

���/Ú�½Â.

½Â 1. [2] é{üãG, e�3��êk(1 � k � �(G))ÚN�f : E(G) �! f1; 2; � � � ; kg, ¦

�é?¿ü:u; v 2 V (G), �d(u) = d(v) �ÑkC(u) = C(v), K¡f�G�k-:��>/Ú. {P

�ãG���k � V REC. ¡

�0
vr
(G) = max

�
kjãGäk��k � V REC

	

�ãG�:��>Úê.

½Â 2. [2] é{üãG, e�3��êk(1 � k � �(G) + 1)ÚN�f : V ((G)
S
E(G) �!

f1; 2; � � � ; kg, ¦�é?¿ü:u; v 2 V (G), �d(u) = d(v)�ÑkS(u) = S(v), K¡f�G�

k-:���/Ú. {P�ãG���k � V RTC. ¡

�vrt(G) = max
�
kjãGäk��k � V RTC

	

�ãG�:���Úê.

Cc5, ã�:��>(�)/ÚÚå
ISÆö�2�'5. 8c'u:��/Ú�ïÄ, �ë

�©z [3{5]

Petersenã´ãØïÄ�­�ãa��, é?�ÚïÄn�Kã�|Üëêäk­�nØ¿

Â. e¡�Ñ2ÂPetersenãP (n; k)�½Â:

½Â 3. [6] �nÚk´��ê�(n > 2k), K2ÂPetersenãP (n; k)�º:8�

V (P (n; k)) = fu1; u2; � � � ; ung
S
fv1; v2; � � � ; vng, >8�E(P (n; k)) = fuiui+1; uivi; vivi+kj 1 � i �

ng, Ù¥eIi�modn. e¡±ãP (n; 1)�~, äN�ã 1.

©z [7]$^|Ü©Û{?Ø
2ÂPetersenãG(n; k)��r>/Ú¿y²
en � 0(mod4),

k 6= 0( mod 4),K�
0

as
(G(n; k)) = 4. ©z [8]$^�E/Ú¼ê{?Ø
2ÂPetersenãP (n; 1)ÚP (n; 2)�

S�>XÚ¿��
8n � 8, k4 � �
0

i
(P (n; 2)) � 5. ©z [9]ÏLïÄüa2ÂPetersenã���

�:«©8, «©
ùüa2ÂPetersen ã¥�?¿ü��:.

3ã�:��/Ú�¡, 2ÂPetersenã�:��>(�)Úê´Ø�
��. �©32

ÂPetersenã®�/Ú�Ä:þ, $^|Ü©Û{!�y{Ú�E/Ú¼ê{, ��
2

ÂPetersenãP (n; 1)ÚP (n; 2)�:��>(�)Úê.

��5¿�´, 3�©J9½��Ñ��ã�k� V REC½k� V RTC�, o@�¤¦^�ôÚ

�1; 2; � � � ; k. �©¥�½Â�ÎÒ�ë�©z [10].

2. Ún9Ì�(Ø

�â:��/Ú�½Â, éN´©O��G�:��>ÚêÚ�Úê���þ..

Ún 2.1 ( [2]). éuëÏãG, Kk�
0

vr
(G) � �(G), �vrt(G) � �(G) + 1.
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Figure 1. Figure of P (n; 1)

ã 1. ãP (n; 1)

Ún 2.2 ( [10]). éPetersenãP (5; 2), k�
0

(P (5; 2)) = 4.

Äk�Ñüa2ÂPetersen ãP (n; 1) ÚP (n; 2)�:��>/Ú.

½n 2.1. é2ÂPetersenãP (n; 1), Ù¥n � 3, Kk�
0

vr
(P (n; 1)) = 3.

y². dãP (n; 1)�(���, ãP (n; 1)�±
©¤2�CnÚ�{��M = fuivij

i = 1; 2; � � � ; ng. Ù¥C1
n
= u1u2 � � �unu1, C

2
n
= v1v2 � � � vnv1. dÚn2.1�, �

0

vr
(P (n; 1)) �

�(P (n; 1)) = 3. �y�
0

vr
(P (n; 1)) = 3, �I�ÑÙ�«3-V REC =�. e¡©n � 0(mod2)Ún �

1(mod2)ü«�/?Ø.

�/1 �n � 0(mod2)�, Äk, éü��Cn�>^ôÚ1,2Ì�/. Ùg, ^ôÚ3/�{�

�M = fuiviji = 1; 2; � � � ; ng. d�, éu; v 2 V (P (n; 1)), d(u) = d(v) = 3, kC(u) = C(v) =

f1; 2; 3g, ÷vÓÝ:�Ú8Ü�Ó. �(ÜÚn2.1k, �
0

vr
(P (n; 1)) = 3.

�/2 �n � 1(mod2)�, -f(u1u2) = f(v1v2) = 1; �i�óê�i 2 [2; n � 1], f(uiui+1) =

f(vivi+1) = 2; �i�Ûê�i 2 [2; n� 1], f(uiui+1) = f(vivi+1) = 3; f(u1v1)

= 2; f(u2v2) = 3; f(uivi) = 1, Ù¥i 2 [3; n]. d�, éu; v 2 V (P (n; 1)), d(u) = d(v) = 3,

kC(u) = C(v) = f1; 2; 3g, ÷vÓÝ:�Ú8Ü�Ó. �(ÜÚn2.1k, �
0

vr
(P (n; 1)) = 3.

nþ, �
0

vr
(P (n; 1)) = 3.

½n 2.2. é2ÂPetersenãP (n; 2), Ù¥n � 5, Kk

�
0

vr
(P (n; 2)) =

8<
:
2; n = 5;

3; n > 5:

y². dÚn2.1��, �
0

vr
(P (n; 2)) � �(P (n; 2)) = 3. e¡©n = 5Ún > 5ü«�/?Ø.

�/1�n = 5�,d�ãP (5; 2)�Petersenã. �y²�
0

vr
(P (5; 2)) = 2,Äky²�

0

vr
(P (5; 2)) 6=
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3, 2�ÑãP (5; 2)��«2� V REC=�.

���
0

vr
(P (5; 2)) = 3, d8v 2 V (P (5; 2)), d(v) = 3, KC(v) = f1; 2; 3g. qdãP (5; 2)�n

�Kã�, ãP (5; 2)�½´3��~>�/�, l
k�
0

(P (5; 2)) � 3. �â�~>/Ú�½Â�

��
0

(P (5; 2)) � �(P (5; 2)) � 3, Ïd�
0

(P (5; 2)) = 3. 
dÚn2.2�, �
0

(P (5; 2)) = 4, gñ.

e¡�ÑãP (5; 2)���2 � V REC. duãP (5; 2)�
©¤�Cn = u1u2u3u4u5u1, �{�

�M = fuiviji = 1; 2; : : : ; 5gÚ�UCn
= v1v3v5v2v4v1(äN�ã 2), Kké�{��M^ôÚ1?1

XÚ, 2é�CnÚ�UCn
�>^ôÚ2?1XÚ. d�8v 2 V (P (5; 2)), kC(v) = f1; 2g, ÷vÓÝ:

�Ú8Ü�Ó. ��
0

vr
(P (5; 2)) = 2.

Figure 2. Figure of P (5; 2)

ã 2. ãP (5; 2)

�/2 �n > 5�, d2ÂPetersenã�ã(���, ãP (n; 2)�
©¤�Cn = u1u2 � � �unu1,

�{��M = fuiviji = 1; 2; � � � ; ngÚãUCn
= P (n; 2)� V (Cn). e¡©o«�/?Ø.

�/2.1 �n � 0(mod4)�, ãUCn
= P (n; 2)� V (Cn) = C1

n

2

S
C2
n

2

, Ù¥C1
n

2

= v1v3

: : : vn�3vn�1v1, C
2
n

2

= v2v4 : : : vn�2vnv2�
n

2
�óê. �y�

0

vr
(P (n; 2)) = 3, e¡�ÑÙ�«3-

V REC=�.

Äk, éC1
n

2

, C2
n

2

�>©O^ôÚ1,2Ì�/. Ùg, é�Cn�>�^ôÚ1,2Ì�/. ��, é�

{��M^ôÚ3/. d�, éu; v 2 V (P (n; 2)), d(u) = d(v) = 3, kC(u) = C(v) = f1; 2; 3g, ÷v

ÓÝ:�Ú8Ü�Ó. ��
0

vr
(P (n; 2)) = 3.

�/2.2 �n � 1(mod4)�, e¡q©3 j nÚ3 - nü«f�/?Ø.

�/2.2.1 �3 j n�, ãUCn
= P (n; 2)� V (Cn) = C�

n
, e¡�ÑÙ�«3-V REC.

Äk, é�C�

n
= v1v3 : : : vn�2vnv2v4 : : : vn�1v1l>v1v3m©, �g^ôÚ1; 2; 3Ì�/. Ùg,

é�Cn = u1u2 : : : unu1l>u1u2m©, �g^ôÚ3; 2; 1Ì�/. ��, é�{��M = fuiviji =

1; 2; : : : ; ng, l>u1v1 m©, �g^ôÚ2; 1; 3Ì�/. d�, é8u; v 2 V (P (n; 2)), d(u) = d(v) = 3,

kC(u) = C(v) = f1; 2; 3g, ÷vÓÝ:Ú8Ü�Ó. ��
0

vr
(P (n; 2)) = 3.
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�/2.2.2 �3 - n�, e¡�ÑÙ�«3-V REC.

Äk, é�C�

n
= v1v3 : : : vn�2vnv2v4 : : : vn�1v1, -f(v1v3) = f(v5v7) = f(v4v6) = 3; f(v3v5) =

f(v2v4) = 2; f(v7v9) = f(vnv2) = f(v6v8) = f(vn�1v1) = 1. ei�Ûê�i 2 [9; n � 2], Ké

>vivi+2^ôÚ2; 3Ì�/;ei�óê�i 2 [9; n�2],Ké>vivi+2^ôÚ3; 2Ì�/. Ùg,é�{�

�M , -f(uivi) = 1, i 2 [3; 5]
S
[10; n� 2]; f(u1v1) = f(u6v6) = f(u7v7) = f(u8v8) = f(unvn) = 2;

f(u2v2) = f(u9v9) = f(un�1vn�1) = 3. ��, é�Cn = u1u2 : : : unu1, -f(u1u2) = f(u6u7) =

f(u8u9) = f(un�1un) = 1; f(u2u3) = f(u4u5) = f(un�2un�1) = 2; f(u3u4) = f(u5u6) = f(u7u8) =

f(unu1) = 3; ^ôÚ2; 3Ì�/>uiui+1, i 2 [9; n�3]. d�, é8u; v 2 V (P (n; 2)), d(u) = d(v) = 3,

kC(u) = C(v) = f1; 2; 3g, ÷vÓÝ:�Ú8Ü�Ó. ��
0

vr
(P (n; 2)) = 3.

�/2.3 �n � 2(mod4)�, ãUCn
= P (n; 2)� V (Cn) = C1

n

2

S
C2
n

2

, Ù¥C1
n

2

= v1v3 : : :

vn�3vn�1v1, C
2
n

2

= v2v4 : : : vn�2vnv2�
n

2
�Ûê. �y�

0

vr
(P (n; 2)) = 3, e¡�ÑÙ�«3-V REC=

�.

Äk, é�C1
n

2

, -f(vn�1v1) = 3, é>vivi+2^ôÚ1; 2Ì�/, Ù¥i 2 [1; n � 4]�i�Û

ê; é�C2
n

2

, -f(vnv2) = 3, é>vivi+2^ôÚ2; 1Ì�/, Ù¥i 2 [2; n � 2]�i�óê. Ùg,

é�{��M = fuiviji = 1; 2; : : : ; ng, -f(uivi) = 3, i 2 [3; n � 2]; f(u1v1) = f(unvn) =

2; f(u2v2) = f(un�1vn�1) = 1. ��, é�Cn = u1u2 : : : unu1, -f(u1u2) = f(un�1un) = 3;

f(unu1) = 1; ^ôÚ2; 1Ì�/>uiui+1, i 2 [2; n�2]. nþ, é8u; v 2 V (P (n; 2)), d(u) = d(v) = 3,

kC(u) = C(v) = f1; 2; 3g, ÷vÓÝ:�Ú8Ü�Ó. ��
0

vr
(P (n; 2)) = 3.

�/2.4 �n � 3(mod4)�, �y�
0

vr
(P (n; 2)) = 3, e¡�ÑÙ�«3-V REC=�.

Äk, éãUCn
, -f(vn�2vn) = f(vn�1v1) = 3; f(vnv2) = 2; ei 2 [1; n � 5]�i�Ûê, é

>vivi+2^ôÚ1; 2Ì�/; ei 2 [2; n � 4]�i�óê, é>vivi+2^ôÚ1; 2Ì�/. Ùg, é�{�

�M = fuiviji = 1; 2; : : : ; ng, -f(uivi) = 3, i 2 [2; n� 3]; f(u1v1) = 2; f(uivi) = 1, i 2 [n� 2; n].

��, é�Cn = u1u2 : : : unu1, -f(un�2un�1) = f(unu1) = 3; f(un�1un) = 2; ^ôÚ1; 2Ì�/

>uiui+1, i 2 [1; n� 3]. nþ, é8u; v 2 V (P (n; 2)), d(u) = d(v) = 3, kC(u) = C(v) = f1; 2; 3g, ÷

vÓÝ:�Ú8Ü�Ó. ��
0

vr
(P (n; 2)) = 3.

e¡�Ñüa2ÂPetersen ãP (n; 1) ÚP (n; 2)�:���/Ú.

½n 2.3. é2ÂPetersenãP (n; 1), Ù¥n � 3, Kk�vrt(P (n; 1)) = 4.

y². dÚn2.1��, �vrt(P (n; 1)) � �(P (n; 1)) + 1 = 4. �y�
0

vr
(P (n; 1)) = 4, �I�

ÑÙ�«4-V RTC =�. d½n2.1��, �
0

vr
(P (n; 1)) = 3, KãP (n; 1)´3�:��>�/�, =

�^ôÚ1; 2; 3éãP (n; 1)?1:��>/Ú. 2^ôÚ4éãP (n; 1)�¤kº:?1/Ú. d�,

éu; v 2 V (P (n; 1)), d(u) = d(v) = 3, kS(u) = S(v) = f1; 2; 3; 4g, ÷vÓÝ:�Ú8Ü�Ó.

��vrt(P (n; 1)) = 4.

½n 2.4. é2ÂPetersenãP (n; 2), Ù¥n � 5, Kk�vrt(P (n; 2)) = 4.

y². dÚn2.1��, �vrt(P (n; 2)) � �(P (n; 2)) + 1 = 4. e¡©n = 5Ún > 5ü«�/?Ø.
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�/1 �n = 5�, d�ãP (5; 2)�Petersenã. �y²�vrt(P (5; 2)) = 4, �I�ÑãP (5; 2)�

�«4� V RTC=�.

e¡�ÑãP (5; 2)���4 � V RTC. duãP (5; 2)�
©¤�Cn = u1u2u3u4u5u1, �{�

�M = fuiviji = 1; 2; : : : ; 5gÚãUCn
= P (n; 2) � V (Cn) = v1v3v5v2v4v1. Äké�{��M^ô

Ú1?1>/Ú. Ùg, é�Cn = u1u2 : : : u5u1, -f(u1u2) = f(u3u4) = 2; f(u2u3) = f(u4u5) = 3;

f(u1u5) = 4; f(u1) = 3;f(u2) = f(u3) = f(u4) = 4; f(u5) = 2. ��éãUCn
= P (n; 2)� V (Cn) =

v1v2 : : : v5v1, -f(v1v3) = f(v5v2) = 2; f(v3v5) = f(v2v4) = 3; f(v1v4) = 4; f(v1) = 3;f(v2) =

f(v3) = f(v4) = 4; f(v4) = 2. d�, 8v 2 V (P (5; 2)), d(u) = d(v) = 3,kS(u) = S(v) = f1; 2; 3; 4g,

÷vÓÝ:�Ú8Ü�Ó. ��vrt(P (5; 2)) = 4.

�/2 �n > 5�, d½n2.2��, �
0

vr
(P (n; 2)) = 3, KãP (n; 2)´3�:��>�/�, =

�^ôÚ1; 2; 3éãP (n; 2)?1:��>/Ú. 2^ôÚ4éãP (n; 2)�¤kº:?1/Ú. d�,

é8u; v 2 V (P (n; 2)), d(u) = d(v) = 3, kS(u) = S(v) = f1; 2; 3; 4g, ÷vÓÝ:�Ú8Ü�Ó.

��vrt(P (n; 2)) = 4.

nþ��, �vrt(P (n; 2)) = 4.

Ä7�8

[��g,�ÆÄ7]Ï�8(No. 21JR11RA065)"

ë�©z

[1] Zhang, Z.F., Liu, L.Z. and Wang, J.F. (2002) Adjacent Strong Edge Coloring of Graphs.

Applied Mathematics Letters, 15, 623-626. https://doi.org/10.1016/S0893-9659(02)80015-5

[2] Li, J.W., Zhang, Z.F., Zhu, E.Q., et al. (2009) Adjacent Vertex Reducible Edge-Total Coloring

of Graphs. Proceedings of the 2nd International Conference on Biomedical Engineering and

Informatics, Tianjin, 17-19 October 2009, 17-19.

[3] X�, o`S. ��nÜã�:���/Ú[J]. ÉÇ�ÆÆ�(nÆ�), 2022, 68(5): 471-478.

[4] o¹©, x�r, Üä¤, Û´. ã�:Ú��>/Ú[J]. ÉÇ�ÆÆ�(nÆ�), 2022, 68(5):

487-495.

[5] Û´, o¹©, Üä¤, Ü:�. eZéã��:Ú��>/Ú[J]. u¥���ÆÆ�(g,�Æ

�), 2023, 57(2): 201-207.

[6] Li, Z.P., Shao, Z.H. and Zhu, E.Q. (2020) Injective Coloring of Generalized Petersen Graphs.

Houston Journal of Mathematics, 46, 1-12.

[7] XV�, Ü§9. 2ÂPetersenãG(n; k)��r>/Ú[J]. =²�ÆÆ�: g,�Æ�, 2005,

41(4): 100-101.

DOI: 10.12677/pm.2023.136188 1857 nØêÆ

https://doi.org/10.1016/S0893-9659(02)80015-5
https://doi.org/10.12677/pm.2023.136188


±s§X�

[8] Li, Y.Y. and Chen, L.L. (2021) Injective Edge Coloring of Generalized Petersen Graphs. AIMS

Mathematics, 6, 7929-7943. https://doi.org/10.3934/math.2021460

[9] Naqvi, S., Salman, M., Ehtisham, M., et al. (2021) On the Neighbor-Distinguishing in Gener-

alized Petersen Graphs. AIMS Mathematics, 6, 13734-13745.

https://doi.org/10.3934/math.2021797

[10] Bondy, J.A. and Murty, U.S.R. (1976) Graph Theory with Applications. Macmillan Press Ltd.,

London.

DOI: 10.12677/pm.2023.136188 1858 nØêÆ

https://doi.org/10.3934/math.2021460
https://doi.org/10.3934/math.2021797
https://doi.org/10.12677/pm.2023.136188

	1 引言
	2 引理及主要结论



