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Abstract

This paper combs the conventional solving process for first-order, second-order reducible, second-
order constant coefficient linear ordinary differential equation, refines the types of problems, and
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summarizes a set of unique and simple solving process for each refined type of problems. The in-
novation lies in the direct integration of three types of problems of the first order linear differen-
tial equation, the second order reducible differential equation without intermediate variables, the
second order constant coefficient linear ordinary differential equation with three types of prob-
lems (single root, double root and conjugate complex root of characteristic equation), the second
order constant coefficient linear non-homogeneous differential equation with three basic prob-
lems and four extended problems, and the direct integration of differential equations to find gen-
eral solutions. The solution method is fast and simple, and praised by students highly.
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1) A BRI T (x)dx=g(y)dy
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3) —Mr MR TR Y + P(x)y=Q(Xx) — Bernulli 772 y'+P(x)y =Q(x)y"

4) TR A TR Y = £ (x) s Yy = F(xY)s Y =f (YY)

5) B RECGTIRENE . BRI T Y + py +ay =0, y'+py'+aqy=f(x)

A SO R B AR B R R R GRS (BB EWH[L] (M5 3E Hihiitt: 2014 4L
)o
2. THEERIOMAFE g(y)dy= f (x)dx

PIIBFR ) jg(y)dy=j f(x)dx, %% G(y)=F(x)+C

i 1. d—y:2xy, Y oxx jd—y=f2xdx, In|y|=x*+In|C|, y=Ce*
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X dx p(u)-u X
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=1, O [y 00
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5
%l 4: y’—%=(x+1)5 o (x+1)7y' —2(x+1)y =(x+1)2,
+

’

=(x+l);,[ y ]=(x+1)i, y:(x+1)2[§(x+1)§+cj
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3) BMA=: y'+P(x)y=0Q(x), y'eJP(X)dXerp( )efP( (yeJP ) :Q(X)eJP(x)dx
15y yeIP J‘Q eJP(x)dxdx+C , SR y:e—JP(x)dx(J'Q(X)ejP xdde+C)

B 5: y'+2xy=2x, exzy’+2xexzy:(yexz) =2xe", yeXZ e +C, y=1+Ce’X2
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1) BA— Y = f (x) ——BRBRSE

Bl 6: y"=e"—cosx, Bo=ix, HHYy" :%e2X —sinx+2C,, Y :%e2X +cosx+2C,x+C, ,
y :%e2X +sinx+C,x* +C,x+C,

2) BRI y'=f(xy)—&MIE &Yy ERLY=p) REIEEER, HRSY
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M7: (1+X2>y :ny ’ y|x:0 =1, y|x:0:3’ (In|y|) =§=:|_+X2 '
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z
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6. ZMERESTREMRTFHEE Y + py' +ay = 0R)ERE
IR TSRS IR M, T2, TESEHGER 1),

Table 1. General solution of second order homogeneous linear differential equation with constant coefficients y”+ py’ +qy
= 0 (from the first volume of the seventh edition of Advanced Mathematics, Tongji University) [1]

F 1L ZNERBTREMENMA SR Y + py' +qy =0 BB (HBRFAZE (SFHF) LM (1]

FREFE 2 + pr+q=0 I MR 1, T, TR y" + py’ +qy =0 IR AR
PGSR 1, y=Ce™ +C,e%
PSSR =, y=(C, +C,x)e"

— X IHEE AR r,=atpi y =e“(C, cos Bx+C, sin Bx)

7. ZHERBIESTREMRMSFE Y + py' +ay = T (x) BIEFRR

AR E REOERARTT IR IR AR LL BB, R RN 25 8 A AR AR R AR . AR JRPRRAR
i (AR RIS R T AR IR &R é%ﬁﬁﬁﬁiﬁﬂﬁﬁﬁi e i A SERHE T RE I SR . SEARFAETT
A — FOARIN SRR Rl SN BB, JCHOR AR AL 7 R SR HE AR B3 R A 301 =y pR R SR e 2 SE B
AR [3] (% 2).

Table 2. Special solution of second order non-homogeneous linear differential equation with constant coefficients
y'+py' +qy="f (x) (from the first volume of the seventh edition of Advanced Mathematics, Tongji University) [1]

F 2. ZMERBIASTIREMMIHIE Yy + py +ay = T (x) FFR(EBRIFAZE (SFHF) FLhREM) (1]

f(x)=e™P, (x) B IIHH7 f(x)=e" (Pl(l’ (x)coswx+ P (x)sin a)x) TP R
y =x"Q, (x)e™ y = xke™ (R‘1 (x)coswx+R (x)sin a)x)
Hem 25 P, (X) [ (m )2 ik Hr R(1 ( ) R® (x) £n= max{l m} RZ IR,
1M k % A ASRAHETTREHINR . RARFIETT R SRAR M K 4% A+ i A RBFHE /TR SRR AE 772 1 AR
FERHE TR — AR IIME N k =0,1,2 RUREUE 4 k =01

B I At XA CAARAL AT X — P A0 A AR TR A 5 L AR T (R AR [2] o
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8. ZHMrEABIAEFTREMMAFE Y + py' +ay = T (x) KERFTZ —ENDH
ROAR, BHEZERBIHFEEWENS M AT EERFHIEGIRIETR f (x)

1) BE—: y'—(n+1n)y +nny="f(x)8, $EFRr’+pr+q=0FHMHELR .1,
(y'- 2y)/—rl(y'—rzy)z f(x)> ((y'—rzy)e”lx)’ =e " f(x),
( ‘rzx) ee ™ = je‘rlx x)dx+C, , ye”zx:j(e’lx”zxje’ﬁxf(x)dx)dx+Cler1X’r2x+C2,
y =e?" (eﬁ*"zxje"1X f (x)dx)dx+Ce™ +C e
#10: y"-2y'~3y=3x+1, (y'+y) -3(y'+y)=3x+1, ((y'+y)e‘3x),:e‘3x(3x+1)
(y'+y)e™ =[e*(3x+1)dx+C, ——(x+§je3x+cl, y’er:—(x+§j+Cle3X
(ye*)':—[x+§)ex+cle“, ye*=(—x+%)ex+cle“+02’ }'=—><+%+(3193X+Cze_X

#l11: y" -5y’ +6y=xe”, (y'-3y) -2(y -3y)=xe*, ((y’—3y)e‘2x)':xezxe‘“:x

242X —3x

(y'—3y)e’2x:%x2+cl, y' 3y— x’e +Ce> (ye’”)':%xe +Ce¥e™,

ye ™ = f%xze’xdx +Ce*+C, = [—%xz - xjeX +Ce*+C,, y= x(—%x —1)(9ZX +C.e”* +C,e*
2) AR y”—2ry’+r2y=f(x)ﬂ, FEAFR T + pr+q=0FFMESELRr =r,, ER
(ye’”) e f(x), (ye ) =[e™f(x)dx+C,, ye rX_I[Ie”Xf dx]dx+C x+C,
y =e"™ Ue “f ( dx}dx+(Cx+C)
#l12: y" -6y +9y=(x+1)e¥, (ye‘”)n (x+1)e¥e ™ =x+1, (ye3x)’:(%x2+xj+q
ye ¥ = (éx3+;x )+Clx+Cz, y:XZE%x+%je3X+(Clx+Cz)e3X
3) BR=: y'-2ay+(a’+p°)y="f(x) B, REFRI" +pr+q=0F—MEHMEMr, -+ pi
(v'=(a~pi)y)~(a+ pi)y ~(a-Bi)y)=(y ~(a=pi)y) ~(a+ i)y ~(a-Bi)y)=1(X)
(( ~(a-pi)y)e “*ﬁ')x) e (x), (y—(a-pBi)y)e Sl je’(“*ﬂi)xf(x)dx+cl
y’—(o:—ﬁ’i)y=e(‘“ﬁi)xje’(”‘*ﬂi)X (x)dx +Ce“ ",
(ye—w—ﬁi)x ) — o e [ g () €l e A
ye (@A = J-(ezﬂixj-e’(‘”ﬂi)xf (x)dx)dx+Cle2/”ix +C,,

y = gl* A .[(ezﬂiX _[e’(‘”ﬁi)X f (x)dx)dx +Cel el ),
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y=el ﬂ')xj'(ezﬂ‘*fe‘(“+ﬂi)xf(x)dx)dx+e“x(Clcos,Bx+C2 sin Ax)
IR 5 e™ =cosx +isinx, e ™ =cosx—isinx, e +e”

X £ (x)=e™ (P( Y (x)coswx + P(z) (x)sin a)x) USR],

=2cosx, e*—e™=2isinx

1203 —iox

1223 —iwXx . ‘
f (x) — g™ |:P1(X)i+ P, (X)%} _ P(X)e(/lﬂm)x n P(X)e(i_'w)x

yn_zayr_,’_(az+ﬂ2)y:P(X)e(l+iw)X ﬁ@?’\j y , ﬁzltj y!!_zay!+(a2+ﬂ2)yzp
y=y+7

B 13: y"+y=xcos2x , (y'—iy)' +i(y'—iy)= y"—iy’+iy’—i2y=%x(e2ix +e’2ix)

((yf_iy)eix)' ;Xemxelx _ ;eélix , ( —lx) |x ix J' eSlxd _(__+ 1 j 3ix

e +C,
18
~A—iX ! iX 1 ix —2ix SA—iX X 2' C —2ix Cz
e =|—+—e"+Ce™", ye = —— e’ +—e —=
(y ) ( 6 18) . y [ 6 9] —2i 2
y: _i_ﬂ eZ|x+ Cl e—lx+C2 eix , y: _14_2 e—le +C1 e|x_i_&e—|x
6 9 —2i 2 9 2

y= ~Xcos2x +£sin 2x+C,;sinx+C, cosx
3 9

Bl 14: y"-2y'+5y=e"sin2x, y"-2y'+y+4y=e*sin2x, (ye‘x)”+4ye‘X

=g *e*sin2x
Wz=ye™, (z’—2iz), +2i(2' - 2iz) =2" - 2iz' + 2iz' - 4i*z =sin 2x =%(eZiX —e‘Z‘X)
i
((Zf_Ziz)eZix ), :i.ezixezix :i.e4ix , (ze—zix )' ezierix :%e‘"x 4 2C1 _ _le4ix i 2C1
2i 2i 8i 8

(Ze_ZiX )’ _ _1+ che_Aix , Ze—zix _ —EX +2_ge—4ix +& ,
8 8 —4i 2
7= _lxezix + 2_ge—2ix +&e2ix ,
8 —4i 2

7= Z+§:_g(e2ix +e—2ix)+%(e2ix _e—2ix)+&(e2ix +e—2ix) ,

y=e'z= —Eex cos2x +e*(C,sin2x+C, cos 2x)

9. ZMERBAETREMMITFRE Y+ py' +ay = f (x) REFHE—3 FpEXRTE,
AT RER, ZAERABTETRAEAKIETTRM f (x)H02ER, BEIEREMH,
SR ETE
1) EARGEE—.

y'+py' +ay =P, (x) BWRE, #f#y =Q,(x) 5 P,(x) kAR
B 15: y"-2y' -3y=3x+1,
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Ry =ax+b i y*"—Zy*'—3y*:0—2-(—1)—3-(—x+%j=3x+1, y*=—x+%,

Bl16: y'+y=x", BBy =a +bx+cilif y" +y =2+(x*-2)=x", y =x*-2
2) BEAERI—: v+ py +qy=e” EEHEA, KRy =ze” e HE

B 17: y"+y=¢, y*:%e

B 18: y" -5y +6y=e*, &Ky=2ze*

2X

y'—5y'+6y=(z"+47'+47-57'-102+62)e™ =(z"-2')e” =xe

e ik 2" -7 =-1-(-x-1)=x, 7" =-x-1, z*=—%x2—x, y’kz(—%xz—xje2X
— , Sin wx sin wx
3) EAFM=: y"+py+aqy= B—HRy 5 Gk
COS WX COS X

#19: y"+y=cos2x =%(e2'X +e‘2'x)
g 774y :%em FIHBATTE: T+ :%e’m

B y=2e™, §'+y=(2"+4iz'+4i’z+2)e™ = (2" +4iz' - 32)e™ :%e2ix

[EEN

1 N — 1 1
2" +4i7'-37==, z=—=, FHEY =§+§=——(e* +e72* Z€0s2x
> - Ky =y +7 6( )=- .

" : 1 iX —ix
) 20: y +y:5|nx:z(e —-e ),

L ~ ~ |x S 1 —ix
Wit: §+9= KALHE oy ey ty=-—e
L~ ix S & " s =2 2ix " o1\ AiX 1 ix ” ) l
By=z2", § +y=(z +2iz' +i z+z)e =(z"+2iz')e =58 +2iz =
i i

, oA X 1 (x 1 X x 1 _ x 1
Z+2|Z:—_y ——+2| 7——_ =T Z:_—___y Z:——+—_

2i 4 4i-  8i 2i 4 8i 4 8i

By =§+§=— (e +e"x) é(eiX —e“x)= —gcosx—%sin X

4) FREBR—: y'+py +aqy=e"P,(x) BEREEREZ TR, By =e”Q, (x) 5P, (x) A

Bl 21: y' -6y +9y=(x+1)e>, & y=2ze™
y' -6y +9y=(z"+62'+92-62' 182 +9z)e™ = 2"e™* =(x+1)e¥*, z"=x+1,

« 1 1 N 1 1
R == +=x2, = =x¢+=x2 |e%,
* 6. 20 YN 2

Ry =% (%x+%)e3x +(Cx+C,)e’

sin wx sin wx
5) FRBEE—: y'+py +qy=e” 1’”%@%{% FAREE, Ry He¥ cosex
B 22: y"-y=e*cos2x, #y=¢ez, U“Jy" e (2"+27'+z2-17)=e"cos2x ,
2" 427 =c0s2%, 7'+ 22 = sin 2x:i_(e2ix —e’Z‘x) , Z’+22:i_eZiX
2 4 4
§'+2§=i_ 20 Z:; 2ix :_ﬂ 2 fz_l;lezlx
4 (2i+2)4i 16 16
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1=7+17= —i(eZiX +e ) —L(e2ix —g ) = —lcos 2X +lsin 2X
16 16 8 8

* X

y =ez :%eX (sin2x—cos2x)

sin wx sin wx
6) R, y'+py+ay=P(x) @  STRR=MEHL, HAE Y 5 P, (x )Coszx A
) 23: y"+y:xc052x:%x(e2‘x+e’2‘x)
iTJ‘T‘//t} y"+y=%XGZiX &;@Eﬁﬁz ? % —le’ y"+y=_xezix

wy=ze™, N )7"+)7=(z”+4iz'+4izz+z)ez'x=%xe2iX
——jzz”+4iz’—3z:1x, 71=—
2

y=y+y= —%(eZix +e) —%i(ez” —e )= —gcos 2%+ gsin 2x

sin wx

7) FRBEN. y"+py'+qy=e“Pn() T“%IE%(% R=EZARBARRE, BBy 5

sin wx

e"Qy (X)coswx B

~2ix i .
B 24: y"—y=e*xcos2x = xe % _g(e(m')X + e(l'z')x) ,

1 (L-2i)x o 14+2i)x

, Yy =zeMP

~ 1+2i)x ="

yy2 Y Y=

2
ny"—y= (z +2(1+2i)z' +(1+2|) - )e<1+2i)x=§e(1+zi)x

o 2(1+2i) ) X 2(1+2i) | «x
2"+2(1+2i)z' -4(1-i)z=0— 3(L-1) _4(1_|)[_8(1—i) B ) J >’
X 21+2i) 140 2-i  _ 1-i_ . 2+i
Z__8(1—i)_32(1_i)2__E)HE’ Z__E +¥

y = (_ﬂx +ﬂje(1+2‘)x ¥ (_ux +ﬂje(”i)X = (5 + ijex sin2x + [—5 + i)ex COS2X o
16 32 16 32 8 16 8 16
EEWHE
M AR R R T .
SEEk
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