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Abstract

In this paper, an inertial symmetric alternating direction multiplier method is proposed to solve
the two-partite convex miniaturization optimization problem, in which it is proved that the pro-
posed algorithm converges to the optimal solution of the original problem, and finally, the effec-
tiveness and superiority of the proposed algorithm is verified through the data analysis.

Keywords

Alternating Direction Multiplier Method, Convergence, Linearly Constrained Convex Optimization
Problems, Inertially Symmetric Alternating Direction Multiplier Method

XEF|IF: HEER, SCHy, 2RFE. BRI T T ELD]. EIREE, 2024, 14(1): 203-217.
DOI: 10.12677/pm.2024.141022


https://www.hanspub.org/journal/pm
https://doi.org/10.12677/pm.2024.141022
https://doi.org/10.12677/pm.2024.141022
https://www.hanspub.org/

HHBIER %%

Copyright © 2024 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. 518§
FEA S 3 PR LN & A Ak ) L
min{f (x)+ g(y)} W
s.t. Ax+By=b
HAp f i F — (—o0,4+00] Al g :G — (oo, +oo | /I LMK AL, A:F > H f1B:G— H2FFA L
PEFT, F,G,H J&5E Hilbert 258, beH .
2 77 A e 1% (ADMM) 2 3K figk ] /(1) ) — Fb i FH 5%, ADMM Ji 52 B Gabay [1]. Glowinski [2]
£, ADMM SERIE DR

ke :arg:nin{f (x)+<1k,Ax+ By* —b>+§"AX+ By* —b"Z}

V! = arg min{g(y) + <,1k ,AXS 4 By — b>+£||Axk+1 +By— b”z} (2)
' 2

lkﬂ _ ﬁ,k —ﬂ(AXk+l + Byk+l —b)

Lorenz [3142H T MR IA) J5 40 4553, Bl G (£ SCRR[4] [5] [6] 1%L Ati 45 & Nesterov JNiE Jy 5 i1k
FTOSEE,  SRAATE 43 B {5 284G 15 Douglas-Rachford 514) 3450347 it ADMM [8]. k=
T EVE 9145 532 . Chen [10]% it 45 4463 ADMM [11)50EHE H SR AR A LR L 3T 2 55 7 i
A il R P PE AR T ADMM B35, FEUE B T S0 0t a2 S8 N [1205% AT 43 25 e Ak i R FH A5
FoAR,  [EIES 5 ONBEA DN Rl B AR S TP, SRt TR I AU sth 5 g eI

Tseng [13]H 42 HH T 22 & MEUEIVE(AMA), IERPERINT

X! =arg min{ f(x) —</1" , Ax>}
yert = arg;nin {g (y) —</1k , By> + §||Axk+1 +By— b||2} ©))
/lk+1 _ /lk —ﬂ(AXk+1 + Byk+1 —b)
T INigE(3), Goldstein 75 FISTA (25 FoR (L) IXHE R, 2 2INE AMA, SRS
X! =arg min{ f (x)—</ik , Ax>}
+ H 7 ﬂ + 2
ykt :arggnm{g(y)—@k,By>+5||Axk Ly By—b” }

k+1 _ 7k k+1 k+1
A= 74 - B( AKX+ By —b) @)

1+ 1+ 4

2
e gk g O _1(/1k _lk—l)

G

O =

DOI: 10.12677/pm.2024.141022 204 R


https://doi.org/10.12677/pm.2024.141022
http://creativecommons.org/licenses/by/4.0/

HEIEE %5

Hr Chambolle [14]3E 8 T iR 51 {ﬂk } AT o SRUONAE[15] 3R T — R i) A2 5 Al ML S
SRR ) R SRR BRI

=2 o (A -2
x“** =argmin { f (x)—<}i" , Ax>}

(®)
yk+l _ arggnin{g (y) _<,ik , By> +§||Axk+l + By — b||z}

ﬂkﬂ =ik _ﬂ(AXkﬂ + Byk+1 —b)n

20
ﬁI\EP{ﬁ}g[O, ZJ o
Al

) (L) R V22, 1N 25 e vt in) @i [16],  BEUs o Be ial @E[17], P ARAC AR IR RE 1) [18]
[19], HA LM 4205 BMG J:0E ) 81 20] [21] [22]%5. FHEIAH— T B LRI 448 5 G 2 4 ) 7

1
min={x-ulf + 2],

(6)
s.t.xeC
O)XRH LR, BEMAFERI S (%), BT X, =o(Lx), @FTLERA
min_{x-uf’ + 2, + ¢ (x) U
iﬁf(x):%||x_u||z+¢c(x), y=Lx, BH@)TUERA
in f A
min (x)+Ae(y) @

s.t.y=1Lx

LR R SRR, RIASCHE R, f£RBIEA L, SIA— PR BRI (1), A5
E A PR SR RS 1P R (L) R e e e, I Bt i, 52 A1 ADMM SEELES,  BiEs AR A
RAE AL o

g CE RS RIS, R 1R,

Table 1. Symbol cross-reference
=1 SRR

Re) P15 445

() S ARy JR A R 2 ) R R AR
argmin e /ME

E J& T

R" n 2R R~ (]

2. FEHENH
WL AEAEEMNEE T H >R, S x AR SR

DOI: 10.12677/pm.2024.141022 205 S H


https://doi.org/10.12677/pm.2024.141022

HHBIER %%

of (x)={geH:f(y)=f(x)+(g,y—x),vyeH|

Forbrof (x) BT AR BRI AL AL x ARHIRERE, SR of (x) =@, FREREf 7L R x AR W IR«
B 2. BN PRE f e — (—o0,400], E X FLERY € & ] Fenchel JLHE o %L

P (y)=sup{{xy) = F ()} ==inf {f (x) - {x y)}, Wyes
ARSI A £ () R R
EX 3. MEE yee, & fie—(—oo,+oo] RMNNMREL, #H L
F(y)2 F(x)+{x"y-x)
MK X9 § 76 1 X € & AFIVCBRIEE, 75 x AbUCBAIE A Ay £ 75 x AHVRBAY, T of (x) -
3. IR ADMM EEW S Hr
PEACTH, SRR () BT, Bt st R

B 1L R ADMM i

V,%,Bg[O 20—], a, <(0,1)

1A
k=012,
) ¥ =y e (v -y
2) =i+ (A -27)
3) x***=arg min{ f () -(2", Ax>}

k+1
2

4) A 2=]1"+p(AX+By* -b)

5) y**!=argmin {g (y)—</1k+;, By>+§||Axk+1 + By—b"z}

6) ﬂ,kﬂ — /1'“5 _ﬁ(AXkH + Byk+1 _b)
2 e — TE AR AN, A 1Rk AR

SEEL 1 RECROR BT RO B RAE, FL{x) () (2K} R 1A RS, B B

A THNFAE, FAEy>0, i3 Be [7/, "i(ﬁ-z —7J v a<l, o €[0,a]RARBEIFH HiHL

< K k-1|]?
Zak"ﬂ, -5 ” < 400
k=0

U7 Bk 9 F B L (xy727) o A
@ Xk+l N X*
@ yk+l N y*
@ /lk+l _)Z*
@ lim f(xk*1)+g(yk*l):f(x*)+g(y*)

k—+o0

DOI: 10.12677/pm.2024.141022 206 S H


https://doi.org/10.12677/pm.2024.141022

HEIEE %5

UER
I (1) Bk B H eR

L(x,y,4)=f(x)+9g(y)-A"(Ax+By-b) 9)

Hoh 2 e R Rk I H 7.
IR (1) (K33 ) A% BT H pR BN

L(x,y,4)=f(x)+g(y)-A"(Ax+ By—b)+§||Ax+ By—b||2 (10)

] 58 (L) P %418 1] A
maxq(2) =~ f (Ai)—g (B"2)+(4.b) (11)
He £7,9" 42 £ F1 g [¥1 Fenchel L5
87 FRVABR 14 I A A P2 B2 3K A (4)
=2 4o (A =27
. - 12)
A¥ = prox, (lk - pAVE" (A*;t" ))

Jedr, h(4)=g"(B"2)-(4.b)
WX =it (AY), A
A eof (XM)

0eof (xk“)— A K

X! = arg min{ f (x)—</1~",Ax>} (13)

¥ h(4)= g7 (B'2) — (4,b) R (12) LA 4RI 752 X T 8

At = prox, (/i" —ﬁAVf*(A*Zk))

_argmln{ﬂh —“,1 (2~ pave® (1Y)

)

(14)
=ar9min{ﬂ(g*(8*ﬁ) (4.b)) Hz I+ pAvE” (A zk)” }
=argmin{ﬂg*(s*ﬂ)— ﬂ(l,b)+EH/1—ik s pavet (a2 }
XXt = Vi (A1), B4 T
argmin{ﬂg*(B*ﬂ)—ﬂu,b%%Hl_ik +ﬂAVf*(A*/Tk)H2}

]

DOI: 10.12677/pm.2024.141022 207 S H

(15)
=argmin {ﬂg*(B*ﬂ)—ﬁ(ﬂ,b)Jr%"/l — 2+ BAX



https://doi.org/10.12677/pm.2024.141022

HHBIER %%

BBtk £
Oe ﬂag*(B*lkﬂ)_ﬁb_i_(lm _ +,BAXM) (16)
Byt e pog”(B'AN), ATLIAE]
0edg(y*t)-B2A*" an
X QAT)EATATE AT AR E]
O c ag (yk+1)_ B*ﬂ,k”- _ B*ﬁ(AXk+1 + Byk+1 _ b) n B*ﬂ(AXk-ﬂ + Byk+1 _ b)

(18)
Oc 6g (yk+1)_ B*(/IkJrl +ﬂ(AXk+l + Byk+l —b))+ B*ﬂ(AXk+l + Byk+l —b)
HEEAS 6 T DS RI(17) &0 T
0cag(yt)- B2, B 4(AX“"! + By ~b) (19)
(A
y**! =argmin {g (y)- </1k+;, By> + gqu"” +By— b”z} (20)
y
KR EIEME 5 2
BEEME 3 B AIEE 5 20— Rk 2% A mT AAS 3
A eof (X (21)
B B"( AX“* + By* —b) e g (y*+) 22)
i f Al g BEA
<x"*1—x*,A*(/ik —/1*)>20 xk*l—x*"2 (23)
<yk+l -y',B (,1“; - A*J — BB (AX 4 By - b)> >0 (24)
TAE K (12) A0 (13) 5 A N AT LA 3]
<x"+1 -x', A*(ﬂ:k -1 )>+<y"+1 ~-y',B [ﬂh; -~ /1*] - pB’ (AxIHl +By*?! —b)> > o|[x* - x*"2 (25)
EeSHImESS
<xk+l -X AT (2~ ,1)> +<yk+1 —y',B (,1”; - 4*} ~ BB (AX 4 Byt b)> > o|x*t - x*||2
(26)

<ik A A(Xk+1 _ X*)> +</1k+; y B(ykﬂ _ y*)>_<ﬂ(AXk+l By - b), B(yk+1 _ y*)> > O_||Xk+1 _ X*"Z

HISIREE 4 0. BKEE 6 PRI AX + By =b W] AFF 3

DOI: 10.12677/pm.2024.141022 208 S H


https://doi.org/10.12677/pm.2024.141022

HEIEE %5

<ik — AT A (X - x*)>+</1k+; - A", B(y** - y*)>

k+

:</1k+;_/1*_ﬁ(AXk+1+ Byk —b),A(xk+l—X*)>+<lk+;—l*,B(yk+1—y*)>

N

- B(AX+ By  —b) - 27, A(x —x*)>+<ﬁk+; - A7 B(y - y)>

1 (27)
:<4k*z AR )+ B(y y*)>_ BlA( ) (A 1 B b))
:<ﬂk+; _ 2T A 4 By —b>—,B<A(Xk+1 _ X*)'(Axkﬂ + By —b)>
:£</1k+§ At /1‘”1>—ﬁ<A(xk” —x), (A + By ~b))
B
4 (26)F- N (25) 1] LA 3]
1] ks o ks k+1> kel * Kl | pok
(A 2=, 2= ) =B(A[XT=x ), A" + By —b
it (A ). ) »
_<ﬂ(AXk+l + By —b), B(yk” _ y*)> > ollx<t — X*"2
RHERZEE, ATELR @I N
1 k+E w k+1 *
(A 2= 2= - p(A(X —xT),( AX + BY* b
B < > < ( M >> (29)

_ﬁ<(AXk+1 + By —b), B(yk+1 _ y*)> > ol - X*"Z

WAL 73 T (28) e 10 55— 4% T

2 J (30)

31
= g("AX* + Byk — b||2 _||Axk+1 _ AX*"Z _||Axk+1 n Byk _b”z) (31)
JE 30 5 = AT
_<ﬂ(Axk+l + By " _b), B(yk+1 - y*)> = ,B<Byk*1 —(b— Axk*l), By — Byk*1>
32)

= g(”b — Ax<H By*”Z 3 ||Axk+1 + By - b"Z —”Byk“ B By*uz)

H(29) (30) (3L)AHMIEARN(28) 1] LATS 2

DOI: 10.12677/pm.2024.141022 209 S H


https://doi.org/10.12677/pm.2024.141022

HHBIER %%

2

'i[llf _effiion
2B

+ 2 (Jax + By —ff ~ax —ax [ ~ax< + 8y -] (33)

+§("b — Axk By*”? _||Axk+1 + Byk+1 _b||2 _" Byk+1 _ By*”Z ) S O'||Xk+1 5 ||2

4L (32)
1 k1 2 ks i 2 i B aokst |2
vl e I PRV I VR ~Efaxet - ax|
205 2 (34)
2[5 = o[ =t my -] [y -y [ )z ot -
1 2 1 2
_["/1* _lk+1||2 I PIArSEPR I PR upy ! ]_ﬂz ”Axm A "2
N B I |
1 2 1 2
_||,1* —/1"*1”2 N PRariip s (I Plar RS s "Axk+1 - Ax*”2
B ”AX* A "2 _p? ||Axk+1 + By ! _b”2 L " By*! —By" "2 >2f0 ||Xk+l Y "2
2 2
ﬁk% PN /1“% _a| g ||Axk+1 B Ax*||2 + ||Ax* _Axk+1||2 (35)
- B ||Axk+1 + Byt —b||2 _p " By**! — By’ "2 _ 2ﬂ0_||xk+1 " "2 > "/1* gk "2
2 2
|2 -2 < PRCEIPY IO P SpTeHt I At A+ g A — Axdf
_p ||Axk+1 + By _b"2 _p ||Byk+1 _ By*"Z _2ﬂ0_||xk+1 _ X*”2
ket ? Kt Kt §
|2 -] <7 -2 42 —[ﬂ 2 p(AX 4 By —b)]
=7 A = [ 7 A X iy
_B ||Byk+1 By’ "2 280 "Xm ¢ "2 -
2
|2 -2 ||Z B s I B | Axt 4 Byt —b||2 -8 A X —x*||2

+ "AHZ ||X* oy "2 _p ||AXk+1 + Byt _b"Z _ B "ByM By’ "2

%112
—Zﬂ(f"xk*l —X "

DOI: 10.12677/pm.2024.141022 210 S H


https://doi.org/10.12677/pm.2024.141022

HEIEE %5

DAL T PAAS 2
2

-2 <l - -2pafen x| - ey -y

=[x+ p(Ax By - b)-[”2 ~2po |} x| - g2 By - By [ (37)
=[x -2 + 57| Axt + By b +25(7* - 2", AX + By ~b)
~20|x x| - 7By -y
WRIEH LS —Dal IR 3
|2 =2 + 2 | At v By —bf +25(2¢ - 27, x4 BY* —b) - 20 X x| - 57 Byt ~BY [
= | v (2 -2 f”z + 7| Axt 4 By b
+2p(7 2", A 1By —b) - 20X x| - gyt - By [
=2 =2 A = AT 2, (A= AT, A0 =2+ B[ AX + By b
2 2 2
+2B(7 2", A 1By —b) - 280X x| - gyt - By [
= -2 v a2 - A 20 (2 - 27,25 24) 4 g2 Axt By b (38)
+2(7 -2 AX 4 By —b) - 20 Wt - x| - g Byt By
e ot - (g -2 -l - -2 a5 of
+2p(7 2" A+ BY* —b) - 2f0 ¥ x| - g By ~ By’
-2 st -2 -2 o -2 gt of

4 2<,ik N > ~2poxt x| - p[Byt ~By'[

B Axt + By b
= p[|axt + By - A - By'[ = g2 Axt - AX” + By — By
= gl axt - ax| + g2 By — By | + 57 (Ax< - AX', BY* ~ By)

=B ||Axk+1 - Ax*"2 +p° B(yk +a, (yk - yk‘l)) - By*”2 +p° <Ax"*l - AX', By — By*>

= B2 Ax - Ax"||2 + ”Byk ~By" +Boy (y* - yH)H2 + 7 (AX - AX', By - By')

-l oy -y ey -y &
- 2a, <|3yk —By',By*' - Byk>+ B (Axk+1 — AX, By* — By*>

S B e SOy e e
va By - By | + o |By* — By + 57 (Ax - AX By - By")

4 (38)HEA(37)

DOI: 10.12677/pm.2024.141022 211 S H


https://doi.org/10.12677/pm.2024.141022

HHBIER %%

- il -2 -2 - -2

+ ||Axk+1 - Ax*"2 +p° ||Byk - By*"2 + ol ||Byk _ Byk—lu2 _a, " By ByH"z

A R R VAT ER R

va, By —By' [ +a By —By [ + 52 (A - AX By* ~By')

S AR T e I e I R e e |
e[+ g |By By + pag Byt By e By By

o [By" ~ By +a By ~ By + 52 (AXt - AX By  ~By")

2 2

P I e [P o M iy v

S R B e B e R |
Ly BV BV O P

o [By" ~ By +a Byt ~ By + 52 (AXt - AX By  ~By")

2 2

* k+1 12 k+l
2 =272) = e (2 -2 =2 R e (2= 2) -2

- 2,[30'||Xk+1 - X""2 L " By** — By*nz
o G IR i [ AR A IR N R e |
e S By e

o [By" ~ By +a[By* ~ By + 52 (AX1 - AX By ~By") (40)

2

P 2 2 kel
T PR —“/1k+ak (zk—akfl)—/l*“ - 2

e (222

R RN
(Al L (36) A4 T
R By RO L s Ry TS BV NS

A R YR S Y o e |

2

va By~ Byt + 57 (Axt - AX By By )+ |4 A -2
2 2 2 ) 2P (41)
G R A G T e R G e
1| 1|)?
R AR (R VA M IR R A R FAv i

_ ZﬁG”Xkﬂ _ X*"2 _p? ||Byk+1 _ By*||2

DOI: 10.12677/pm.2024.141022 212 S H


https://doi.org/10.12677/pm.2024.141022

HEIEE %5

2
Ry T L o Ry e

k 1|?
2

~a, |2 —1“"2 _|la¥ + A - X || +p* |By* - By || (42)

+ o Byt ~By [ e [By By [ +a [By By’ +a [By" ~By[
—2,Bo-||xk1 X || L ||Byk1 By" || + B ( X< AXT ,Byk—By>
H AX" + By =b LA R EIERIE 1B DA H|
B (At - AX By —By") = 2 <Axk+1—(b—|3x*),Byk —By*>=ﬁ2< *—(b—Axk”) By* —By*>

:%Z(Hb—Axk“ ey - e -y )

—% |Bx — By [ (43)

g (b—Axk 1

2

2o m ey -2 o (o ax?)

2

_ ﬂ—;“Ax* — AX< —(By* - By") —%ZHAXM -ax[f —%ZHBX* -8y

=-p* (AX - X" BJ* - By")

FTEA(41) AT AL Ay
e e Y o e e N e |
2 2
P P R M iy Y 2
+(8° v e )[By By [ -y By [ + (Aal + [y -y
m%&M%4/ﬁ%6*TH
2
Hz e e

=4 -2 - (At By —b)”2 A - 2 p( A+ By —b)H2

P A e 2<zk 2 —zk“>

=[a - 2f [a - ,1“1||2+2<,1 ~AEA 4 B A+ By ~b) - ,1“1>

= -2 l|| —[ax -2 l|| +2<,1k XA v a (A -2 - /1“+ﬂ(Ax“+Byk—b)>
i [ 1) sl sy o))

:||,1*—/1k+1||2—||/1k —ﬂuk+1||2—||zk —/1*||2+ A g (2K =25+ g AXE 4 By —b)“2

_”Ak Ry (lk _lk—l)_{_ﬂ(AXkJrl + By* _b)Hz
] A [ CARV N IR VARY LIV A L B Y 10N W e
e B I R s A | (45)

~a |2 -2+ 2B (AXt 4B —b, 27 - 2%)

DOI: 10.12677/pm.2024.141022 213 S H


https://doi.org/10.12677/pm.2024.141022

HHBIER %%

RN(1.33) AT 15

| -2 ||2 <(1-af -2 )24 -2 ||2 N A ||2 (L a4 -2 ||2

24 -2 (7 260 | A X x| -8 By By | (46)
+(8 va By By [ - [By By [+ (el a8y By [
T e { J
A
FrLA(45)mT AL
|ast -2 || (1-af -2 )2 - 24" l|| ~2a, |2 -2 || + (L o )| - A% 1|| (47)
B Pt =[2 -4 || . FTLA(46) AT LAL
P < (1-af ~ 204 )|2* - 2 ~ 20, P + (14 0, ) P
P 4+ 20, P — (14 )P < (L — 20, |25 - 2 )
4
P+, P 4 g P — P -, PA < (10 — 20 )2 - 2
PP 4 g, P g (PE - P < (L 20y |25 - 2 <2 -2
%5 (45347 S T 4
(-2 e - ey -
<(1-af —20, |24 -2 —2a - 2|+ (a4 -2 - 2ak - (49)
RS s B R PR RO
S (48) i 1 [N SR A
(205 )| St - [+ 73 oy -y
<(-1-af —Zak)i”lk e IR R N N R A i (50)
k=0
(8t va ) 2]y ~By -, X By ~By [ (0t e ) S [ey* ~By
P 320 (R B OB PR T LAAS 3
Jim e[ o, fim [y ~ey[" -0 (1)
(A 1
Xk+l N X*, yk+1 N y*
O@AFE.
BT L(Xk+1' yk+l'ﬂk+l)2 L(X*, y*,i*)
i (12) ] 15
DOI: 10.12677/pm.2024.141022 214 Eiile e


https://doi.org/10.12677/pm.2024.141022

HEIEE %5

f (xk*1)+ g(y“)—(i"”, AXKH 4 By —b>2 f (x*)+ g(y*)—<ﬂ*,Ax* +By” —b>
f(xk*1)+g(yk”)2 f(x*)+g(y*)+</1k*1,Axk”+ Byk*l—b>
3 lim (AX 4 By —b) =0, FFEAED AN
f(xk”)+ g(yk”)z f(x*)+ g(y*) (53)
AL 158 3. 28 5 B —Fr il Ak AT 15
Oeof (x)- A2

(52)

3 (54)
0edy (yk“) - A"+ B (Axk+1 + By — b)
Rp
A X e of (Xk“)
5 (55)
A7 - BB (AX* + By* —b)eag(y ")
R 53 5E SCRT LAA 3]
f (x*) > f (xk*l) +<A*/T" X = xk*1> 6)

o(y')z g(y*")+(B2 - pB (AX 4 BY* —b),y - y*)
B4 (55) P S AT DT 7
f(x*)+ g(y*)Z f (Xk+1)+g(yk+1)+<A*ik,X*_Xk+1>+<B*ik —IBB*(AXkﬂ n Byk —b),y*— yk*1> (57)

NIRRT X,y sy, BTRA(S6) AT LMK

f(x*)+g(y*)2 f(xk*l)+g(y"“) (58)
G54 (52)M1(57) T LL1E 3
kllrpwf(xk*l)Jrg(yk“): f(x*)+ g(y*) (59)
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Figure 1. Plot of results comparing ADMM and inertial ADMM
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