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Abstract

Let (M1, g) and (M2, h) be two Hermitian manifolds, the doubly warped product Her-

mitian manifold of (f2
M1 ×f1

M2, G) is the product manifold M1 ×M2 endowed with the

warped product Hermitian metric G = f2
2 g + f2

1h, where f1 and f2 are positive smooth

functions on M1 and M2, respectively. In this paper, we obtain the formulae of Bismut

connection, Bismut curvature, Bismut Ricci curvature and Bismut scalar curvature of

doubly warped product Hermitian manifold. The necessary and sufficient condition

for doubly warped product Hermitian manifold to be Bismut Ricci flat is given. Thus,

we provide an effictive way to construct Bismut Ricci flat Hermitian manifold.
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1. Úó

Û­È´�EäkAÏ­Ç6/�­�AÛ�.. 1969c, BishopÚ O’Neil�
�E�aäk

K�¡­Ç�iù6/Ú\Û­È�Vg[1]. 2001c, Kozma, PeterÚ VargarÛ­È�Vgí2

�
¢¥dVAÛ¥,¿ïÄ
Û­È¥dV6/�©þ61þW�éä�m�'X[2]. 2016c,Û

]Ú¨S²3E¥dVAÛ¥Ú\
Û­È,��
VÛ­ÈE¥dV6/´E����6/�¿

�^�[3]. 2018c,Û]ÚÜ¡ qrÛ­È�Vgí2�
EAÛ¥,ïÄ
VÛ­ÈD��A

6/[4]. 2022c,Xj¦ÚÛ]�<�Ñ
VÛ­ÈD��A6/þ Levi-Civitaéä!Levi-Civita

Ricci­Ç!Levi-Civita Ricci­ÇÚ Levi-CivitaIþ­Ç�ÛÜL�ª,��
VÛ­ÈD��A

6/ Levi-Civita Ricci²"��=�Ù©þ6/ Levi-Civita Ricci²"[5].

3EAÛ¥, �éä ∇C , Levi-Civita éä ∇LC Ú Bismut éä ∇B ´�~²;�n«éä,

*d�m�3;��éX. �D��A6/´pV6/�, þã�n«éäòz�Ó�«éä.

1986c, BismutÚ Freed�Ñ
 Bismutéä�½Â[6]. 1989c, BismutïÄ
 Bismutéä��3
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5Ú��5[7]. 2020c,��t�<é¤käk²" Bismutéä�;��D��A6/?1
©

a[8]. 2022c,ë�ÌÚx��ïÄ
 Bismutéääk²1LÇÜþ�D��A6/[9]. 2023c,¦

���Ñ
 4�Ú 5� Bismut Kähler-likeD��A6/���©a[10].Óc, BarbaroïÄ
�

BismutIþ­Çk'�D��A6/� Yamabe¯K[11].

¯¤±�3�©AÛ¥éØÓ� Ricci²"6/©a´���~­��ïÄSN. 1967c,

TaniÄg3iùAÛ¥JÑ
 Ricci²"�Vg[12]. 2014c,4�¸Ú
¡¿XÚ/ïÄ
D��

A6/þ��éä, Levi-CivitaéäÚ Bismutéä,¿�Ñ
�éä¤p��­Ç�m�AÏ5

�[13]. 2023c,ë�ÌÚx��y²
 Bismut Ricci²"� Bismut Kähler-likeD��A6/�½

´ Bismut²"[10].þãïÄ(JL²,CAc,¯õÆöé Bismut Ricci²"D��A6�)
ß

þ,�,¿��
Nõ­��ïÄ(J.Ïd,ïÄ Bismut Ricci²"D��A6/´�~k7��.

É±þïÄ�éu,·����VÛ­ÈD��A6/´Ä´ Bismut Ricci²"�ºÏd,�

©òïÄVÛ­ÈD��A6/� Bismut Ricci²"5.

2. ý��£

� (M,J,G)´��E n�D��A6/, J �E(�, G�D��AÝþ.éu6/M þ?¿

��: p,Ez�m�©)�

TC
pM = T 1,0

p M ⊕ T 0,1
p M,

Ù¥ J �A��©O� ±
√
−1.

3ÛÜ�X�IX z = (z1, z2, · · · , zn)e, T 1,0
p M Ú T 0,1

p M ©Od ( ∂
∂z1 ,

∂
∂z2 , · · · , ∂

∂zn
)Ú

( ∂
∂z̄1 ,

∂
∂z̄2 , · · · , ∂

∂z̄n
)Ü¤,©O{P� { ∂

∂zα
}Ú { ∂

∂z̄α
}.§��éó{Ie|©O� {dzα}Ú

{dz̄α} [14].

6/M þ���D��AÝþ G3ÛÜ�IeL«�G = Gαβ̄dz
α ⊗ dz̄β,Ù¥Ý
 Gαβ̄ ´�

½�,^ Gβ̄γ L« Gαβ̄ �_Ý
[15].�©æ^OÏd"¦Ú�½,= Gβ̄γGαβ̄ = δγα.

¯¤±� ∇B ´D��A6/þ��äk���é¡LÇ�éä[9].éu ∀X,Y, Z ∈ T 1,0M ,

Bismutéä ∇B L«�[16]

G(∇BXY, Z) = G(∇LCXY,Z) +
1

2
dω(JX, JY, JZ),

Ù¥ Bismutéä�LÇ�[16]

H(X,Y, Z) = G(TB(X,Y ), Z) =
1

2
dω(JX, JY, JZ).

eD��A6/�LÇ´4�,=÷v∂∂̄ω = 0,K¡D��A6/´õ­46/[13].3ÛÜ�X�

mþ, Bismutéä ∇B �Xê�[11]
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bΓβγα = Gδ̄β
∂Gαδ̄
∂zγ

, (2.1)

bΓβγ̄α = Gδ̄β(
∂Gαδ̄
∂z̄γ

− ∂Gαγ̄
∂z̄δ

). (2.2)

Bissmut­ÇÜþ�[13]

B(X,Y )Z = ∇BX∇BY Z −∇BY∇BXZ −∇B[X,Y ]Z,

B(X,Y, Z,W ) = G(B(X,Y )Z,W ),

Bismut­ÇXê©O�

Bε
αγ̄δ = −∂

bΓεαδ
∂z̄γ

+
∂ bΓεγ̄δ
∂zα

− bΓσαδ
bΓεγ̄σ + bΓσγ̄δ

bΓεασ, (2.3)

Bαγ̄δβ̄ = Gεβ̄B
ε
αγ̄δ. (2.4)

1� Bismut Ricci­ÇÜþ�[13]

B(1) =
√
−1B

(1)

αβ̄
dzα ∧ dz̄β,

Ù¥

B
(1)
αγ̄ = Gβ̄δBαγ̄δβ̄. (2.5)

BismutIþ­Ç B �[11]

B = Gγ̄αB
(1)
αγ̄ . (2.6)

½Â1. [17]eD��A6/ (M,G)�1� Bismut Ricci­Ç�0,=B
(1)
αγ̄ = 0,K¡Ù Bismut Ricci

²".

� (M1, g) Ú (M2, h) ©O´E m �ÚE n ��D��A6/, K M = M1 ×M2 ´��E

m+n��D��A6/.� π1 : M →M1Ú π2 : M →M2�g,ÝK.é?¿� z = (z1, z2) ∈M ,

z1 = (z1, . . . , zm) ∈M1Ú z2 = (zm+1, . . . , zm+n) ∈M2,k π1(z) = z1Ú π2(z) = z2¤á.

� dπ1 : T 1,0(M)→ T 1,0M1, dπ2 : T 1,0(M)→ T 1,0M2©O´d π1Ú π2p���X�N�.é

u?¿� v = (v1, v2) ∈ T 1,0
z (M), v1 = (v1, · · · , vm) ∈ T 1,0

z1
M1, v2 = (vm+1, · · · , vm+n) ∈ T 1,0

z2
M2,k

dπ1(z, v) = (z1, v1)Ú dπ2(z, v) = (z2, v2)¤á.

½Â2. [4] � (M1, g)Ú (M2, h)´ü�D��A6/.� f1 : M1 → (0,+∞)Ú f2 : M2 → (0,+∞)

´ü�1w¼ê.VÛ­ÈD��A6/ (f2
M1 ×f1

M2, G)´D�
XeD��AÝþ G : M →
(0,+∞)�¦È6/M = M1 ×M2:

G(z, v) = (f2 ◦ π2)2(z)g(π1(z), dπ1(v)) + (f1 ◦ π1)2(z)h(π2(z), dπ2(v)), (2.7)
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Ù¥ z = (z1, z2) ∈ M , v = (v1, v2) ∈ T 1,0
z M , f1 Ú f2 �¡�Û­¼ê. (M1, g)Ú (M2, h)�¡�

(f2
M1 ×f1

M2, G)�©þ6/.

e f1 ≡ 1� f2 ≡ 1k�=k��¤á,K¡ (f2
M1 ×f1

M2, G)´üÛ­ÈD��A6/;e

f1 ≡ 1� f2 ≡ 1Ñ¤á,K¡ (f2
M1 ×f1

M2, G)´¦ÈD��A6/;e f1 Ú f2 ÑØ�~ê,K¡

(f2
M1 ×f1

M2, G)´�²��VÛ­ÈD��A6/.

3�©¥,é��F1i1�I,��.¶i1�I,�§Ò���.¶i1�I������

½Xe: 1 ≤ α, β, γ, δ, ε, σ ≤ m + n, 1 ≤ i, j, k, s, t, p, l ≤ mÚm + 1 ≤ i′, j′, k′, s′, t′, p′, l′ ≤ m + n.

� (M1, g)Ú (M2, h)k'�AÛþ,©O3Ùþ�\�I 1Ú 2±««O,X
1

bΓ ijk Ú
2

bΓ i
′

j′k′ ©OL

«D��A6/ (M1, g)Ú (M2, h)þ� BismutéäXê.

� (f2
M1 ×f1

M2, G)´D��A6/ (M1, g)Ú (M2, h)�VÛ­È,P

gij̄ =
∂2g

∂vi∂vj
, hi′ j̄′ =

∂2h

∂vi′∂vj′
. (2.8)

K G�Ä�ÜþÝ
�[4]

(Gαβ̄) =
( ∂2G

∂vα∂vβ

)
=

 f2
2 gij̄ 0

0 f2
1hi′ j̄′

 , (2.9)

Ù_Ý
 (Gβ̄α)�[4]

(Gβ̄α) =

 f−2
2 gj̄i 0

0 f−2
1 hj̄

′i′

 . (2.10)

3. VÛ­ÈD��A6/� BismutIþ­Ç

�!ò�ÑVÛ­ÈD��A6/�Bismutéä, Bismut­Ç, Bismut Ricci­Ç±9Bismut

Iþ­Ç�ÛÜL�ª.

·K1. � (f2
M1 ×f1

M2, G)´��VÛ­ÈD��A6/,K Bismutéä bΓβγαXê�

bΓijk =
1

bΓijk, (3.1)

bΓi
′

j′k′ =
2

bΓi
′

j′k′ , (3.2)

bΓij′k = 2f−1
2

∂f2

∂zj′
δik, (3.3)

bΓi
′

jk′ = 2f−1
1

∂f1

∂zj
δi

′

k′ , (3.4)

bΓi
′

jk = bΓij′k′ =b Γijk′ = bΓi
′

j′k = 0. (3.5)
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y². - (2.1)¥� β = i, γ = j Ú α = k,k

bΓijk = Gδ̄i
∂Gkδ̄
∂zj

= Gs̄i
∂Gks̄
∂zj

+Gs̄
′i ∂Gks̄′

∂zj
. (3.6)

ò (2.9)Ú (2.10)�\ (3.6)¥,¿�â (2.1)�

bΓijk = f−2
2 gs̄i

∂f2
2 gks̄
∂zj

= gs̄i
∂gks̄
∂zj

=
1

bΓijk .

Ón��·K1¥�Ù{�ª.

�â (2.2), (2.9)Ú (2.10)´�e¡�·K2.

·K2. � (f2
M1 ×f1

M2, G)´��VÛ­ÈD��A6/,K BismutéäXê bΓβγ̄α�

bΓij̄k =
1

bΓij̄k, (3.7)

bΓi
′

j̄′k′ =
2

bΓi
′

j̄′k′ , (3.8)

bΓij̄′k = 2f−1
2

∂f2

∂z̄j′
δik, (3.9)

bΓi
′

j̄k′ = 2f−1
1

∂f1

∂z̄j
δi

′

k′ , (3.10)

bΓi
′

j̄k = −2f−2
1 f2h

s̄′i′ ∂f2

∂z̄s′
gkj̄ , (3.11)

bΓij̄′k′ = −2f−2
2 f1g

s̄i ∂f1

∂z̄s
hk′ j̄′ , (3.12)

bΓij̄k′ = bΓi
′

j̄′k = 0. (3.13)

·K3. � (f2
M1 ×f1

M2, G)´��VÛ­ÈD��A6/,K Bismut­ÇXê Bε
αγ̄δ �

Bi
jt̄k =

1

Bi
jt̄k, (3.14)

Bi′

j′ t̄′k′ =
2

Bi′

j′ t̄′k′ , (3.15)

Bi
jt̄′k′ = 2f−2

2 gs̄i
∂f1

∂z̄s
hk′ t̄′

∂f1

∂zj
− 2f−2

2 f1(
∂gs̄i

∂zj
∂f1

∂z̄s
+ gs̄i

∂2f1

∂z̄szj
+ gs̄l

∂f1

∂z̄s
gs̄i
∂gls̄
∂zj

)hk′ t̄′ , (3.16)

Bi′

j′ t̄k = 2f−2
1

∂f2

∂zj′
∂f2

∂z̄s′
hs̄

′i′gkt̄ − 2f−2
1 f2(

∂hs̄
′i′

∂zj′
∂f2

∂z̄s′
+ hs̄

′i′ ∂2f2

∂z̄s′∂zj′

+ hs̄
′l′ ∂f2

∂z̄s′
hs̄

′i′ ∂hl′s̄′

∂zj′
)gkt̄, (3.17)

Bi
j′ t̄k = Bi

jt̄′k = Bi
jt̄k′ = Bi

j′ t̄′k = Bi
j′ t̄k′ = Bi

j′ t̄′k′ = 0, (3.18)

Bi′

jt̄k = Bi′

jt̄′k = Bi′

jt̄k′ = Bi′

j′ t̄′k = Bi′

j′ t̄k′ = Bi′

jt̄′k′ = 0. (3.19)
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y². Äky² (3.14)ª.- (2.3)¥ ε = i, α = j, γ = tÚ δ = k,k

Bi
jt̄k = −

∂ bΓijk
∂z̄t

+
∂ bΓit̄k
∂zj

− bΓσjk
bΓit̄σ + bΓσt̄k

bΓijσ

= −
∂ bΓijk
∂z̄t

+
∂ bΓit̄k
∂zj

− bΓljk
bΓit̄l − bΓl

′

jk
bΓit̄l′ + bΓlt̄k

bΓijl + bΓl
′

t̄k
bΓijl′ . (3.20)

ò(3.1), (3.5), (3.7), (3.11)Ú (3.13)�\ (3.20),¿�â (2.3)��

Bi
jt̄k = −

∂
1

bΓijk
∂z̄t

+
∂

1
bΓit̄k
∂zj

−
1

bΓljk

1
bΓit̄l +

1
bΓlt̄k

1
bΓijl

=
1

Bi
jt̄k .

Ón�� (3.15)ª.

�e5y² (3.16)ª.- (2.3)¥ ε = i, α = j, γ = t′Ú δ = k′,k

Bi
jt̄′k′ = −

∂ bΓijk′

∂z̄t′
+
∂ bΓit̄′k′

∂zj
− bΓσjk′

bΓit̄′σ + bΓσt̄′k′
bΓijσ

= −
∂ bΓijk′

∂z̄t′
+
∂ bΓit̄′k′

∂zj
− bΓljk′

bΓit̄′l − bΓl
′

jk′
bΓit̄′l′ + bΓlt̄′k′

bΓijl + bΓl
′

t̄′k′
bΓijl′ . (3.21)

ò (3.1), (3.4), (3.5), (3.8), (3.9)Ú (3.12)�\ (3.21),��

Bi
jt̄′k′ =

∂(−2f−2
2 f1g

s̄i ∂f1

∂z̄s
hk′ t̄′)

∂zj
− 2f−1

1

∂f1

∂zj′
δl

′

k′ · (−2f−2
2 f1g

s̄i ∂f1

∂z̄s
hl′ t̄′)

− 2f−2
2 f1g

s̄l ∂f1

∂z̄s
hk′ t̄′ · gs̄i

∂gls̄
∂zj

=− 2f−2
2

∂f1

∂zj
gs̄i
∂f1

∂z̄s
hk′ t̄′ − 2f−2

2 f1
∂gs̄i

∂zj
∂f1

∂z̄s
hk′ t̄′ − 2f−2

2 f1g
s̄i ∂2f1

∂z̄s∂zj
hk′ t̄′

+ 4f−2
2

∂f1

∂zj
gs̄i
∂f1

∂z̄s
hk′ t̄′ − 2f−2

2 f1g
s̄l ∂f1

∂z̄s
gs̄i
∂gls̄
∂zj

hk′ t̄′

=2f−2
2

∂f1

∂z̄s
gs̄i
∂f1

∂zj
hk′ t̄′ − 2f−2

2 f1(
∂gs̄i

∂zj
∂f1

∂z̄s
+ gs̄i

∂2f1

∂z̄szj
+ gs̄l

∂f1

∂z̄s
gs̄i
∂gls̄
∂zj

)hk′ t̄′ .

Ón�� (3.17)ª.

2y² (3.18)�1���ª.- (2.3)¥ ε = i, α = j′, γ = tÚ δ = k,k

Bi
j′ t̄k = −

∂ bΓij′k
∂z̄t

+
∂ bΓit̄k
∂zj′

− bΓσj′k
bΓit̄σ + bΓσt̄k

bΓij′σ

= −
∂ bΓij′k
∂z̄t

+
∂ bΓit̄k
∂zj′

− bΓlj′k
bΓit̄l − bΓl

′

j′k
bΓit̄l′ + bΓlt̄k

bΓij′l + bΓl
′

t̄k
bΓij′l′ . (3.22)
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ò (3.3), (3.5), (3.7), (3.11) , (3.12)Ú (3.13)�\ (3.22),��

Bi
j′ t̄k =−

∂(2f−1
2

∂f2

∂zj′
δik)

∂z̄t
+
∂[gs̄i(∂gks̄

∂z̄t
− ∂gkt̄

∂z̄s
)]

∂z̄j′
− (2f−1

2

∂f2

∂zj′
δlk) · [gs̄i(

∂gls̄
∂z̄t
− ∂glt̄
∂z̄s

)]

+ [gs̄l(
∂gks̄
∂z̄t
− ∂gkt̄
∂z̄s

)] · (2f−1
2

∂f2

∂zj′
δil)

=− 2f−1
2

∂f2

∂zj′
gs̄i(

∂gks̄
∂z̄t
− ∂gkt̄
∂z̄s

) + 2f−1
2

∂f2

∂zj′
gs̄i(

∂gks̄
∂z̄t
− ∂gkt̄
∂z̄s

)

=0

Ón�� (3.18)¥�Ù{�ª±9 (3.19)¥�ª.

51. f1 ´6/M1 þ���1w¼ê,� f1 �Ué zj ¦ �ê;Ón, f2 �Ué zj′ ¦ �ê. gks̄

´M1þ�D��AÝþ,� gks̄�Ué zj ¦ �ê;Ón, hk′s̄′ �Ué zj
′
¦ �ê.

·K4. � (f2
M1 ×f1

M2, G)´��VÛ­ÈD��A6/,K Bismut­ÇXê Bαγ̄δβ̄ �

Bjt̄kp̄ = f2
2

1

Bjt̄kp̄, (3.23)

Bj′ t̄′k′p̄′ = f2
1

2

Bj′ t̄′k′p̄′ , (3.24)

Bjt̄′k′p̄ = 2
∂f1

∂z̄p
∂f1

∂zj
hk′ t̄′ − 2f1(gip̄

∂gs̄i

∂zj
∂f1

∂z̄s
+

∂2f1

∂z̄pzj
+ gp̄l

∂f1

∂z̄p
∂glp̄
∂zj

)hk′ t̄′ , (3.25)

Bj′ t̄kp̄′ = 2
∂f2

∂zj′
∂f2

∂z̄p′
gkt̄ − 2f2(hi′p̄′

∂hs̄
′i′

∂zj′
∂f2

∂z̄s′
+

∂2f2

∂z̄p′∂zj′
+ hp̄

′l′ ∂f2

∂z̄p′
∂hl′p̄′

∂zj′
)gkt̄, (3.26)

Bj′ t̄kp̄ = Bjt̄′kp̄ = Bjt̄k′p̄ = Bjt̄kp̄′ = Bj′ t̄′kp̄ = Bjt̄k′p̄′ = 0, (3.27)

Bj′ t̄k′p̄ = Bjt̄′kp̄′ = Bj′ t̄′k′p̄ = Bj′ t̄′kp̄′ = Bj′ t̄k′p̄′ = Bjt̄′k′p̄′ = 0. (3.28)

y². Äky² (3.23)ª.- (2.4)¥ α = j, γ = t, δ = kÚ β = p,Kk

Bjt̄kp̄ = Gεp̄B
ε
jt̄k = Gip̄B

i
jt̄k +Gi′p̄B

i′

jt̄k. (3.29)

ò (2.9), (3.14)Ú (3.19)�1���ª�\ (3.29)¥,¿�â (2.4)��

Bjt̄kp̄ = f2
2 gip̄

1

Bi
jt̄k = f2

2

1

Bjt̄kp̄ .

Ón��(3.24)ª.

�e5y² (3.25)ª.- (2.4)¥ α = j, γ = t′, δ = k′Ú β = p,Kk

Bjt̄′k′p̄ = Gεp̄B
ε
jt̄′k′ = Gip̄B

i
jt̄′k′ +Gi′p̄B

i′

jt̄′k′ . (3.30)
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ò (2.9), (3.16)Ú (3.19)�\ (3.30)¥,��

Bjt̄′k′p̄ =f2
2 gip̄ · [2f−2

2 gs̄i
∂f1

∂z̄s
hk′ t̄′

∂f1

∂zj
− 2f−2

2 f1(
∂gs̄i

∂zj
∂f1

∂z̄s
+ gs̄i

∂2f1

∂z̄szj
+ gs̄l

∂f1

∂z̄s
gs̄i
∂gls̄
∂zj

)hk′ t̄′ ]

=2
∂f1

∂z̄p
∂f1

∂zj
hk′ t̄′ − 2f1(gip̄

∂gs̄i

∂zj
∂f1

∂z̄s
+

∂2f1

∂z̄pzj
+ gp̄l

∂f1

∂z̄p
∂glp̄
∂zj

)hk′ t̄′ .

Ón�� (3.26)ª.

2y² (3.27)�1���ª.- (2.4)¥ α = j′, γ = t, δ = kÚ β = p,Kk

Bj′ t̄kp̄ = Gεp̄B
ε
j′ t̄k = Gip̄B

i
j′ t̄k +Gi′p̄B

i′

j′ t̄k. (3.31)

ò (2.9), (3.17)Ú (3.18)�1���ª�\ (3.31),��

Bj′ t̄kp̄ = 0.

Ón�� (3.31)�Ù{�ªÚ (3.32)¥�ª.

·K5. � (f2
M1 ×f1

M2, G)´��VÛ­ÈD��A6/,K Bismut Ricci­ÇXê B
(1)
αγ̄ �

B
(1)
jt̄ =

1

B
(1)
jt̄ , (3.32)

B
(1)
j′ t̄′ =

2

B
(1)
j′ t̄′ , (3.33)

B
(1)
j′ t̄ = 0, (3.34)

B
(1)
jt̄′ = 0. (3.35)

y². Äk�Ñ (3.32)�y²L§.- (2.5)¥ α = j Ú γ = t,Kk

B
(1)
jt̄ = Gβ̄δBjt̄δβ̄ = Gp̄kBjt̄kp̄ +Gp̄

′kBjt̄kp̄′ +Gp̄k
′
Bjt̄k′p̄ +Gp̄

′k′Bjt̄k′p̄′ . (3.36)

ò (2.10), (3.23)Ú (3.27)�\ (3.36),¿�â (2.5)��

B
(1)
jt̄ = f−2

2 gp̄kf2
2

1

Bjt̄kp̄ =
1

B
(1)
jt̄ .

Ón�� (3.33)ª.

�X�Ñ (3.34)�y²L§.- (2.5)¥ α = j′Ú γ = t,Kk

B
(1)
j′ t̄ = Gβ̄δBj′ t̄δβ̄ = Gp̄kBj′ t̄kp̄ +Gp̄

′kBj′ t̄kp̄′ +Gp̄k
′
Bj′ t̄k′p̄ +Gp̄

′k′Bj′ t̄k′p̄′ . (3.37)

ò (2.10), (3.26), (3.27)Ú (3.28)�\(3.37),��

B
(1)
j′ t̄ = 0.
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Ón�� (3.35).

½n1. � (f2
M1 ×f1

M2, G)´��VÛ­ÈD��A6/,KD��AÝþ G÷X���"�þ

v = (vi, vi
′
) ∈ T 1,0

z M � BismutIþ­Ç�

BG = f−2
2 Bg(v1) + f−2

1 Bh(v2), (3.38)

Ù¥ Bg(v1)Ú Bh(v2)©OL« (M1, g)Ú (M2, h)� BismutIþ­Ç.

y². �â(2.6),Kk

BG = Gγ̄αB
(1)
αγ̄ = Gt̄jB

(1)
jt̄ +Gt̄j

′
B

(1)
j′ t̄ +Gt̄

′jB
(1)
jt̄′ +Gt̄

′j′B
(1)
j′ t̄′ . (3.39)

ò (2.10)Ú (3.32)-(3.35)�\ (3.39),·�k

BG = Gt̄j
1

B
(1)
jt̄ +Gt̄

′j′
2

B
(1)
j′ t̄′

= f−2
2 gt̄j

1

B
(1)
jt̄ +f−2

1 ht̄
′j′

2

B
(1)
j′ t̄′

= f−2
2 Bg(v1) + f−2

1 Bh(v2).

y..

4. Bismut Ricci ²"VÛ­ÈD��A6/

� M1 Ú M2 ´ü� Bismut Ricci²"D��A6/,g,/¬�ÄVÛ­ÈD��A6/

(f2
M1 ×f1

M2, G)´Ä�´ Bismut Ricci²"�.

½n2. � (f2
M1 ×f1

M2, G)´��VÛ­ÈD��A6/,K (f2
M1 ×f1

M2, G) Bismut

Ricci²"��=� (M1, g)Ú (M2, h)þ Bismut Ricci²".

y². �â½Â1, (f2
M1 ×f1

M2, G) Bismut Ricci²"��=� B
(1)
αγ̄ = 0,=�du

B
(1)
jt̄ = 0, (4.1)

B
(1)
j′ t̄′ = 0, (4.2)

B
(1)
j′ t̄ = 0, (4.3)

B
(1)
jt̄′ = 0. (4.4)

ò (3.32)-(3.35)©O�\� (4.1)-(4.4)¥,þã�§|�du
1

B
(1)
jt̄ = 0, (4.5)

2

B
(1)
j′ t̄′ = 0. (4.6)
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(4.5)Ú (4.6)�du (M1, g)Ú (M2, h)©O Bismut Ricci²".

52. ½n2�Ñ
�«�E Bismut Ricci²"D��A6/�k��{.

5. (Ø

�©ïÄ
VÛ­ÈD��A6/� Bismutéä,�Ñ
VÛ­ÈD��A6� Bismuté

ä, Bismut­Ç, Bismut Ricci­ÇÚ BismutIþ­Ç�ÛÜ�IL�ª,��
VÛ­ÈD��

A6/ Bismut Ricci²"��=�Ù©þ6/þ Bismut Ricci²".ÏLVÛ­È��{,Jø


�«�E Bismut Ricci²"D��A6/�#�å»,ù�ïÄ Bismut Ricci²"D��A6/J

ø
��#�g´.

Ä7�8

I[g,�ÆÄ7�8 (12261088, 11761069)"

ë�©z

[1] Bishop, R. and O’Neill, B. (1969) Manifolds of Negative Curvature. Transactions of the Amer-

ican Mathematical Society, 14, 1-49. https://doi.org/10.1090/S0002-9947-1969-0251664-4

[2] Kozma, L., Peter, I. and Varga, C. (2001) Warped Product of Finsler Manifolds. Annales

Universitatis Scientiarium Budapestinensis de Rolando Eötvös Nominatae Sectio Mathematica,
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