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Abstract

Let (M, g) and (M>,h) be two Hermitian manifolds, the doubly warped product Her-
mitian manifold of (;,M; x, M,,G) is the product manifold M; x M, endowed with the
warped product Hermitian metric G = f?g + f2h, where f; and f, are positive smooth
functions on M; and M, respectively. In this paper, we obtain the formulae of Bismut
connection, Bismut curvature, Bismut Ricci curvature and Bismut scalar curvature of
doubly warped product Hermitian manifold. The necessary and sufficient condition
for doubly warped product Hermitian manifold to be Bismut Ricci flat is given. Thus,

we provide an effictive way to construct Bismut Ricci flat Hermitian manifold.
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1. 5|5

FH A0 AR 4 3 EL A Rk 2R G P 1) B LA AR A . 19694, Bishop Fl O'Neil N T #iE—REH
SRR T R 1) B2 2 T 51 N HL T A I ME 5 [1]. 20014F, Kozma, Peter Fil Varga FE 4 H AR &4
B 7S U b IR T LIRS R S B RAT B I ALK OC R [2]. 201648,
BN AE S SF LT 5T 1R AR, 15 2 1 XGH di AR S S5 i e 2 & DL BRI R B 7S
FERAF(3]. 20184, A7 55 AN 5K R FS AT i AR R SR 2] 1 &)U rh, ST 7 OWHL AR R IROK R
TIE[4). 20224, AR BLECHIAT 55 28 N 45 T B AR KOKRFFARUE | Levi-Civita Bt%%.  Levi-Civita
Ricci f1#. Levi-Civita Ricci B3 Levi-Civita tx & 2 ) R RiA 2, /52 1 XL A ROK R
it Levi-Civita Ricci *F-3H 24 HA 2 H 73 i )P Levi-Civita Ricei “F-1H[5].

S LA, BRI 2% VO, Levi-Civita Bk%8 VEC F Bismut Bk4% VP 2 4EH 2 UK =PIk 2,
B L 2 1A A7 AR B 8 IR R S R JRKOK R T 2 LB R I, B3 B = e K 2% 2R A O [A) — Fh BB 2%,
19864F, Bismut Ml Freed %5t | Bismut B2 I E X [6]. 19894F, Bismut HF 5T 1 Bismut B4 #771E
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PEANME—PE[7]. 20204F, T Fa % A0 AT 2 A T 4H Bismut B4 H Z BN R KR RIL T T 5
F[8]. 20224, A4 FEFIHS 7 AR 78 T Bismut BE4% B AT AT B TK B IR ARKRRRUE 9], 20234, i
ITEZ T 4 4R 5 4k Bismut Kéahler-like 22 /R K45 1) 578 8643 25[10]. [64E, Barbaro #7175
Bismut #5264 52 IR ORRHUE R Yamabe 7] @E[11].
AR FERL 3 TUART Ao AN R Y Riced PRI E 40 o — AN RS EZE IR TN . 19674,
Tani B IRERE JUTHHEH T Ricei “FHHPME&[12]). 20144, X 5eg M EZE RGHE T T R IR K
R L RIBRICSS, Levi-Civita BCZ8 Fl Bismut BE4%, JF45 T % 048 I 175 T (10 il 2 22 ) B ARp ok
JiR[13]. 20234F, X 4 RE AU 5 BHIERA T Bismut Ricci “FHH [ Bismut Kahler-like ¥ /R KFFRIE — &
& Bismut *FH[10]. EIRWFFLEE REY], I LE, A2 EE XS Bismut Riced THIRIORERA™ A TR
JEXHR, HAFEN T V2 EEARF SR, I, BF5C Bismut Ricel “FHHRJORKRHAE & AR H G L 2.
S UL ERE T R A, FATTAR 0 E X # AR R ZOKRRFRUE /& 75 52 Bismut Ricced “F4HI? B, A
SCRAT SO AR JKORRRAUZ () Bismut Ricel SFHTE.

2. F&FIR

B (M, J,G) &= NE n BeEBIRRKHRIY, J NREHK, G ABIRRR R, X THRE M EER
—N i p, BUYIA] 3 il

C _ 71,0 0,1
TEM = THM & TO' M,

Forbr J BRFIEAE 23 008 £/ 1.

E%%Kéé@%*ﬁ‘% z = (21; 227 e 7Zn) _Fv TI}7OM ;FD T](;)’lM %%IJEE (%7 %7 R 3(377) ;FD
(o) 2o O B, A BIETIEN (2 B {2 ). NI A RE 5B {deo} A
{dz*} [14],

W M R —DMRIKEER G R FRRNG = G, pdz* ® d2°, 56/ G5 Z1E
SEI, H GPY FOR G5 MHEFE[15). ASCR A 2 N BE SR RIZ) 52 B GG, 5 = 0.

AR H VB S BRIROK KRR G L ME— B 8 R PRI (9], X T VXY, Z € TOM,
Bismut Bt4% VP &5 A4[16]

G(VE Y, 72)=G(VY, Z) + %dw(JX, JY,JZ),
For Bismut B8 R 9[16]
H(X,Y,Z)=G(T?(X,Y),Z) = %dw(JX, JY,JZ).

EBRIRKFF I P 2 P, RN 200w = 0, WIFRIR ZKOKFFIR Y 2 2 5 IR [13]. 1575 424l 1)
M E, Bismut Bk2% VE ) RECN[11]
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T, = Gsﬂ%, (2.1)
T, = Gsﬁ(% - 85; ). (2.2)
Bissmut i Z5Kk &4 [13]
B(X,Y)Z =VRVYZ -VyViZ —ViiyvZ,
B(X,Y,Z,W)=G(B(X,Y)Z,W),
Bismut & &8558
s = —8;;35 + 85555 N N Ry (2.3)
Boyss = GegBirs. (2.4)
% — Bismut Ricci M Z5K & M[13]
BY = v=1B{)dz" ndz”,
Horp
BY = G¥B,.s3. (2.5)
Bismut #r& i1 2 B A4[11]
B=G"BY. (2.6)

EX 1. [17) HIRIFAKRFFRIE (M, G) B15— Bismut Ricci f1#% 40, B B%) = 0, MFRIH Bismut Ricci
S,

W (My,g) 1 (My, h) 535 RE m EFE n 4ERIROREERIE, W M = M, x M, &2— 418
m+n FEIRIROKRFFRIE. By : M — My flmy - M — My BB, XHMEREIM 2 = (21, 22) € M,
21 = (2., 2m) € My Bl zp = (™%, L0 2™ € Mo, B mi(2) = 20 Ml ma(2) = 29 AL

w dmy : TI’O(M) — Tl’oMl, dmy Tl’O(M) — Tl’OMz g3 & T Al o 7SR A ai U . X
THEER v = (vi,v2) € TFO(M), vy = (v, -+ ,0™) € TLOM, vy = (V™ - 0™t) e TLOM,,
dmy(z,v) = (21,v1) Ml dmra(2z,v) = (22,v9) FEIL.

ENX2. [4] W (M, g) 1 (M, h) ZPIANZRIFKFHRIE. W f1 0 My — (0, +00) Fl fo : My — (0, +00)
FE AN IETE B AL UL IR IKORFFIRIE (5, My Xy, My, G) KT T BIRKFFEE G M —
(0, +o0) IFFRFATE M = My x Ms:

G(2,v) = (f2 0 m2)*(2)g(m1(2), dm1(v)) + (f1 0 m1)* (2) A2 (2), dma(v)), (2.7)
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Hrz = (21,22) EM,v= (7117112) € T;’OM, fi F f2 RN IR (M1,g) il (MQ,h) RN
(f2M1 Xty MQ,G) E’Jﬁj\ /ﬁﬂ:/

#Hh=15fo=10HCE =AML, WER (5, My xp, Mo, G) 52 B3 AR ERIKOKRFRRUY; 45
fi=1H fo =1L, WFR (5, My X g, Mo, G) RTAIRIKEFII; & f1 1 fo #AJ9H L, WIFR
(M x5, Mo, G) FART R I KA T

FEARSCH, W/ NE i i BEHERR, NS H T BB, WS /NS R T S BEER bR I BUE TG £
FWTF: 1<, 8,700 <m+n,1<i7jkst,pl<mMm+1<i, 5k s,t’,p l’<m+n
5 (M, g) M1 (M, h) B REUTE, 70048 EJ7ndEhs 1 A1 2 DR X, bFl Al bF’,k/ giIES
INBRIROKFFRIE (M, g) 1 (My, h) L1 Bismut B4% R4

W (1, My X, Mo, G) RIRIFKFFRIE (M, g) F1 (Mo, h) FIXGHAR, 1

9%g 0*h

5w M purew (28)
M G A SRR 4]
092G f229i3 0
- (o) (5 ) o5
HWRRE (GP) A[4]
] 270
Bay _ ) . '
(G7) ( 0 fﬁhﬂ"i’) (2.10)

3. FUHFUR/RREF R Bismut FRERZR

AR5 H ST R AR B R KA HO Bismut B%%, Bismut #1%, Bismut Ricci B2 DA & Bismut
2l 2 ) R i AR ik 5
e, W (p, My x5, M3, G) F&— N AR KRR, W) Bismut Be%% brﬁa REN

T, = ”F;k, (3.1)
y 2

bl—‘;-/k/ - bF,L'/k./, (32)
¥ af 1

T =2f5" - 5ka (3.3)
i 8

T = 2f ! f ! 5k, (3.4)

bF;/k _ ’T}kf _b F§kf — bp;j’,k —0. (3.5)

=
&
8k
4
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ERR. & ) P B =i y=jMa=k &
. 5, 0G oG «i OGrs
byi ot kS 50 ks 5’ ks
I, =G 52 =G 550 +G 57 (3.6)
W (2.9) A1 (2.10) FRN (3.6) H, AR (2.1) 12
2 5i0f30s _ i00ks _ br
bi 2 351 2JkS 5@ S _ by
ij - f2 g 323 - 823 - Jjk -
[ B A 45 e 1 ) R A5 2K O
RAE (2.2), (2.9) A1 (2.10) 15N 1H f Ay 2.
W2, B (5, My x g, My, G) f&— NIRRT, W) Bismut B4 2% °T2, N
1
L, =T, (3.7)
y 2
T ="T%,, (3.8)
a
Th, = 2f; D, (3.9)
c’)
'L = 2f f - 5,€/ (3.10)
i’ — 54’ 8f
T = =220 S, (3.11)
7 57,8
T = —2f3"f1g hi S (3.12)
Tt ="T%, =0. (3.13)
ARLS. B (;, My X g, My, G) f&—DNUHH AR, W Bismut #2524 Bo.s M
1
Bja, = Bja, (3.14)
2
By = Bjip, (3.15)
; 2 50f, Oh Toh | wOPh | 90h 095
Bjow = 2f2"9" 5 ihw L azj azi azs; 1821 azlj)hkr{/, (3.16)
il 2 0fs Ofs ahs O f, s 0% fa
B]'{k} fl Z'] a s/ 9kt — 2f1 f2( W h azs/azj/
’ afZ Fd I 8hl/ U
5l _
+h a g/h 8 7 )gktv (317)
B;-/t’k - B;’E’k - Bltk/ = B ’t’k B;/[k/ - B;'/f’k" - 0, (318)
B;t’k == B;t’/k - B;t’k/ - B;:/E/k - B;//t’k/ - ]i.%/k/ - O (319)
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WERA. BEGIEM 3.14)K. 2 23) Fe=i,a=j,y=tMsi=k, H

b1 i
9 ij+abrfk

Bin ="z * 5

bo by bo b
- ij Ffa+ ka Fja

9 brz‘k 9 bF%k
ozt 027

#(3.1), (3.5), (3.7), (3.11) F1 (3.13) £RN (3.20), FFHRHE (2.3) AT#5

— T4 Ty, — PTYPTy, + TP, + P VT (3.20)

1
9 brj‘k 9 F;k
ozt 077

1 1
i blbz bl by
By = — | T B o B

1
= B;fk'
[F A4 (3.15) =K.
TN RIUEM (3.16) . 2 23)Fe=i,a=4,y=t M=k, H

d'Th, 9T,
0z 9z

7 o bpo by bro by
Bipy = — S AL S 0

8br§k' abr%’k’ bl by b’ by bpl by bl b
o+ = T Ty = "D Ty + T Ty + T Ty (3.21)

¥ (3.1), (3.4), (3.5), (3.8), (3.9) M1 (3.12) /AN (3.21), AI 45

By, XN ) g 100y o O
26 i S - g
Tl T AL T ke ML VIR Sy P L
+Afy gf; szgfihk’t’ 2y 2f1g slafl szaaglshk/t/
=2fy 8fi “gf;hk/t/ 2f22f1( afl 9" 8;];+gszgfig“(gils)hw
[T 45 (3.17) .
FHER (3.18) I —AER. 4 23) Fe=d,a=4,y=tMs=k B
B;% _ _a;g'k + 88221@ bra bFz ngka;‘_/g
= a;z"“ + 8;5’“ e L L RS L) L L S (3.22)
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¥ (3.3), (3.5), (3.7), (3.11) , (3.12) 1 (3.13) 4R (3.22), A3

By = - 220 000 | Dl 2 G g0 O ) e Ot _ Oy
(G - S0 o D2 g
=0
[FIBEATTS (3.18) A ARSEALL K (3.19) thapat. O

EL. fy RWE My ERIEEDGH R EL, B f RBEXT 27 RAWSHG FPE, fo RBEX 27 RO FEL. grs
& My BIRIRORREEE R, W grs HBEXT 27 SRR SHLG FHE, hys HAEXE 27" SRIRSHL
ARRA. B (5, My X g, My, G) S DUHH AR KRR, W Bismut #2524 B, 155 79

1

Bijirp = [f3 Bjikp, (3.23)
9 2
Bj/t’/k/ﬁ/ = fl Bj'z’k'ﬁ” (324)
B - of1 0f1 ~ 59§i ofi 82f1 Bl ofi agl;ﬁ ~
Biowy =255 gatwr =209 5 55 702 7 921 )T (3.25)
L, Of2 Ofs Ohs" Of, D2 f, v Ofs Ohvg
Byie =25 5 o i = 202lhin 55 5o T vy T g o 19T (3.26)
Bj't'kp = Djt'kp — Djtk'p — ijki)’ = Bj/t"kﬁ = Djtk'pr — 07 (3'27)
Bj/t’k/ﬁ = jf’kﬁ/ = Bj/t’/k/ﬁ = Bj/f’kﬁ' = Bj'{k/ﬁ/ = Bjt’/k/ﬁ/ = 0 (328)

IERR. HGEY (3.23)R. 4 (24) P a=j,y=t, 0=k B=p NG
Bjnp = GepBSyy, = GipBlg, + Girp Bl (3.29)

1 (2.9), (3.14) A1 (3.19) I —MEERAN (3.29)H9, FFRHE (2.4) AT

1 1
2 pi 2
Bjikg = f39ip By, = 15 Bjingp -

AR 15 (3.24) 2
BEFRAEW (325) .4 24) FHa=4,y=t,6 =K F g =p, NH

ij’k'ﬁ == GEﬁB;f/k/ = GlﬁB;f’k’ + GilﬁB;E/k/' (330)
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¥ (2.9), (3.16) A1 (3.19) £ (3.30) 1, 7[5

3f 6fl 5i 32f1 slafl Szagls
9 2 fl(aaas“’ 97520 9 9z B
99" 0fr | 0*fi | 50f10g,,

7957 050 T 9mrai T 0ap 9w )T

2 szafl

Bjvws =139 202 297 5= e Yhie]

af1 df1
021’ 027

[F AT 45 (3.26) 2.
FHER] (3.27) FIEE— 1% 2 24) P a=j,y=t, =k M B=p, NH

=5l — 2f1(g

Bjinp = GepBSry, = GipBlog + GipBlig. (3.31)
¥ (2.9), (3.17) A1 (3.18) M —AEEURN (3.31), AT1§
Bjirp = 0.

[T 1 (3.31) M REEXF (3.32) &= O

5. W (;, My x5, My, G) N UHH M AR R KFRATE, M Bismut Ricei H1% 2% BLY Hy

1) _ pO
B} =B, (3.32)
2
(1) _ p)
B =B, (3.33)
B) =0, (3.34)
B} =o. (3.35)

HERR. B E4AH (3.32) BHEBERE. & (2.5) Ha =5 fly =t IEH
B;,l G? Bjis5 = G™* By + GP* By + GP* By + GP'¥ By (3.36)

4 (2.10), (3.23) 1 (3.27) AR (3.36), HARHE (2.5) T3

1
(1) f2 Pkf2 jtkp — B(l) .

R A5 (3.33) 2.
A (3.34) FREMEFE. & 25) Fa=j5 My=t NHF

B](/f) - GBéBj/t‘(;B = GﬁkBj/fkﬁ + Gﬁ,kBj/t’kﬁ/ + Gﬁk,Bj/t’k/ﬁ + Gﬁ/ IBj/t’k/ﬁ/. (337)
# (2.10), (3.26), (3.27) A1 (3.28) FRN(3.37), Al {5

BY
J’

NN
.O
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[FIPER]AS (3.35). O

RIBL. W (1, My x g, Mo, G) R A RGHHBR GOKRRTIE, WS AR RER: G Wb — A % i
v=(vi,v") € TXOM i) Bismut bfft i %y

Be = f3 *By(v1) + fi *Bp(v2), (3.38)
Hr B, (vy) M By, (vg) 43 MR (My, g) Al (Mg, h) ) Bismut b7 5 # 2.
MERR. R4 (2.6), WA
Bg =GBy =GB\ + G BY) + G"BY) + G"'BY). (3.39)

¥ (2.10) A1 (3.32)-(3.35) 1R (3.39), ATH

1 2
BG — th B;%) _|_Gt/j/ B(l)

jlfl
1 2
—2 %5 1 —27 ¢4 1
= f;%¢" B +£72h"7 BY)

= f5°By(v1) + f1 2 Bu(va).

i, O

4. Bismut Ricci 38X phFRIR R KSR

W My MM, 52 A Bismut Ricei ~FIH R KOKRRTE, H 98 2325 18 U th AR 35 2K OK R %
(5, My x ¢, M, G) 7215 2 Bismut Ricei “FH ).
FHE2. & (, My xp Mo, G) MR MR KOKRERRE, W (5, My x4, My, G) Bismut
Ricci “FHY HALY (M, g) 1 (Mg, h) 33 Bismut Ricci *F-3H.

ERR. ARAEE X1, (5, My X j, My, G) Bismut Ricci P44 B BY = 0, B4 T

BY =0, (4.1)
B =0, (4.2)
Bj) =0, (4.3)
B =o. (4.4)

$ (3.32)-(3.35) P AURAE (4.1)-(4.4) h, ERTTRAZN T

1

B =0, (4.5)
2

B =0, (4.6)
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w
48

(4.5) F1 (4.6) M T (My, g) A1 (Ms, k) 435 Bismut Ricci “F3H. O
F2. w225 H T — i Bismut Ricei “FIHIRFOKFRHRIE KA 07 .

5. &5t

ASCHEFE T B AR IR ORI 1) Bismut B4, 25 H 17 OB f AR 7K KRR LAY Bismut Bk
%%, Bismut 1%, Bismut Ricci HiZ& 1 Bismut A5 & il 2 (1) J5) # A FR F 8 20, 15 31 1 BGH H AR5 20K
FEAUE Bismut Ricei P32 HAUCY H 4y 8RB Y Bismut Ricel F3H. 3@ WL IR 7772, $24L T
— P& Bismut Ricei *FHIRFOKFFAIE FHT ISR, X AW ST Bismut Ricei “FIHIR /OKRERRE 1
fE T — AN R

=S al=

% HARFHAFE G H (12261088, 11761069).
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