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Abstract: In this paper, an Euler implicit/explicit scheme with nonconforming finite element method of sub-
grid eddy viscosity type for solving the 2D nonstationary incompressible Navier-Stokes equations under high
Reynolds number Re is considered. The implicit/explicit scheme which is implicit for the linear terms and
explicit for the nonlinear term, avoids the severely restricted time step size from stability requirement and re-
sults in a linear system with a same constant matrix at each level of time. The backward Euler scheme is used
for time discretization. Crouzeix-Raviart nonconforming finite element approximation is used for the velocity
and pressure field with the subgrid eddy viscosity technique, to cope with usual instabilities caused by
Galerkin finite element methods. This paper also improved the restricted time step size which under stable
conditions and given error estimates of velocity and pressure which independent on the viscosity v .
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W Qe R*EIASE 0Q M Lipschitz 821 ™ 2 1A AT FHIX Sk, SCAE &4 R 4k @ 8 AN ] R 45 Navier-Stokes
R SR u = (u, (X,1),u, (x,1)) FUEST p=p(x.t)ifi &
U —vAU+U-Vu+Vp=f, in (0,T]xQ
V-u=0, in (0,T]xQ @2.1)
u=0, on (0,T]xoQ
u(x,0)=u,(x), in Q
Hr f=f (x,t):(fl(x,t), fz(x,t))e (@ ) NEERT], v=Re (0<v < 1) RMIERE, T >0 —ATBRI ],
Uy (X) e H? (Q) EWIHHE .
MFEGR I E(2.1), 5INWIF Hilbert %3 )11
X =H(Q), Y=1(Q),
Q=L (Q)={ae’(Q); [ adx=0}.
ST L (Q),d =1,2,4, BT L (Q) -FRE AT ()ﬁu ) -TEHL |, s ARRIH, XFAEE Hy (Q) A1 X
kT8 AR (u,v) = (Vu, V), FIEEL ], =|Vu], =( 1/2 [ FRATT 5 S X B 745 1]
V={ueX;V-u=0}: YMHTZME: H= WeanoNnmzqo%%,&M%A$w%§¥A:$A,
HATPRY > H I L -IERBIEHE T, AREUHAD(A)=H(Q) NV .
XFvu,v,we X,vqe Q. FATAHIE L X x X EREEMLE M a(-,), XxQ LABESEMLEM (),
PAF X x X x X _ER) =215 b(',-,-) H:
a(u,v)=(uyv), d(v,q)=(q,V-v)
1 . 1 1
b(u,v,w):((u-V)v,W)+E((dwu)v,W):E((u-v)v,w)—z((uv)w,v).

¥ REE X b(,-) , FATERT:
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i, 5 0Q ERATE L[o] =0l -
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v, ={Ve\(:v|K eR(K)'. [ [v]ds=0,vK eTh,Eth} ,Q,={aeQ:q, R (K),vKeT,}.

2.2)

XV, ERIRAR(), = 2 (), - {Bﬁ”"()h, H Ve Ao = l/zﬁj\ 1L (K) AR,
HTEX(’)E A "'"(),E = < > >1/2 jjiﬂ (E) E RIS
W, ={v, eV,;V, -vh|K =0,vK eT,}.
KAV, & X, BBl s sttt a (), d, () BIE X
a, (U Vi) = 2 (Vi Vi ) » VU,V €V, + X

KeTh

dy (Vs Gh) = - (Ghs Vi Vi) » WV, €V, +X, V0, € Q5

KeTy

AR =2t b, () FIE X VU, v, W, eV, + X,
1
bn(uhﬂvhﬂwh)=5 Z (((Uh 'Vh)VhsWh)K _((Uh 'Vh)Whth)K)a

KeTy

HA B ST v BBV STV, 352 (Vi) e =V (Valk ) (Vo Vi)l =V (Vo ) » BRI

a,(u,v) =a(u.v), b, (u,v,w)=b(u,v,w),
dy (u,v)=d(u,v), vu,v,we X.

NSE SCT R RERG RIS, FATIL I 23 18] «
R ={ah €Yia| eR(K), VK eT,},
i L - ERBEH TR Y > R, (p.0,)=(Pyp.0,),VPpeY.q, e R, WA
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[v=1aV] RV (v=1V)], S ehE AV, . 3.1)
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HATIE A
[Vv, ||0,K <ch v, "0,K , Vv, €V,
"Vh”o,E < Chl;m "Vh "()‘K ,VEeT,

(A3) TR LA
M, < [9, 7 & X M < G M 19V,
M: < <t |Av], . vve D(A);

"Vh ||0,K = <C, "Vvh ||0‘K YV, €V

Hrbr,,C L C AURIS T X3 Q M IEH 4, C, T Q Flv i 4.
FRAE Sy B Q2.2) M AF U Euler B/ 7 R PEA PRITH N : K (u), o)) eV, xQ,» HEAEXIERE
n=1,2,,N#E
(dtu{,‘,vh)h+vah(uQ,vh)+bn(ugfl,ug—l’vh)—dh(vh,pﬁ):(fn’vh)h,v(vh,ah)evthh (3.3)

Forbrdun = (up —ul) /At Ul e HY 0O -ERERSE, B w]  <[uf,, s ERER M, () Sy
My (U V) = 2 (@ (1 =Ry ) VU, (1 =Ry )WV, ), VULV, €V
KeTy
| AEBG, RS e RG4S E L.
P Ry 9 L -IEZEH, FILAST [V, |, >0, W, eV, F

1BV o
a” vVh" (|Vvh||0h "P VVh”(z),h): [ DALY ” h”oh g ( "VV"
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A0 <[PV |, <[Vl TR0 < @y (Vi) <«

4. #EANRE M5 KRR A ME— M ERA

TR FRA TN T (3. 3) ) S AR ) R o R RN A AE ME — PEBEAT 0 A A, ¥ C AR IRG M R 80 v IO 1E 3L,
FE N[ 1 5 A S TR 500
EX 4.1 BAw B IER & SR T

R%ﬂ:(w+mfamm¢any,v¢0)GX+vW

te(0.T]
G141 FEEARBT i IEF S B, 13
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inf sup ——————
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EHEAL 4 fe(H(Q)), MK AL(>0) i 2
At<min{l,Re. /G, },G, =2°Re G K, (4.1)
Bl At < C, (Q,Re,q, Uy, ) I, Euler F/ 57 HORPEAR B 7 BT 3. 3) M (up, pf ) ST o R AR el it

Re, "Vuh on <K, (4.2)

2

Jur [} + RerelanN;At”Vuﬁ < CReredg £ At u[} 43)

Hort i AT (QRe o, Uy, T) IIEHHEL & = ¢ Rel, VU, ||§h o
TEH: EGIRAS v, = UT,q, = pl, AR AT FITRLL 24t N7
(dup,2u,At) +va, (up,2u,At) +hy, (up™,up™, 2u,At)+ M (up, 2u,At) = (7, 2u,4t) (4.4)

B 2(x—y)x = |x[ =y +|x— ¥y, v,y e R* &

(dup,2upat) = o (At)z. (4.5)
E5DY
va, (U7, 2ufAt) = 2003 (Vup.vup), =2v|vur Z,h (4.6)
€Th
(urr:l uu n) ( AT duh)‘( t)’ <G1/2 ||Vuh At)
i (4.7)
s"dtu{: O’h(At) +— G uh ||Vuh (At),
Kb G(u)=2"¢ ||Vu{,‘ z,h.
M, (U, 2upAt) = 2ata (1 - R, ) Vur, (1 =R, ) Vuy) = 2a,, (up) (4.8)
(4.4) A TE T 45
(dtuﬂ,zuhAt)h +va, (uQ,ZuhAt)Jr M, (uﬂ,zuhAt) = ( f ”,ZuhAt)h -h, (uQ",uQ’I,ZUhAt). 4.9)
H1(4.4) AL 15
(f".2unat), ﬁ%lz(v+aadd () e, At+M"VuQ y (4.10)
4. 5)-(4.10)it?%
- -t zh —ZG(UQ 1) |VuQ ;h(At)2 +%(v+aadd(u;‘))||VuQ i,h < f(v+aadd(u,?))4 fr :At
KT n1EINKM, &
o 52 ael vurl], 3 o (ur ) vuil], (a0 <63 Re [ 17, At ul]: @.11)

TN TRFRATH BCE TGN EIE B (4.2)20A1(4.3) 50

2N =0k, EE"uh uo| AT P ARBAR AL M N =11, KA G(up)At<GAt<Rey » MEHRH .2
XN =187 ﬁ?ﬁe(uh)AKGAmRe* WA@GIDI WFATA @.3) 0 N =1 Bor; Rk N=0,1,---,J i,
(4.2)=0M(4.3):RAB AL, FIEHPIRM N = I +1 7.
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AT AR AT (4.2 R X N=0,1,--,3 B LK G(u;)m:22c§||wg||zhmszzReredcgfq . BT
G(u)At<GAt<Rel, ,

red >

G(ul")At<GAt<Rel,l<n<J+1. (4.12)
Y N = J+1 0, 25678 X 4.1, 4.1D)F@4.12)=An] 15

) J+1
. <CRe, Z|
’ n=1

2 ol2
At+u
-1 0

J+1

||uh fr

2 . J+1 n
L FRel > AtV
n=1

BRI N = J+18), (4.3)xpkor. BEEH g T E, (4.3)=000 vn oz,
P 4.3)2Ar 18 Re, (VU™ Z’h <r, BN =J+18, (4.2)x2par, WIHEZERT A, (4.2)2 X vn o7,
SEHL 4.2 Euler /% TR EAR AT BRITHE (3.3 FEAEME— % (up. pf ) €V, x Q, -
UEBA: B FRATEGHAME u), Dy AEEME—ME, BUEE R u) ' o B 2REG.3) R IAAEME: (3.3)
&N T

(iu{]‘,vh) +v8, (Un, v ) = o (Vo PR )+ 0y (UG )+ My (Uv ) = (£, ), +[§UEI,th+bn (Ul ur v, ) (@.13)
h

é\

A(u;‘, pr?;Vh’Qh):(AiturTth) +Vah(ur:|»vh)+Mh(ur?svh)_dh(vhs pr?)"’dh(ur:l»%)

h

F(vh)=<f”,vh)h +[iu2_lsvh)+qw(UQ_I,UE_I,Vh)

D) i) R34, 13 ) B Ry 2 ) Ek(u;], o) €V x Qo FEAR AU, BV, G ) = F (W) - BHA, FRR—MELELLIEH T,
i1 Brouwer A3l & i B A] HIFRAELE .
T E B i ) P 2k < ﬁﬁ&(ugl)n’ pgl)n)’(ur(]Z)n’ pﬁz)n)iﬁﬁ\jm.l?’)ﬁﬁ@, S EM = (ugl)n _uaz)n)’ Eg _ ( pﬁl)n B pﬁz)”) il

f
1 n n n n n _
(EEU,Vth+vah(Eu,vh)—dh(vh,Ep)+dh(Eu,qh)+Mh(Eu,vh)_O (4.14)
4V =Elq =Ep, A|[E! zh+Re;;dAt||VE3 zhsoo FrCLE] =0, BV R(3.3) M58 e —. PRSI E 4.1 ()

inf-sup Z& TR, i RE(3.3) 1) D iRt A7 AE HoME—
5. IRESH
5I# 5.0 FEEIEHHC, 15
feo(v-mv)as<Che [Vo, [V, -
oo (v-mv)as <Ch[g], [V,
Hbhn AH (K)> R (E) LWL (E)##%, Eely, peH'(K),veH'(K).

513 5.2 (Gronwall 5|3#)#% C,At,a,,b,,c,.d, (n>0) ZIEHE, HiL

m m-1 m-1
a,+AtY b <At ad, +AtY ¢, +C,m=1.

n=1 n=0 n=0

m m-1 m-1
W a, +AtY b, < [Athn +Cjexp[AtZdnJ,mZ 1.
n=0

n=1 n=0
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EH 51 B (u, p)e(H (@) 0 X )x(H'(Q)nQ) AFRIEQR. DI, (u), pf) €V, x Q, AIIEG.3)if
U L (0T H () )., (x) € B2 () WA AT fRAoRs e Ry IERTLC L 1 AL<C (Re T,

I, XFvn=1,2,--,N,(N=T/At)H

12
Jur —u®], +(Re;idiAtHV(uE -u") Zhj <C(Rep,Q.T,U, p)(h+At+a;hJ 5.1)
n=1 ’
B 4 —€"=ul-u"=(ul - 1,u")—(u" = 1,u") = 6] —n" . CRIFEA T VK e T, EeT, H Ve[, =0,

AVh|r<—0[ ]
MU =u"+6) —n", M@3.3)REMNT
(d or vh) +vah(9§,vh)+q(uﬁ"—uﬂ,uﬁ’l,vh)+q(uﬁ,uﬂ’l—u,ﬂ‘,vh)+ Mh(eﬁ,vh)
=(f"w). ( 7" V) +va, (1" )+ My (77,1, )+, (€7, U7 v, )+, (uf, €0, )+ dy (Vs ) = dly (U 0,) - (5:2)
()~ ()t ), B, (17, ) - va, (17, )~ M, (17,
D&EEbS
(f”,vh)h—vah(u”,vh)—q(u",u”,vh)+dh(vh,p”)—Mh(u”,vh)—dh(u",qh)

#(5.3) AN G2, WEH
(dﬂ;’vh)nJrvah(e;’Vh)“LM (en Vh)—bn<e”,u",vh)—bn<uh e’ Vh) ~(du(ty)-u, (t,). ), +vah(77n,Vh)
—Q(uﬁ’l—ur’]‘,ug{vh)_q(ug Uy - UQ,Vh)+(dt77"’Vh)+Mh<77 th) Mh(u Vh)+ > <p"-vh,nE>E (5.4

Eel',

-2 <6nE( ): h> +%Z<(u”-n )u Vh> -(R, Vh) (RZ’Vh)h+(R3’Vh)h+(R4th)h-

Eel', Eel'y

Hrp
(Rovi), = (du(ty)=u (t,).v, ), +by (U —u uv, )b, (U uy — v, ),
(R.Vy), = ( 7" vh) +vah(77”,vh)+Mh(77”,vh),

(Ro), =- Y [V<§T“E(tn),vh>E<(un.nE)un +%,vh>

EeTh
(RisVy), :—Mh(u”,vh).

v, =20"AteW, , FRANG.4)RHH

+||dt6?r’]‘ z’hAt

i)

E

o z‘h - > =2y, (€",u", 67 ) At—2b, (un, €, 67 ) At+ 24t (v + gy ()
<—(R.20at) +(R,267t) +(R,2600At) +(R,,267At).
A ERG Sy LRI W

U (t,)-du(t,) =

n-1]2
o Mon (55

ltn
At Tt

1
At

(u (t,)-u(t,))dt = (t —t,, Uyt
FirLA
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