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Abstract

We show that any measure of entanglement that on pure bipartite states is given by a strictly con-
cave function of the reduced density matrix is monogamous on pure tripartite states. This includes
the important class of bipartite measures of entanglement that reduce to the (von Neumann) en-
tropy of entanglement. Moreover, we show that infinite-dimensional concurrence is monogamous
on pure tripartite and mixed tripartite states. To prove our results, we use the definition of mo-
nogamy without inequalities, recently put forward [Gour and Guo, Quantum 2, 81 (2018)]. Our
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results promote the concept that monogamy of entanglement is a property of quantum entangle-
ment and not an attribute of some particular measures of entanglement.

Keywords

Concurrence, Monogamy, Infinite-Dimensional

Copyright © 2024 by author(s) and Hans Publishers Inc.
This work is licensed under the Creative Commons Attribution International License (CC BY 4.0).
http://creativecommons.org/licenses/by/4.0/

1. T4

BETYHERETHRPFREREEMNIIEZ — EETHFENES, BRIANE “BT 1% REN
Ji, X MR R T Sa R BYE1]. 7 By, EEREEHE N E B E B AETS
B BIR2] [3] [4]. SEMKBARE, ER—NREAFERS, EARESAZ B E, X2
B AR R [S], R E T )5 A G PR EZ —[6]. H M Coffman. Kundu F1 Wootters iF
T =BTSNS NEERRMERAR[TIIOR, ZMLERROLR[E 7T ZHHRER.

U 28 SR MR RIE R ) — A B ) R R R S TR A N R R R R . ST 2R TR S, LT
BT TN 24 20 55 #0502 B O PRI o X Be AL HE T R 48, (8] [9], M4, futk, ‘i fidk, Tsallis-q
YN, Rényi- o LY RN, FRAR LU AT ER ) O] 25 TR 48, e AT TR IR R SR 1 [10]. SRT, X T s 4E RS,
PR A2 Fb o BIHFTNIE, BT SRR A R R4 g, FRATRRNE G-I R[LNTERTA
A PR4E R A BRI [12] o ARYE S5 SCHR[12] (2 WL R 95 R(3)) s H I SCRT NG 38 2 BRI 1 .
R, 4R G A 2 I ) B VAT AR R R AN, R AR AT, itk .

WHA®HE @HC = H"C RARLEM =14 Hilbert 23], Hh ABCEEAETREN=ANT RS,
ES(HABC)ES“BC FAERT 1 SRR . A — N, ZEIRE E 1R 4R PR ¢ R e B B R N B
TRRAEA:

E(pA\BC)ZE(pAB)+E(pAC) (1)

Forh R 2 R () MYER 5y 4 3. AR, Q)X VR 2 AN To R . IX AT e oe g NIZFERE
G, RIA|ZE ) BATCPEAN S A GBS B () JE %, T F T e A M ) o 01 e 1P
IbAh, FEZ 2 SCHR[13] M, RSP 5 BT () o) e e R B V22 A G B2, AT R g, ASRETH 2
FAIE R &R
E(pA\BC)Zf[E(pAB)’E(pAC)J )
Hob fiR, xR, >R, &M T AR Hilbert 7% )04 K00 3 B 2 M, FLE R AESEN, IR
f(x,y)=max{xy},» HAE x My (LG H N A AR REA XA B LR, AKX BIEy],
T R B LA e VT 20 AR R AR o S A 5 SR G 2, AT Bl 78 275 SCRR[12] 52 Hh 1 B FC P 5 e
HRE 25 SCR[12] o TSR BC 1 1) 08 L (CEAEER), LUZEIEE E R HELAT, W50t T-3 2 24 4 5% A
TR p"°¢ e S*C, H
E(pA\BC): E(pAB) (3)

DOI: 10.12677/aam.2024.133100 1059 I3RS


https://doi.org/10.12677/aam.2024.133100
http://creativecommons.org/licenses/by/4.0/

A5 2 E(pAC ) =0. MIFEXAE N, WRRG AFES RS BC ZHMA%HS RS A5 B 21
Wg—FEZ, MLARG AL CZgEa Mg L=,

AR, IR PV T 2 4 B M A AR, BN R N AT, B B B E F—2% o > 0) [12],
ATDAFERAT () — R G R . SEAER L, R AN E X, ESHNE E R BREEN, M HACY
EHE 0 < o < oo fH43

Ea(pAIBC)ZEa(pAB)+Ea(pAC), (4)

XFFAERTERE S H® LIETA p*¢, K2 M) dimH® =d <o (WS CHR[12]H e 3 1),
Hr, ARE@TEH SRR, Hd f(x y)=(x“ +y* )W o BRI, BATIEIX SR IH () Z(2)
FIHEE], ORTE B F o BT Hilbert 23 (8] (O 3EAGERT . V£, A S50 B EE iR 8 5K 77
YR R 3 ) RO

EASC Y, ATER 7 JLT-BrfA A2 28 S 78 20 = AR E#2 SlE Y, fEIR A =44 E 2 .
AT LR, RIS Mg —MEH, AR IR A 280 & 145 1.

BB E: S >R, RN, nf

1) XTI G H R 0% e S, HE(0*)=0;

2) E iRz A MBS (LOCC) FRILAIE ., hatgil, XT EM% e LOCC Bt @ , FATHR
H

E|:CD(,0AB)JS E(pAB),vaB cS™ |

UbAh, £E LOCC T P35 ANKG I i) ™ 24 480 FEE R A 2 s [14]
W E RS UGN — N ER. 5 E MR GEE R E N

EF(pAB)Eminjzn;ij(|l/,j><Wj|As)7 5)

St BUMIIE o =3 py v M| PO S AR . B E, L E TN, Vidal 765 SCRR14TTE )
j=1

T SRR B M SR AT RS, BT B RIB GRS BRI A gE R Xﬁﬂ:*/l\?dé%ﬂl//)m eH™,
ph=Try |l//><w|AB EXEEh:S* >R, :

(o) =E(lw)w[*)- ©)
ER, BT EfERBE NRAER, BIWA
h(Up*U')=h(p"). )
X FAEHAE HA ERAEMTEST U Wt h M, AP
h[ Ao, +(1-2)p, |2 Ah(p,) + (1= A)h(p,) - ®)

MTAERD p,p AMER0< A <1, MI(G)HE S B A& AL,
2. RRREARGNH %
B|y)e 8™ HrdimH* =dimH® = +o0 Rlids. B, |p) BIHFR C(|yw)) #i5E XN[15]

Cllv))=y2(1-trp) - ©)

DOI: 10.12677/aam.2024.133100 1060 I3RS


https://doi.org/10.12677/aam.2024.133100

BEE, Bk

Hotp, =Try (| ) ()« W TFIRERE pes™ [15],
Clp)= jnf >.pC (jv:)) » (10)

SR R ARG p BT TRERS pyw) -
RV, XFAIRGERG, L0 5 BB IR . % A IR RS A2 E 1)
TURE, BB LI £ 1 R AT page EIILISENIEE, 4 i F[16]:

ECAB\c (pABC ) _ maxzn: ij(ijB) , (11)
j=1

o s KA A T A 7 AR p) IR pf® =4k LOCC Phill. #IRFIRERIBES, E WTLLY RE
E =C MR

CcABlc (pABc):Supi ij(pJAB) , (12)
Horb B FTICE BT A AR p; PIARS p® =4& LOCC Wil NI A BLIEH] T AR 21 25 5% 1 A B E 2
9E 2 TR AR o
2.1 5|#
B p"*C e 8" HdimH " = oo ST MR JEFAF(3) (FTRERIR B ) =K. A,
( ) CAB|C ( ABC) . (13)
UEW]: AER/MR e, 1E p"°° LAFTEH LOCC I ALk {pf°, p; | AL
Y p,C(0°)+e>Cl% (p%) (14)
i

K4 C AL JE 5, FrbLEANRE T30 .

( A|BC) Zp C( ) ECAB|C (pABC)_e . (15)
77, *E?E%XC(pAB)sCCAB‘C( AE‘C) [R5 (3) AT 145 21(13)
22. X
& peSHdimH" =dimH® = 40 NIREE. TATK
Ca(p)= L‘Jp > pC(lwi)) (16)
P Vi i

0 p HIBIER, St LRSI T p OB TR 225 { v -
R, MR, —Mkdt, C/° =C,.

2.3. #EiR
B o L AR SR AR (3) A = 1 . B4,
C(p*)=Ci(p")- (a7
R UEMIE Bk E 515 21, [
C(p")=Ca(p)<C% (p7%)=C(p").

DOI: 10.12677/aam.2024.133100 1061 I3RS


https://doi.org/10.12677/aam.2024.133100

BEE, Bk

HRE—1NEACRE S H 2.1, Bk, EHATARAERE2ER, BRI SR 285514
C(p")=C(p™®) . W5 T U]

3. PR#EH LAY

31. EHE

1) Wk p lw)(w | R4, IF B ARA 4% @), M4 H® {E &% BB, EAK T
H @ I LR M TN,

)™ =)™ )™ (18)
ot |g)™ e W )™ e H™C R, e, o R—AFHE, BILC(p")=0, FILLC A=
= AR

2) W p*° R MRATH = fhds #ac(%ﬂ c(p®), W
=Y p v )] (19)

Hoep {p, VR Ai, I+ HxE T84 x, Hilbert 23[m] 1® AT HY @H® HTas, fEH
SRS B RRHER, FAE]y,)"™
)

) =) ) 20)

it BERIHL, S RO, Bk C TEIRA I = s bR B,
W WA 23, WAIMNAFOER TH 1 %0 =) ([ 4 o T
UATHIFING AT B2 {py.|w, )} 2 pap IFERAEZ MR, HEn=Rank(p™®), n<ioo. U]

qp)ﬁéquW4)’

S AREREET C M, ISR, B4 o, TS BA R 25, 5,
C RABEIG, RAVE
C(p"®)<c(lw)w[*™)=h(p")-

Bt 0o =T (v, ) [ ), RAVILS®, WRRALR R, AR
Zpih(/’i):h(/)A)"
j=1
I p* =3 p, ot A D R FER I, RATAE
j=1

pf:pA, j=1,2,"',n °

Br=Rank(p")<dim}®, B HY M [ r G TR, ABGIEAELE| ) e 1M, H AL
bRk ph . BRI, FECESERAV,, i3

|'/’1>AB :('A®Vj)|¢>ml’ j=12-m.
AL, B p® :En:qk|¢k)(¢k " 7 p WO ELATH MR O TG 35 0 A 53— NS A iR 7B, A7 AR S5 E W
k=1
13

DOI: 10.12677/aam.2024.133100 1062 I3RS


https://doi.org/10.12677/aam.2024.133100

BEE, Bk

|¢k)AB :(IA®Wk)|¢>ABl,k:1,2,...'n

751, i FEAFGE ) A0 (a6 ) | T A 8 5 g BT DLEAT 2 AT
PR U = (uy ) LA F IR KR

\/a|¢k>AB :Z“kjﬁ|W1>AB :(' ) ®Z“kj pjvjj|¢)ABl °
j=1 j=1

ﬂﬂxk_\/,zukj Vi, k=12,nRE7R. HAAE
Oc i=
(1" ®X,)g)™ =(1* W, )[¢)*

PERAF A, X, =W, o EEIRE X, xﬁ’@%ﬁﬁiu=(uk,.)a@&%-iii¢%%|z%%ﬁﬁa@o {Hm T
U= @@EEEE i, L, ROV ML, SRRV, BFE(TL L & #0545 BE R R L
BATIAET R IXAPERAE Y, B B ISR S8V, \TRFOR AV, =2|vjk><k|, Hoh kMR I IER R,

MFREA o {|vy )], R HE FIER R AT eﬂea/\zcv mu%%wjzc GE lu)k]
U )= D¢, |vy) - Ik, ch|vjk>Lﬁ%&lﬂiﬁikﬁﬂéﬂ&éﬁ?ﬁﬁﬁk:tk’, (u,| Uk>=0ﬂl||uk||:||uk,||o

i i
%&éﬂ(uk,|uk>=zc,.c}<vkj,|vk,.>o B, T AMEEMN kAL, SERERH B TR k k', &

WEAET R KL, FAWFHE5E, X T —2Her T ki d;, 5{6}‘6<ka |vkj>=0 » k=k' <vkj,|vkj>= dy #1o
R, BATATPIA R — R MRS o = zpj|l//1><l/11| & p"® IR . AEIXAPIEILS, RATE

A (> I M
(6" 1 ®2|k> uy o) o)
(100, ot o
=g (10d;1%)[¢)™ =5y,

XA TE 1 k HRRAL . FRATHLER R T
<vkj, |vkj> =00 °

For KC=span{fvg ) < H® o HBA RIS R RRER T 1O REL TR H® . K=H™ @H™,
%ﬂ,ﬁf~¢@ﬁ%,UBu%K%%ﬂm»EH%®H%W%mﬁhﬁ}ﬁﬁﬁ%oH%,ﬁm%&

i

V= Sl ) =U° SR @) |-us (1% 2] )%

v ) =(17@U®) g™ [1)*, i =120« Bt % =(1"@U°)(|9)(g[* @™ (1" @u®) .

DOI: 10.12677/aam.2024.133100 1063 I3RS


https://doi.org/10.12677/aam.2024.133100

E&

» BUAB

b o 2 o = | 1)1 G AOSEAIEIERE. 0 20 0 o OB C L

R s 4 TEAR IR, &Mﬁﬁgm,WY“E@%ﬁa&ﬁ%%ZE%%ﬁoEkp“aﬁﬂ i
E(p")=0. &5 T 5 1 5 HIED.
(Rl )™} 9" = 3 b, [ AL b 22

( A\Bc) sz (| X>AIBC)o

9l =T ([ ) | ) e, v
P =Tr (p"*) =X pp®

A, %C(pA\BC)ZC(pAB)’ )rw
Y p.C(jw) ") =c(p®)< T p.C(pf%)

X X

o C H b
57T, A CRAT x MM, AT
C(lw )™ )=c(p®) -
LR, IR
C(lw )™ )=c(pt®)-

KB, 5535 & F AW S — AT —F L

VERE, R R A 0 RS B MAEECRRT 3, AR TR x, BATLAE 1Y ok 1
R4, B, BATVIEIL TR,

3.2. #ip

(6715 Lk BRI S, MR C (o )=C(p*) MdimM® <3, W p** R4, 452 Y

SVFR

pABC —tohEC +(1_t)7AB|C , (21)
ok "% £ ABC ATAHI, »%C & AB|C WTAMN, te[0,0] 5, AR p™ = |y )y | R— sz,
T2 )™ W [9)" )" 8] g)" )™ -

LR TR T AL (7 1 o R0 VF 2 PR IRE A2 ORI 2 A T 2
i, AAEPIIRLEAS A ARARLLAS IO i A% th 21205, 13 V52 H (p) =—Tr(plog p)
LR PG I17], DRI = s MR BB . T E N SRR i B 3 — A4
7T 2% SRR 18] A 24 4 B e WA K DL 65 0 o R T VP2 A £ = s R W, T

AIHERE(E) R SR SEA RIHIE B 7E VR & =S B S .
AT R ET AR R

H90ﬁ=ﬂ{ﬂpﬂ=ZN(m)’ (22)

et p, S p BUBSER, W05 g"(p) <O XA 0< p <1, WBEBUR PRSI 3% q > 0 HOHE T Tsallis-q

DOI: 10.12677/aam.2024.133100 1064 I3RS


https://doi.org/10.12677/aam.2024.133100

BEE, Bk

JE[19] HEAIHE, 2R (5K Tsallis-2 J9) /& FEAs U111y, DR b 20 285 PR C Ry 2 BN B, TR OR B R AR A T JiE A
5E Mo A — AN EE 7 2 Rényi- o §[20] [21] [22]. Xt Rényi 2% « €[0,1] , Rényi 2 ™4 M) (5
W22 SCHR[14]) s (HAE— MR, 3T T o > 1, Renyi BEEASR MU E B4/ Schur M) S1EH B,
B2 T a>1 0 o -Rényi Y ZERIXFHIEBLAL, SCER AR RN 72 B BT A Al 24 208 00 7 4 9 A4 2 #06  F- 24
25 PR R RS VT pR B, X SRR RR e, AMgE. IER . G-I RAMAZER Tsallis 7.

Mz, BATRM, WRYES % SCIR[12] 5 R TE A 2 BB T E S, VF 2 AN = IR R (F
R BRI RO DG R [L3)) L G 5, anf e 48, siiBr b2 BALI . X ANETE N T e A
(4), EREXHET, F8EUNTF o W DAER T IEARYESE . Rk, X B4 HH 1 45 S S0 RF S e A -5 3 (R 4
FERASR)E X o VF 20 HE A J00 B R 008 BT (9 [13], X AT ik A\ /5 e ME AR AR I Tl g A &, 1
AT R R R E LR AR, AN, WSTR[ MR, 2148 B A B[R] I (R 4R 50 S (U SCHR[13]
HHRT R SCHAT) ANk B o ISR P — AN BT R SRR E S, FRATTEE e T IR B, X SETE ARV
ARG R, FIRRFF—FE ERRE T, ).

EIRFRATTASBEIE BH BT 1 24 80000 F22 402 R0 ) (KR A 225 SOk [12] P i) S0), ABFRATTAS 1 AR AT
ARSI G B . WTREMTE DL, T I S G R SR, SR SRR AT s, B D
PR R, AR R bR B 2 1) & 1

SE 3k
[1] Schrodinger, E. (1935) Discussion of Probability Relations between Separated Systems. Mathematical Proceedings of
the Cambridge Philosophical Society, 31, 555-563. https://doi.org/10.1017/S0305004100013554

[2] Nielsen, M.A. and Chuang, I.L. (2011) Quantum Computation and Quantum Information: 10th Anniversary Edition.
Cambridge University Press, Cambridge. https://doi.org/10.1017/CB0O9780511976667

[3] Wilde, M.M. (2013) Quantum Information Theory. Cambridge University Press, Cambridge.
https://doi.org/10.1017/CB0O9781139525343

[4] Watrous, J. (2015) Theory of Quantum Information. https://cs.uwaterloo.ca/watrous

[5] Terhal, B.M. (2004) Is Entanglement Monogamous? IBM Journal of Research and Development, 48, 71-78.
https://doi.org/10.1147/rd.481.0071

[6] Adesso, G. and Illuminati, F. (2006) Entanglement Sharing: From Qubits to Gaussian States. International Journal of
Quantum Information, 4, 383-393. https://doi.org/10.1142/S0219749906001852

[71 Coffman, V., Kundu, J. and Wootters, W.K. (2000) Distributed Entanglement. Physical Review A, 61, Article ID:
052306. https://doi.org/10.1103/PhysRevA.61.052306

[8] Rungta, P. and Caves, C.M. (2003) Concurrence-Based Entanglement Measures for Isotropic States. Physical Review A,
67, Article ID: 012307. https://doi.org/10.1103/PhysRevA.67.012307

[9] Rungta, P., BuZek, V., Caves, C.M., Hillery, M. and Milburn, G.J. (2001) Universal State Inversion and Concurrence
in Arbitrary Dimensions. Physical Review A, 64, Article ID: 042315. https://doi.org/10.1103/PhysRevA.64.042315

[10] Zhu, X.N. and Fei, S.M. (2015) Entanglement Monogamy Relations of Concurrence for N-Qubit Systems. Physical
Review A, 92, Article 1D: 062345. https://doi.org/10.1103/PhysRevA.92.062345

[11] Gour, G. (2005) Family of Concurrence Monotones and Its Applications. Physical Review A, 71, Article ID: 012318.
https://doi.org/10.1103/PhysRevA.71.012318

[12] Gour, G. and Guo, Y. (2018) Monogamy of Entanglement without Inequalities. Quantum, 2, 81.
https://doi.org/10.22331/9-2018-08-13-81

[13] Lancien, C., Martino, S.D., Huber, M., Piani, M., Adesso, G. and Winter, A. (2016) Should Entanglement Measures Be
Monogamous or Faithful? Physical Review Letters, 117, Article ID: 060501.
https://doi.org/10.1103/PhysRevL ett.117.060501

[14] Vidal, G. (2000) Entanglement Monotone. Journal of Modern Optics, 47, 355-376.
https://doi.org/10.1080/095003400148268

[15] Guo, Y. and Hou, J. (2013) Concurrence for Infinite-Dimensional Quantum Systems. Quantum Information Processing,
12, 2641-2653. https://doi.org/10.1007/s11128-013-0552-6

DOI: 10.12677/aam.2024.133100 1065 I3RS


https://doi.org/10.12677/aam.2024.133100
https://doi.org/10.1017/S0305004100013554
https://doi.org/10.1017/CBO9780511976667
https://doi.org/10.1017/CBO9781139525343
https://cs.uwaterloo.ca/watrous
https://doi.org/10.1147/rd.481.0071
https://doi.org/10.1142/S0219749906001852
https://doi.org/10.1103/PhysRevA.61.052306
https://doi.org/10.1103/PhysRevA.67.012307
https://doi.org/10.1103/PhysRevA.64.042315
https://doi.org/10.1103/PhysRevA.92.062345
https://doi.org/10.1103/PhysRevA.71.012318
https://doi.org/10.22331/q-2018-08-13-81
https://doi.org/10.1103/PhysRevLett.117.060501
https://doi.org/10.1080/095003400148268
https://doi.org/10.1007/s11128-013-0552-6

BEE, Bk

[16]
[17]
[18]
[19]

[20]

[21]

[22]

Gour, G. and Spekkens, R.W. (2006) Entanglement of Assistance Is Not a Bipartite Measure nor a Tripartite Mono-
tone. Physical Review A, 73, Article ID: 062331. https://doi.org/10.1103/PhysRevA.73.062331

Wehrl, A. (1978) General Properties of Entropy. Reviews of Modern Physics, 50, 221-260.
https://doi.org/10.1103/RevModPhys.50.221

He, H. and Vidal, G. (2015) Disentangling Theorem and Monogamy for Entanglement Negativity. Physical Review A,
91, Article ID: 012339. https://doi.org/10.1103/PhysRevA.91.012339

Tsallis, C. (1988) Possible Generalization of Boltzmann-Gibbs Statistics. Journal of Statistical Physics, 52, 479-487.
https://doi.org/10.1007/BF01016429

Greenberger, D.M., Horne, M.A. and Zeilinger, A. (1989) Going beyond Bell’s Theorem. In: Kafatos, M., Ed., Bells
Theorem, Quantum Theory, and Conceptions of the Universe, Kluwer, Dordrecht, 69-72.
https://doi.org/10.1007/978-94-017-0849-4_10

Dir, W., Vidal, G. and Cirac, J.I. (2000) Three Qubits Can Be Entangled in Two Inequivalent Ways. Physical Review
A, 62, Article ID: 062314. https://doi.org/10.1103/PhysRevA.62.062314

Rényi, A., et al. (1961) On Measures of Entropy and Information. In: Proceedings of the 4th Berkeley Symposium on
Mathematical Statistics and Probability, University of California Press, Berkeley, 547-561.

DOI: 10.12677/aam.2024.133100 1066 I3RS


https://doi.org/10.12677/aam.2024.133100
https://doi.org/10.1103/PhysRevA.73.062331
https://doi.org/10.1103/RevModPhys.50.221
https://doi.org/10.1103/PhysRevA.91.012339
https://doi.org/10.1007/BF01016429
https://doi.org/10.1007/978-94-017-0849-4_10
https://doi.org/10.1103/PhysRevA.62.062314

	无限维量子系统上并发的单配性
	摘  要
	关键词
	Monogamy of the Concurrence for Infinite-Dimensional Systems
	Abstract
	Keywords
	1. 介绍
	2. 无限维系统的并发
	2.1. 引理
	2.2. 定义
	2.3. 推论

	3. 无限维并发的单配性
	3.1. 定理
	3.2. 推论

	参考文献

